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 Preface
 

Participants in the fixed income market are inundated with terms and concepts in both the popular press and, more typically, in research reports and professional journal articles. Making life more difficult for professionals in this market sector is the fact that for some important analytical concepts, the same concept is referred to in different ways by different dealer firms and asset management firms. The purpose of this book is to describe the key analytical concepts used in the fixed income market and illustrate how they are computed. The book is not only intended for professionals but also newcomers to the field. It is for this reason that we provide end of chapter questions.
 

Although market professionals often want a walk through demonstration of how a metric is computed, once they are comfortable with the concept and its computation, professionals then rely on vendors of analytical systems. Probably the most popular system relied upon by fixed income professionals is the Bloomberg System. For this reason, every chapter ties in the analytical concepts that are available on Bloomberg and walks the reader through the relevant Bloomberg screens. We want to thank Bloomberg Financial for granting us permission to reproduce the screens that we used in our exhibits.
 

We begin the book with an explanation of the most basic concept in finance: the time value of money. In Chapter 2, we describe yield curve analysis, discussing the importance of spot rates and forward rates. The fixed income market has adopted various conventions for determining the number of days when computing accrued interest when trades are settled. These market conventions are the subject of Chapter 3.
 

The basics of bond valuation are covered in Chapter 4. Our focus in this chapter is on option-free bonds (i.e., bonds that are not callable, putable or convertible) and that have a fixed coupon rate. Yield measures for bonds are covered in Chapter 5.
 

The analysis of floating rate securities and bonds whose coupon interest is linked to some inflation measure are the subjects of Chapters 6 and 14, respectively. Bonds with embedded options are the subjects of Chapters 7, 9, and 10. Chapter 7 explains how to analyze callable and putable agency and corporate bonds. All residential mortgage-backed securities and certain asset-backed securities grant borrowers a prepayment option and, therefore, these securities have an embedded call option. Chapter 9 explains how these bonds are valued. For those readers unfamiliar with mortgage-backed and asset-backed securities, Chapter 8 explains them and how their cash flows are estimated. Convertible bond valuation is the subject of Chapter 10.
 

While one often hears about yield measures, portfolio managers are assessed based on their performance, which is measured in terms of total return. Chapter 11 demonstrates the calculation of this measure for individual bonds and portfolios.
 

A key analytical concept for quantifying and controlling the interest risk of a portfolio or trading position is duration and convexity. These measures of interest rate risk are explained in Chapter 12. One of the limitations of these two measures for use in portfolio risk management is that they assume that if interest rates change, the interest rate for all maturities change by the same amount. This is known as the parallel yield curve shift assumption. An analytical framework for assessing how a portfolio’s value might change if this assumption is relaxed is the calculation of a portfolio’s key rate durations, which is also explained in Chapter 12.
 

There are other measures used frequently for quantifying a portfolio’s risk exposure. The most popular one is the value-at-risk (VaR) metric. In Chapter 13 we explain not only the reason for the popularity of this metric and alternatives methodologies for calculating it, but the severe limitations of this measure. We explain a superior metric for quantifying risk, conditional VaR.
 

The approach to bond valuation described in the earlier chapters of the book are based on the discounted cash flow framework. Another approach to valuing bonds for inclusion in a portfolio or positioning for a trade is relative valuation. When properly interpreted, the tools of relative value analysis offer investors some clues about how similar bonds are currently priced in the market on a relative basis. Relative value analysis is the subject of Chapter 15.
 

An important derivative instrument in the fixed income market for controlling risk is an interest rate swap and is the subject of Chapter 16. After describing a swap’s counterparties, risk-return profile, and economic interpretation, we illustrate how to value it.
 

As explained in several chapters, a key input into a valuation model is the expected interest rate volatility or expected yield volatility. How this measure is estimated is covered in Chapter 17.
 

We would like to thank Kimberly Bradshaw for her editorial assistance and Megan Orem for her patience in typesetting this book.
 

Frank J. Fabozzi 
Steven V. Mann
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 CHAPTER 1
 

Time Value of Money
 

A security is a package of cash flows. The cash flows are delivered across time with varying degrees of uncertainty. To value a security, we must determine how much this package of cash flows is worth today. This process employs a fundamental finance principle—the time value of money. Simply stated, one dollar today is worth more than one dollar to be received in the future. The reason is that the money has a time value. One dollar today can be invested, start earning interest immediately, and grow to a larger amount in the future. Conversely, one dollar to be received one year from today is worth less than one dollar delivered today. This is true because an individual can invest an amount of money less than one dollar today and at some interest rate it will grow to one dollar in a year’s time.
 

The purpose of this chapter is to introduce the fundamental principles of future value (i.e., compounding cash flows) and present value (i.e., discounting cash flows). These principles will be employed in every chapter in the remainder of the book. To be sure, no matter how complicated the security’s cash flows become (e.g., bonds with embedded options, interest rate swaps, etc.), determining how much they are worth today involves taking present values. In addition, we introduce the concept of yield, which is a measure of potential return and explain how to compute the yield on any investment.
 





 FUTURE VALUE OF A SINGLE CASH FLOW

 

Suppose an individual invests $100 at 5% compounded annually for three years. We call the $100 invested the original principal and denote it as P. In this example, the annual interest rate is 5% and is the compensation the investor receives for giving up the use of his or her money for one year’s time. Intuitively, the interest rate is a bribe offered to induce an individual to postpone their consumption of one dollar until some time in the future. If interest is compounded annually, this means that interest is paid for use of the money only once per year.
 

We denote the interest rate as i and put it in decimal form. In addition, N is the number of years the individual gives up use of his or her funds and FVN is the future value or what the original principal will grow to after N years. In our example,P = $100 
i = 0.05 
N = 3 years
 




 



 

So the question at hand is how much $100 will be worth at the end of three years if it earns interest at 5% compounded annually?
 

To answer this question, let’s first determine what the $100 will grow to after one year if it earns 5% interest annually. This amount is determined with the following expressionFV1 = P(1 + i)
 




 



 

Using the numbers in our exampleFV1 = $100(1.05) = $105
 




 



 

In words, if an individual invests $100 that earns 5% compounded annually, at the end of one year the amount invested will grow to $105 (i.e., the original principal of $100 plus $5 interest).
 

To find out how much the $100 will be worth at the end of two years, we repeat the process one more timeFV2 = FV1(1 + i)
 




 



 

From the expression above, we know thatFV1 = P(1 + i)
 




 



 

Substituting this in the expression and then simplifying, we obtainFV2 = P(1 + i)(1 + i) = P(1 + i)2
 




 



 

Using the numbers in our example, we find thatFV2 = $100(1.05)2 = $110.25
 




 



 

Note that during the second year, we earn $5.25 in interest rather than $5 because we are earning interest on our interest from the first year. This example illustrates an important point about how securities’ returns work; returns reproduce multiplicatively rather than additively.
 

To find out how much the original principal will be worth at the end of three years, we repeat the process one last timeFV3 = FV2(1 + i)
 




 



 

Like before, we have already determined FV2, so making this substitution and simplifying gives usFV3 = P(1 + i)2(1 + i)
 

FV3 = P(1 + i)3
 




 



 

Using the numbers in our example, we find thatFV3 = $100(1.05)3 = $115.7625
 




 



 

The future value of $100 invested for three years earning 5% interest compounded annually is $115.7625.
 

The general formula for the future value of a single cash flow N years in the future given an interest rate i is(1.1)
 

[image: 002]
 




From this expression, it is easy to see that for a given original principal P the future value will depend on the interest rate (i) and the number of years (N) that the cash flow is allowed to grow at that rate. For example, suppose we take the same $100 and invest it at 5% interest for 10 years rather than five years, what is the future value? Using the expression presented above, we find that the future value isFVN = $100(1.05)10 = $162.8894
 




 



 

Now let us leave everything unchanged except the interest rate. What is the future value of $100 invested for 10 years at 6%? The future value is nowFVN = $100(1.06)10 = $179.0848
 




 



 

As we will see in due course, the longer the investment, the more dramatic the impact of even relatively small changes in interest rates on future values.
 





PRESENT VALUE OF A SINGLE CASH FLOW

 

The present value of a single cash flow asks the opposite question. Namely, how much is a single cash flow to be received in the future worth today given a particular interest rate? Suppose the interest rate is 10%, how much is $161.05 to be received five years hence worth today? This question can be easily visualized on the time line presented below:[image: 003]
 




Alternatively, given the interest rate is 10%, how much would one have to invest today to have $161.05 in five years? The process is called “discounting” because as long as interest rates are positive, the amount invested (the present value) will be less than $161.05 (the future value) because of the time value of money.1
 

Since finding present values or discounting asks the opposite question from the future value, the mathematics should be opposite as well. We know the expression for the future value for a single cash flow is given by the expression:FVN = P(1 + i)N
 




 



 

Let us plug in the information from the question above$161.05 = P(1.10)5
 




 



 

In order to answer the question of how much we would have to invest today at 10% to have $161.05 in five years, we must solve for P
[image: 004]
 




So, the present value of $161.05 delivered five years hence at 10% is $100.
 

It is easy to see that the mathematics conform to our intuition. When we calculate a future value, we ask how much will the dollars invested today be worth in the future given a particular interest rate. So, the mathematics of future value involve multiplication by a value greater than one (i.e., making things bigger). Correspondingly, when we find present values, we ask how much a future amount of dollars is worth today given a particular interest rate. Thus, the mathematics of present value involve division by a value greater than one (i.e., making things smaller).
 

The general formula for the present value (PV) of a single cash flow N years in the future given an interest rate i is(1.2)
 

[image: 005]
 




Note that we have replaced P with PV. In addition, PV does not have a subscript because we assume it is the value at time 0 (i.e., today).
 

It is instructive to write the expression for the present value of a single cash flow as follows[image: 006]
 




The term in brackets is equal to the present value of one dollar to be received N years hence given interest rate i and is often called a discount factor . The present value of a single cash flow is the product of the cash flow to be received (FVN) and the discount factor. Essentially, the discount factor is today’s value of one dollar that is expected to be delivered at some time in the future given a particular interest rate. An analogy will illustrate the point.
 

Suppose a U.S. investor receives cash payments of $200,000, ¥500,000, and £600,000. How much does the investor receive? We cannot simply add up the cash flows since the three cash flows are denominated in different currencies. In order to determine how much the investor receives, we would convert the three cash flows into a common currency (say, U.S. dollars) using currency exchange rates. Similarly, we cannot value cash flows to be received at different dates in the future merely by taking their sum. The expected cash flows are delivered at different times and are denominated in different “currencies” (Year 1 dollars, Year 2 dollars, etc.). We use discount factors just like exchange rates to convert cash flows to be received across time into a “common currency” called the present value (i.e., Year 0 dollars).
 

To illustrate this, we return to the last example—what is the present value of $161.05 to be received five years from today given that the interest rate is 10%? The present value can be written as[image: 007]
 




One dollar to be received in five years is worth $0.6209 today given the interest rate is 10%. We expect to receive $161.05 Year 5 dollars each worth 0.6209 dollars today. The present value is $100, which is the quantity ($161.05) multiplied by the price per unit ($0.6209).
 

As can be easily seen from the present value expression, the discount factor depends on two things. First, holding the interest rate constant, the longer the time until the cash flow is to be received, the lower the discount factor. To illustrate this, suppose we have $100 to be received 10 years from now and the interest rate is 10%. What is the present value?
 

[image: 008]

Now suppose the cash flow is to be received 20 years hence instead, all else the same. What is the present value?
 

[image: 009]

The discount factor falls 0.3855 to 0.1486. This is simply the time value of money at work. The present value is lower the farther into the future the cash flow will be received.
 

Why this occurs is apparent from looking at the present value equation. The numerator remains the same and is being divided by a larger number in the denominator as one plus the discount rate is being raised to ever higher powers. This is an important property of the present value: for a given interest rate, the farther into the future a cash flow is received, the lower its present value. Simply put, as cash flows move away from the present, they are worth less to us today. Intuitively, we can invest an even smaller amount now ($14.86) today and it will have more time to grow (20 years versus 10 years) to be equal in size to the payment to be received, $100.
 

The second factor driving the discount factor is the level of the interest rate. Specifically, holding the time to receipt constant, the discount factor is inversely related to the interest rate. Suppose, once again, we have $100 to be received 10 years from now at 10%. From our previous calculations, we know that the present value is $38.55. Now suppose everything is the same except that the interest rate is 12%. What is the present value when the interest rate increases?
 

[image: 010]

As the interest rate rises from 10% to 12%, the present value of $100 to be received 10 years from today falls from $38.55 to $32.20. The reasoning is equally straightforward. If the amount invested compounds at a faster rate (12% versus 10%), we can invest a smaller amount now ($32.20 versus $38.55) and still have $100 after 10 years.
 

The relationship between the present value of a single cash flow ($100 to be received 10 years hence) and the level of the interest rate is presented in Exhibit 1.1. For now, there are two things to note about present value/interest rate relationship depicted in the exhibit. First, the relationship is downward sloping. This is simply the inverse relationship between present values and interest rates at work. Second, the relationship is a curve rather than a straight line. In fact, the shape of the curve in Exhibit 1.1 is referred to as convex. By convex, it simply means the curve is “bowed in” relative to the origin.
 

This second observation raises two questions about the convex or curved shape of the present value/interest rate relationship. First, why is it curved? Second, what is the significance of the curvature? The answer to the first question is mathematical. The answer lies in the denominator of the present value formula. Since we are raising one plus the discount rate to powers greater than one, it should not be surprising that the relationship between the present value and the interest rate is not linear. The answer to the second question requires an entire chapter. Specifically, as we see in Chapter 12, this convexity or bowed shape has implications for the price volatility of a bond when interest rates change. What is important to understand at this point is that the relationship is not linear.
 

EXHIBIT 1.1 PV/Interest Rate Relationship
 

[image: 011]





COMPOUNDING/DISCOUNTING WHEN INTEREST IS PAID MORE THAN ANNUALLY

 

An investment may pay interest more frequently than once per year (e.g., semiannually, quarterly, monthly, weekly). If an investment pays interest compounded semiannually, then interest is added to the principal twice a year. To account for this, the future value and present value computations presented above require two simple modifications. First, the annual interest rate is adjusted by dividing by the number of times that interest is paid per year. The adjusted interest rate is called a periodic interest rate. Second, the number of years, N, is replaced with the number of periods, n, which is found by multiplying the number of years by the number of times that interest is paid per year.
 



 Future Value of a Single Cash Flow with More Frequent Compounding

 

The future value of a single cash flow when interest is paid m times per year is as follows:(1.3)
 

[image: 012]

 wherei = annual interest rate divided by m

n = number of interest payments (= N × m)
 




 




To illustrate, suppose that a portfolio manager invests $500,000 in an investment that promises to pay an annual interest rate of 6.8% for five years. Interest is paid on this investment semiannually. What is the future value of this single cash flow given semiannual compounding? The answer is $698,514.45 as shown below:PV = $500,000 
m =2 
i = 0.034 (= 0.068/2) 
N =5 
n = 10 (5 × 2)
 




 



 

Plugging this information into the future value expression gives us:FV10 = $500,000(1.034)10 = $500,000(1.397029) = $698,514.50
 




 



 

This future value is larger than if interest were compounded annually. With annual compounding, the future value would be $694,746.34. The higher future value when interest is paid semiannually reflects the fact that the interest is being added to principal more frequently, which in turn earns interest sooner.
 

Lastly, suppose instead that interest is compounded quarterly rather than semiannually. What is the future value of $500,000 at 6.8% compounded quarterly for five years? The future value is larger still, $700,469, for the same reasoning as shown below:PV = $500,000 
m =4 
i = 0.017 (= 0.068/4) 
N =5 
n = 20 (5 × 4)
 




 



 

Plugging this information into the future value expression gives us:FV20 = $500,000(1.017)20 = $500,000(1.400938) = $700,469
 




 



 



 Present Value of a Single Cash Flow Using Periodic Interest Rates

 

We must also adjust our present value expression to account for more frequent compounding. The same two adjustments are required. First, like before, we must convert the annual interest rate into a periodic interest rate. Second, we need to convert the number of years until the cash flow is to be received into the appropriate number of periods that matches the compounding frequency.
 

The present value of a single cash flow when interest is paid m times per year is written as follows:(1.4)
 

[image: 013]

 wherei = annual interest rate divided by m

n = number of interest payments (= N × m)
 




 




To illustrate this operation, suppose an investor expects to receive $100,000, 10 years from today and the relevant interest rate is 8% compounded semiannually. What is the present value of this cash flow? The answer is $45,638.69 as shown below:FV10 = $100,000 
m =2 
i = 0.04 (= 0.08/2) 
N = 10 
n = 20 (10 × 2)
 




 



 

Plugging this information into the present value expression gives us:[image: 014]
 




This present value is smaller than if interest were compounded annually. With annual compounding, the present value would be $46,319.35. The lower value when interest is paid semiannually means that for a given annual interest rate we can invest a smaller amount today and still have $100,000 in 10 years with more frequent compounding.
 

Moving to quarterly compounding, all else equal, should result in an even smaller present value. What is the present value of $100,000 to be received 10 years from today at 8% compounded quarterly? The present value is smaller still, $45,289.04, as shown below:FV40 = $100,000 
m =4 
i = 0.02 (= 0.08/4) 
N = 10 
n = 40 (10 × 4)
 




 



 

Plugging this information into the present value expression given by equation (1.4) gives[image: 015]
 








 FUTURE AND PRESENT VALUES OF AN ORDINARY ANNUITY

 

Most securities promise to deliver more than one cash flow. As such, most of the time when we make future/present value calculations, we are working with multiple cash flows. The simplest package of cash flows is called an annuity. An annuity is a series of payments of fixed amounts for a specified number of periods. The specific type of annuity we are dealing with in our applications is an ordinary annuity. The adjective “ordinary” tells us that the annuity payments come at the end of the period and the first payment is one period from now.
 



 Future Value of an Ordinary Annuity

 

Suppose an investor expects to receive $100 at the end of each of the next three years and the relevant interest rate is 5% compounded annually. This annuity can be visualized on the time line presented below:[image: 016]
 




What is the future value of this annuity at the end of year 3? Of course, one way to determine this amount is to find the future value of each payment as of the end of year 3 and simply add them up. The first $100 payment will earn 5% interest for two years while the second $100 payment will earn 5% for one year. The third $100 payment is already at the end of the year (i.e., denominated in year 3 dollars) so no adjustment is necessary. Mathematically, the summation of the future values of these three cash flows can be written as:[image: 017]
 




So, if the investor receives $100 at the end of each of the next three years and can reinvest the cash flows at 5% compounded annually, then at the end of three years the investment will have grown to $315.25.
 

The procedure for computing the future value of an annuity presented above is perfectly correct. However, there is a formula that can be used to speed up this computation. Let us return to the example above and rewrite the future value of the annuity as follows:$100(1.05)2 + $100(1.05)1 + $100(1.05)0 = $315.25
 




 



 

This expression can be rewritten as follows by factoring out the $100 annuity payment: $100[(1.05)2 + (1.05)1 + (1.05)0]
 




 



 

Since [(1.05)2 + (1.05)1 + (1.05)0] = 3.1525,$100[3.1525] = $315.25
 




 



 

The term in brackets is the future value of an ordinary annuity of $1 per year. Multiplying the future value of an ordinary annuity of $1 by the annuity payment produces the future value of an ordinary annuity.
 

The general formula for the future value of an ordinary annuity of $1 per year is given by(1.5)
 

[image: 018]

 whereA = amount of the annuity ($) 
i = annual interest rate (in decimal form)
 




 




Let us rework the previous example with the general formula whereA = $100 
i = 0.05 
N = 3
 





 therefore,[image: 019]
 




This value agrees with our earlier calculation.
 



 Future Value of an Ordinary Annuity when Payments Occur More Than Once per Year

 

The future value of an ordinary annuity can be easily generalized to handle situations in which payments are made more than one time per year. For example, instead of assuming an investor receives and then reinvests $100 per year for three years, starting one year from now, suppose that the investor receives $50 every six months for three years, starting six months from now.
 

The general formula for the future value of an ordinary annuity when payments occur m times per year is (1.6)
 

[image: 020]

 whereA = amount of the annuity ($) 
i = periodic interest rate, which is the annual interest rate divided by 
m (in decimal form) 
n = N × m
 




 




The value in brackets is the future value of an ordinary annuity of $1 per period.
 

Let us return to the example above and assume an annuity of $50 for six semiannual periods. The number line would appear as follows:[image: 021]
 




Note the numbers across the top of the time line represent semiannual periods rather than years. The future value of six semiannual payments of $50 to be received plus the interest earned by investing the payments at 5% compounded semiannually is found as follows:A = $50 
m = 2 
i = 0.025 (0.05/2) 
N = 3 
n = 6 (3 × 2)
 





 therefore,[image: 022]
 




Although the total of the cash payments received by the investor over three years is $300 in both examples, the future value is higher ($319.39) when the cash flows are $50 every six months for six periods rather than $100 a year for three years ($315.25). This is true because of the more frequent reinvestment of the payments received by the investor.
 



 Present Value of an Annuity

 

The coupon payments of a fixed rate bond are an ordinary annuity. Accordingly, in order to value a bond, we must be able to find the present value of an annuity. In this section, we turn our attention to this operation. Suppose we have an ordinary annuity of $300 for three years. These cash flows are pictured on the time line below:[image: 023]
 




Suppose that the relevant interest rate is 12% compounded annually. What is the present value of this annuity? Of course, we can take the present value of each cash flow individually and then sum them up. The present value is $720.57. To see this, we employ the present value of a single cash flow as follows:[image: 024]
 




We can rewrite the summation of these present values horizontally as shown below:[image: 025]
 




This expression can be rewritten by factoring out the $300 annuity payment as follows:[image: 026]
 




Since the sum of the three terms in brackets is 2.4018, we can write$300(2.4018) = $720.57
 




 



 

The term in brackets is the present value of an ordinary annuity of $1 for three years at 12%.
 

Once again, there is a general formula for the present value of an ordinary annuity of $1 for N years that can used to greatly simplify taking present values. The general formula is given below:(1.7)
 

[image: 027]

 whereA = amount of the annuity ($) 
i = annual interest rate (in decimal form) 
N = length of the annuity in years
 




 




Let us rework the previous example with the general formula whereA = $300 
i = 0.12 
N = 3
 





 therefore,[image: 028]
 




This value agrees with our earlier calculation.
 



 Present Value of an Ordinary Annuity when Payments Occur More Than Once per Year

 

The present value of an ordinary annuity can be generalized to deal with cash payments that occur more frequently than one time per year. For example, instead of assuming an investor receives $300 per year for three years, starting one year from now, suppose instead that the investor receives $150 every six months for three years, starting six months from now.
 

The general formula for the present value of an ordinary annuity when payments occur m times per year is (1.8)
 

[image: 029]

 whereA = amount of the annuity ($) 
i = periodic interest rate, which is the annual interest rate divided by 
m (in decimal form) 
n = N × m
 




 




The value in brackets is the present value of an ordinary annuity of $1 per period.
 

Let us return to the example above and assume an annuity of $150 for 6 semiannual periods. The time line would appear as follows:[image: 030]
 




Note once again that the numbers across the top of the time line represent semiannual periods rather than years. The present value of six semiannual payments of $150 to be received plus the interest earned by investing the payments at 12% compounded semiannually is found as follows:A = $300 
m = 3 
i = 0.06 (0.12/2) 
N = 3 
n = 6 (3 × 2)
 





 therefore,[image: 031]
 




Although the total cash payments received by the investor over three years are $900 in both examples, the present value is higher ($737.60) when the cash flows are $150 every six months for six periods rather than $300 a year for three years ($720.57). This result makes sense because half the cash flows are six months closer when they are received semiannually so their present value should be higher.
 



 Present Value of a Perpetual Annuity

 

We now consider the special case of an annuity that lasts forever, which is called a perpetual annuity. The cash flow of some securities can be thought of as perpetual annuities (e.g., preferred stock). So, how do we take the present value of a stream of cash flows expected to last forever? The computation is surprisingly straightforward and is given by the expression:(1.9)
 

[image: 032]

 whereA = perpetual annuity payment 
i = interest rate (in decimal form)
 




 




The reason equation (1.9) is so simple can be found in equation (1.8), which is the general formula for the present value of an ordinary annuity of $1 per period. As the number of periods n gets very large, the numerator of the term in brackets in equation (1.8) collapses to 1 because the term 1/(1 + i)n approaches zero producing equation (1.9), which is the present value of the perpetual annuity formula.
 

Let’s use equation (1.9) to find the present value of a perpetual annuity. Suppose a financial instrument promises to pay $350 per year in perpetuity. The investor requires an annual interest rate of 7% from this investment. What is the present value of this package of cash flows?
 

The present value of the $350 perpetual annuity is equal to $5,000, as shown below:A = $350 
i = 0.07
 




 

[image: 033]
 






 Present Value of a Package of Cash Flows with Unequal Interest Rates

 

To this point in our discussion, we have used the same interest rate to compute present values regardless of when the cash flows were to be delivered in the future. This will not generally be the case in practice. As we see in Chapter 2, the interest rates used to compute present values will depend on, among other things, the shape of the Treasury yield curve. Each cash flow will be discounted back to the present using a unique interest rate. Accordingly, the present value of a package of cash flows is the sum of the present values of each individual cash flow that comprises the package where each present value is computed using a unique interest rate.
 

As an illustration of this process, consider a 4-year 9% coupon bond with a $1,000 maturity value. Assume, for simplicity, the bond delivers coupon interest payments annually. The bond’s cash flows and required interest rates are shown below:
 


 
	Years from Now
	Annual Cash Payments (in dollars)
	Required Interest Rate (%)

	1	$90	6.07
	2	90	6.17
	3	90	6.70
	4	1,090	6.88

 


 



The present value of each cash flow is determined using the appropriate interest rate as shown below:[image: 034]
 




The present value of the cash flows is $1,074.07777.
 

Since the process of discounting cash flows with multiple interest rates is so important to our work in later chapters, let’s work through another example. We demonstrate how to find the present value of the fixed rate payments in an interest rate swap. As explained in Chapter 13, in an interest rate swap, two counterparties agree to exchange periodic interest payments. The dollar amount of the interest payments exchanged is based on some notional principal. The dollar amount each counterparty pays to the other is the agreed-upon periodic interest rate multiplied by the notional principal.
 

To illustrate an interest rate swap, suppose that for the next five years party A agrees to pay party B 10% per year, while party B agrees to pay party A 6-month LIBOR (the reference rate). Party A is a fixed rate payer/ floating rate receiver, while party B is a floating rate payer/fixed rate receiver. Assume the notional principal is $50 million, and that payments are exchanged every six months for the next five years. This means that every six months, party A (the fixed rate payer/floating rate receiver) will pay party B $2.5 million (10% × $50 million × 0.5). The amount that party B (floating rate payer/fixed rate receiver) will be 6-month LIBOR × $50 million × 0.5. For example, if 6-month LIBOR is 7%, party B will pay party A $1.75 (7% × $50 million × 0.5). Note that we multiply by 0.5 because one-half year’s interest is being paid.2
 

Let’s compute the present value of the fixed rate payments made by party A. As we see in Chapter 2, every cash flow should be discounted using its own interest rate. These interest rates are determined using Eurodollar futures contracts as described in Chapter 13. For now, we take the interest rates as given. The interest rate swap’s fixed rate payments and required semiannual interest rates are shown below:
 


 
	Periods from Now
	Semiannual Fixed Rate Payments (in millions of dollars)
	Required Semiannual Interest Rate (%)

	1	$2.5	3.00
	2	2.5	3.15
	3	2.5	3.20
	4	2.5	3.30
	5	2.5	3.38
	6	2.5	3.42
	7	2.5	3.45
	8	2.5	3.50
	9	2.5	3.53
	10	2.5	3.54

 


 



 

The present value of this interest rate swap’s fixed rate payments using the appropriate semiannual interest rates is shown below:3
[image: 035]
 




The present value of the fixed rate payments in this interest rate swap is $20.87249 million.
 





YIELD (INTERNAL RATE OF RETURN)

 

Yield is a measure of potential return from an investment over a stated time horizon. We discuss several yield measures for both fixed rate and floating rate securities (e.g., yield-to-maturity, yield-to-call, discounted margin, etc.) in later chapters. In this section, we explain how to compute the yield on any investment.
 



 Computing the Yield on Any Investment

 

The yield on any investment is computed by determining the interest rate or discount rate that will make the present value of an investment’s cash flow equal to its price. Mathematically, the yield, y, on any investment is the interest rate that will make the following relationship hold:(1.10)
 

[image: 036]

 where P = market price 
Ct = cash flow in year t

N = number of years
 




 




The individual terms summed to produce the price are the present values of the cash flow. The yield calculated from the expression above is also termed the internal rate of return.
 

There is no closed-form expression for determining an investment’s yield given its price (except for investments with only one cash flow). The yield is, therefore, found by an iterative process. The objective is to find the interest rate that will make the present value of the cash flows equal to the price. The procedure is as follows:Step 1 Select an interest rate.
 

Step 2 Compute the present value of each cash flow by using the interest rate selected in Step 1.
 

Step 3 Total the present value of the cash flows found in Step 2.
 

Step 4 Compare the total present value found in Step 3 with the price of the investment. Then, if the present value of the cash flows found in Step 3 is equal to the price of the investment, the interest rate selected in Step 1 is the yield. If the total present value of the cash flows found in Step 3 is more than the price of the investment, the interest rate selected is not the yield. Go back to Step 1 and use a higher interest rate. If the total present value of the cash flows found in Step 3 is less than the price of the investment, the interest rate used is not the yield. Go back to Step 1 and use a lower interest rate.
 




 



 

We illustrate how these steps are implemented.
 

Suppose a financial instrument offers the following annual payments for the next five years as displayed in Exhibit 1.2.
 

Suppose that the price of this financial instrument is $1,084.25. What is the yield or internal rate of return offered by this financial instrument?
 

EXHIBIT 1.2 Cash Flows from a Financial Instrument
 




 
	Years from Now
	Annual Cash Payments (in dollars)

	1	$80
	2	80
	3	80
	4	80
	5	1,080

 


 
EXHIBIT 1.3 Present Value at 5%
 




 
	Years from Now
	Annual Cash Payments (in dollars)
	Present Value of Cash Flow at 5%

	1	$80	$76.1905
	2	80	72.5624
	3	80	69.1070
	4	80	65.8162
	5	1,080	846.2083
	Total Present Value		$1,129.88

 


 
EXHIBIT 1.4 Present Value at 7%
 




 
	Years from Now
	Annual Cash Payments (in dollars)
	Present Value of Cash Flow at 7%

	1	$80	$74.7664
	2	80	69.8751
	3	80	65.3038
	4	80	61.0316
	5	1,080	770.0251
	Total Present Value		$1,041.00

 


 
To compute the yield, we must compute the total present value of these cash flows using different interest rates until we find the one that makes the present value of the cash flows equal to $1,084.25 (the price). Suppose 5% is selected, the calculation is presented in Exhibit 1.3.
 

The present value using a 5% interest rate exceeds the price of $1,084.25, so a higher interest rate must be tried. If a 7% interest rate is utilized, the present value is $1,041.00 as seen in Exhibit 1.4.
 

At 7%, the total present value of the cash flows is less than the price of $1,084.25. Accordingly, the present value must be computed with a lower interest rate. The present value at 6% is presented in Exhibit 1.5.
 

The present value of the cash flows at 6% is equal to the price of the financial instrument when a 6% interest rate is used. Therefore, the yield is 6%.
 

Although the formula for the yield is based on annual cash flows, the formula can be easily generalized to any number of periodic payments delivered during a year. The generalized formula for computing the yield is(1.11)
 

[image: 037]

 whereCt = cash flow in period t

n = number of periods
 




 




It is important to bear in mind that the yield computed using equation (1.11) is now the yield for the period. If the cash flows are delivered semiannually, the yield is a semiannual yield. If the cash flows are delivered quarterly, the yield is a quarterly yield, and so forth. The annual rate is determined by multiplying the yield for the period by the number of periods per year (m).
 

EXHIBIT 1.5 Present Value at 6%
 




 
	Years from Now
	Annual Cash Payments (in dollars)
	Present Value of Cash Flow at 6%

	1	$80	$75.4717
	2	80	71.1997
	3	80	67.1695
	4	80	63.3675
	5	1,080	807.0388
	Total Present Value		$1,041.00

 


 
EXHIBIT 1.6 Yield Calculation with Semiannual Cash Flows
 




 
	Annual Interest Rate (%)
	Semiannual Interest Rate (%)
	Total Present Value ($)

	6	3.0	1,035.10
	7	3.5	1,000.00
	8	4.0	966.34
	9	4.5	934.04

 


 
As an illustration, suppose an investor is considering the purchase of a financial instrument that promises to deliver the following semiannual cash flows:• Eight payments of $35 every six months for four years

• $1,000 eight semiannual periods from now



 

Suppose the price of this financial instrument is $934.04. What yield is this financial instrument offering? The yield is calculated via the iterative procedure explained before and the results are summarized in Exhibit 1.6.
 

When a semiannual rate interest rate of 4.5% is used to compute the total present value of the cash flows, the total present value is equal to the price of $934.04. Therefore, the semiannual yield is 4.5%. Doubling this yield gives an annual yield of 9%.
 



 Yield Calculation When There is Only One Cash Flow

 

If a security delivers a single cash flow, it is possible to determine the yield analytically rather than using the iterative procedure. For example, suppose that a financial instrument can be purchased for $4,139.25 and delivers a single cash flow of $5,000 in three years. So, if the price is $4,139.25 and the future value is $5,000, at what yield must the money grow over the next three years? In other words, what value of y will satisfy the following relationship:$4,139.25(1 + y)3 = $5,000
 




 



 

We can solve this expression for y by first dividing both sides by $4,139.25:[image: 038]
 




Next, we take the third root of both sides, which is the same as raising both sides to (1/3) power:(1 + y) = (1.20795)1/3 = 1.065
 




 



 

Finally, we subtract 1 from both sides:y = 1.065 - 1 = 0.065
 




 



 

The yield on this investment is therefore 6.5%
 

Of course, once the process is well understood, the following formula that greatly simplifies the yield calculation can be used:(1.12)
 

[image: 039]

 wheren = number of periods until the cash flow will be received
 




 




[image: 040]

As an illustration, suppose that a security can be purchased for $71,298.62 today and promises to pay $100,000 five years hence. What is the yield? The answer is 7% and the calculation is detailed below:[image: 041]
 





Annualizing Yields

 

Up to this point in our discussion, we have converted periodic interest rates (semiannual, quarterly, monthly, etc.) into annual interest rates by simply multiplying the periodic rate by the frequency of payments per year. For example, we converted a semiannual rate into an annual rate by multiplying it by 2. Similarly, we converted an annual rate into a semiannual rate by dividing it by 2.
 

This simple rule for annualizing interest rates is not correct due to the mathematics of compound interest. A simple example will illustrate the problem. Suppose that $1,000 is invested for 1 year at 10% compounded annually. At the end of the year, the interest earned will be $100. Now suppose that same $1,000 is invested at 10% compounded semiannually or 5% every six months. The interest earned during the year is determined by calculating the future value of $100 one year hence at 10% compounded semiannually:$1,000(1.05)2 = $1,000(1.1025) = $1,102.50
 




 



 

Interest is $102.50 on a $1,000 investment and the yield is 10.25% ($102.50/$1,000). The 10.25% is called the effective annual yield.
 

The general expression for calculating the effective annual yield for a given periodic interest rate is given by:(1.13)
 

[image: 042]

 wherem = frequency of payments
 




 




Using the numbers from the previous example, the periodic (semiannual) yield is 5% and the frequency of payments is twice per year. Therefore, Effective annual yield = (1.05)2 − 1 = 1.1025 − 1 = 0.1025 or10.25%
 




 



 

If interest is paid quarterly, then the periodic interest rate is 2.5% and the frequency of payments per year is four. The effective annual yield is 10.38% as computed below:Effective annual yield = (1.025)4 − 1 = (1.1038) − 1 = 0.1038 or 10.3 8 %
 




 



 

We can reverse the process and compute the periodic interest rate that will produce a given annual interest rate. For example, suppose we need to know what semiannual interest rate would produce an effective annual yield of 8%. The following formula is employed:(1.14)
 

[image: 043]
 




Using this expression, we find that the semiannual interest rate required to produce an effective annual yield of 8% is 3.9231%:Periodic interest rate = (1.08)½ − 1 = (1.039231) − 1 = 0.039231 or 3.9231%
 




 



 







CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Time value of money 
Original principal 
Discount factor 
Periodic interest rate 
Annuity 
Ordinary annuity 
Future value of an ordinary annuity of $1 per year 
Present value of an ordinary annuity of $1 per period 
Perpetual annuity 
Yield 
Internal rate of return 
Effective annual yield
 





APPENDIX: COMPOUNDING AND DISCOUNTING IN CONTINUOUS TIME

 

Most valuation models of derivative instruments (futures/forwards, options, swaps, caps, floors) utilize continuous compounding and discounting. Thus, in this section, we develop these important ideas. As we see, although the mathematics are somewhat more involved, the basic principles we have learned to this point are exactly the same.
 

Normally, when computing present and future values, we assume that interest is added to the principal once each period, where the period may be one year, a month, a day, etc. Consider an extreme example: the future value of $100 one year hence, given a 100% interest rate and annual compounding is $200. This amount represents the present value ($100) plus the interest earned over the year ($100), which is added to the principal at the end of the year.
 

If the other factors remain unchanged, increasing the frequency with which interest is added to the principal (e.g., semiannually, quarterly, monthly, etc.) increases the future value. The future value of $100 one year hence, given a 100% rate and semiannual compounding is $225. Two steps are required to arrive at this amount. At the end of the first six months, the original $100 grows to $150, which represents the original principal ($100) plus the interest earned ($50) over the first six months at a periodic rate of 50%. The periodic rate is simply the annual rate (100%) divided by two, which is the number of times that interest is paid per year. During the second six months, although the account is still earning interest at a periodic rate of 50%, the principal is now $150. Accordingly, an additional $75 interest is added at the end of the period, bringing the total to $225. We earn $25 more in interest in the second six months (as opposed to the first six months) because our interest is also earning interest at a periodic rate of 50%.
 

So it goes with compound interest. The sooner interest is added to the principal, the sooner interest is earned on a larger balance at the same periodic rate. Therefore, it is not surprising that as annual periods are divided into even smaller increments of time (e.g., quarterly, monthly, daily, etc.), the future value of our $100 at the end of one year continues to grow.
 

Exhibit A1 depicts what happens to the future value of $100 one year hence given a 100% interest rate as we increase the number of times per year interest is added to the principal. The vertical axis measures the future value at year end; the horizontal axis measures the frequency of compounding per year. The “1” on the horizontal axis is annual compounding, the “2” semiannual compounding, and so forth to “8760,” which represents compounding interest every hour.
 

EXHIBIT A1 Future Value of $100 at 100%
 

[image: 044]

The rate of increase in the future value is decreasing as we move from annual compounding ($200) to weekly compounding ($269.26) to hourly compounding ($271.81). As it turns out, no matter how frequently the interest is added to our account (every minute, every second, ...), the future value of $100 one year hence at 100% interest can be no more than $271.83. The amount $271.83 is the future value of $100 at 100% if interest is added to our balance continuously; interest is added to our account at literally each instant of time rather than once per period. The future value of $271.83 is the highest possible, given an interest rate of 100%. A future value computed when interest is compounded continuously represents a natural upper bound, similar to the speed of light.
 

This exercise usually engenders two questions. First, why is there an upper bound? Second, why is the upper bound $271.83? We consider each in turn.
 

Let’s answer the first question by appealing to an analogy. Suppose you are going to fill a bathtub with water. You turn the faucet a quarter turn to the left and water begins to pour into the bathtub. This is analogous to how interest is added to the principal when interest is compounded continuously—the water tumbles out in a continuous stream. Suppose you are going to fill the bathtub for four minutes. Even though the water is coming out of the faucet in a continuous stream, the amount of water in the bathtub will only reach a certain level. The only way we can get more water in the bathtub in a given amount of time is to increase the water pressure. Similarly, if we invest $100 for one year, the only way we can achieve a higher future value than $271.83 is to increase the interest rate above 100%.4
 

The answer to the second question requires a brief mathematical interlude. The future value of $1 when interest is compounded more than once per year is given by (1 + i/m)m where i is the annual interest rate and m is the frequency of compounding. When i is 100% and as m goes to infinity (i.e., continuous compounding), the future value of $1 converges to 2.71828... This number, which is denoted by the letter e in honor of the famous Swiss mathematician Euler, is one of the most important numbers in mathematics. Among its many attributes, e is the base of natural logarithms (i.e., the natural logarithm of e is one).5
 

To this point, we have learned why the future value of $1 one year hence given a particular interest rate has a limit. Moreover, when the interest rate is 100% and compounded continuously on a principal of $1, the limit is $2.71828 or $e.6 Now let’s take up the general case and allow the interest rate to take on values other than 100%.
 

Let’s define some terms. As before, let i be the annual interest rate. Let t denote the date to which we are computing the present value and T denote the terminal date of the investment. Accordingly, (T - t) represents the number of periods for which one is investing a particular amount. Finally, let FV and PV denote the future value and present value, respectively. To compute a future value in continuous time, we need to evaluate the following expression:(A.1)
 

[image: 045]
 




From our discussion above, ei(T - t) represents the future value of $1 at interest rate i for (T - t) years. Consider a simple example. Suppose one invests $1 continuously compounded at 10% for one year. What is the future value? In this case, T = 1, t = 0, and i = 0.10. Inserting these numbers into the expression we getFV = 1e0.10(1 - 0) = $1.1052
 




 



 

From this example, it is apparent that a cash flow invested for one year at 10% compounded continuously, and one invested at 10.52% compounded annually will produce the same future value. In other words, the effective annual rate (or annual percentage rate) of 10% compounded continuously is 10.52%.
 

One brief aside is worth mentioning at this point. The preceding example takes a continuously compounded rate and tells us the equivalent simple interest rate. It is also quite easy to reverse the process. That is, given a simple rate, what is the equivalent continuously compounded rate? Since we use the exponential function to move from continuously compounded to simple interest rates, we use its inverse function (i.e., natural logarithmic function) to move in the other direction. Suppose we have a simple rate of 10.52%, what continuously compounded rate will give the same effective interest rate? To compute this, take the natural logarithm of one plus the simple interest rate, ln(1.1052) = 0.10.
 

The only issue remaining is how to discount cash flows when interest is paid continuously. To do this, we must evaluate the following expression:(A.2)
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The quantity (t - T) is a negative number and represents the number of years we are discounting the cash flow back in time. Let’s rework the previous example: what is the present value of $1.1052 to be received 1 year from today given continuous discounting at 10%? Just like before, t = 0, T = 1, and i = 0.10. Insert these numbers into the equation (A.2)
PV = 1.1052 e0.10(0 - 1) = 1
 




 



 

Two final points should be noted. First, the quantity e-0.10 is equal to 0.9048 and represents the present value of $1 discounted back one year given the continuously compounded interest rate of 10%. Second, discounting (or compounding) for more than one period is accomplished merely by increasing T.
 





 QUESTIONS

 

1. Fred Derf found his lost passbook for a saving account that he had opened with a $100 deposit 12 years ago. If the bank paid interest at a rate of 5% compounded annually over this period, what should be the balance in the account today?

2. You are planning to leave civilization to live in a heavily fortified bunker up in the mountains and be a survivalist in 10 years. You will be able to deposit $1,000 per year at the end of each of the first five years and $2,000 per year for the following five years. You start your savings plan today with a $5,000 deposit. The account pays 8% compounded annually. How much money will you be able to take to the mountains with you when you leave?

3. The grand prize for a lottery is $1,000 per year for 10 years and then $500 per year in perpetuity (i.e., the first $500 payment is at the end of year 11). If the relevant interest rate is 10%, what is the grand prize worth today?

4. What is the future value of $1,000 to be invested now for five years if the interest rate is 12% compoundeda. annually?

b. semiannually?

c. quarterly?

d. monthly?




5. What is the present value of $1,000 to be received five years from now if the interest rate is 12% compoundeda. annually?

b. semiannually?

c. quarterly?

d. monthly?




6. You are saving to retire with $1 million 30 years from today. You can start the savings plan with a $5,000 deposit today. Additionally, you can deposit $7,500 10 years from today, $10,000 20 years from today, and $15,000 upon retirement. You need to set up an ordinary annuity plan to reach your goal. What annual payment must you make in the plan to have $1 million upon retirement if you can invest at 12%?

7. Suppose an investor is considering the purchase of a financial instrument that promises to deliver the following semiannual cash flows: four payments of $40 every six months for two years and $1,000 delivered four semiannual periods from now. Suppose the price of this financial instrument is $982.0624. What yield is being offered by this financial instrument?

8. Consider a 4-year 8% coupon bond with a $1,000 maturity value. Assume the bond delivers coupon interest annually. What is the present value of the cash flows using the required interest rates shown below? 


 
	Years from Now
	Annual Cash Payments
	Required Interest Rate

	1	$80	5.00%
	2	80	5.20
	3	80	5.30
	4	1,080	5.38

 


 



9. What semiannual interest rate is required to produce an effective annual yield of 7.4%?

  




 CHAPTER 2
 

Yield Curve Analysis
 

Spot Rates and Forward Rates
 

 

 

A bond’s yield is a measure of its potential return given certain assumptions about how the future will unfold. The yield curve is the graphical depiction of the relationship between the yield to maturity and term to maturity for bonds that are alike in every other respect except term to maturity. When market participants refer to the “yield curve,” they usually mean the U.S. Treasury yield curve. A key function of the Treasury yield curve is to serve as a benchmark for pricing bonds and to determine yields in all other sectors of the debt market (e.g., corporate debt, mortgages, bank loans, etc.) This is also true in bond markets around the world where government securities often serve as benchmark securities for pricing other instruments. The purpose of this chapter is to develop the fundamental tools of yield curve analysis. We discuss par rates, spot rates, and forward rates—how they are computed, how they are related to each other, and how they are utilized by market participants.
 





A BOND IS A PACKAGE OF ZERO-COUPON INSTRUMENTS

 

The traditional approach to valuation is to discount every cash flow of a fixed income security using the same interest or discount rate. The fundamental flaw of this approach is that it views each security as the same package of cash flows. For example, consider a 5-year U.S. Treasury note with a 6% coupon rate. The cash flows per $100 of par value would be nine payments of $3 every six months and $103 10 6-month periods from now. The traditional practice would discount every cash flow using the same discount rate regardless of when the cash flows are delivered in time and the shape of the yield curve. Finance theory tells us that any security should be thought of as a package or portfolio of zero-coupon bonds.7
 

The proper way to view the 5-year 6% coupon Treasury note is as a package of zero-coupon instruments whose maturity value is the amount of the cash flow and whose maturity date coincides with the date the cash flow is to be received. Thus, the 5-year 6% coupon Treasury issue should be viewed as a package of 10 zero-coupon instruments that mature every six months for the next five years. This approach to valuation does not allow a market participant to realize an arbitrage profit by breaking apart or “stripping” a bond and selling the individual cash flows (i.e., stripped securities) at a higher aggregate value than it would cost to purchase the security in the market. Simply put, arbitrage profits are possible when the sum of the parts is not equal to the whole or vice versa. (We describe the process of stripping Treasuries in this chapter.) Because this approach to valuation precludes arbitrage profits, we refer to it as the arbitrage-free valuation approach.
 

By viewing any security as a package of zero-coupon bonds, a consistent valuation framework can be developed. We do this in Chapter 4. Viewing a security as a package of zero-coupon bonds means that two bonds with the same maturity and different coupon rates are viewed as different packages of zero-coupon bonds and valued accordingly. Moreover, two cash flows that have identical risk delivered at the same time will be valued using the same discount rate even though they are attached to two different bonds.
 

To implement the arbitrage-free approach it is necessary to determine the theoretical rate that the U.S. Treasury would have to pay on a zero-coupon Treasury security for each maturity. We say “theoretical” because other than U.S. Treasury bills, the Treasury does not issue zero-coupon bonds. Zero-coupon Treasuries are, however, created by dealer firms. The name given to the zero-coupon Treasury rate is the Treasury spot rate. Our next task is to explain how the Treasury spot rate can be calculated.
 





THEORETICAL SPOT RATES

 

The theoretical spot rates for Treasury securities represent the appropriate set of interest or discount rates that should be used to value default-free cash flows. A default-free theoretical spot rate can be constructed from the observed Treasury yield curve or par curve. We begin our quest of how to estimate spot rates with the par curve.
 



 Par Rates

 

The raw material for all yield curve analysis is the set of yields on the most recently issued (i.e., on-the-run) Treasury securities. The U.S. Treasury routinely issues 10 securities—the 1-month, 3-month, 6-month, and 1-year bills, the 2-, 3-, 5-, 7-, and 10-year notes, and the 30-year bond.8 These on-the-run Treasury issues are default risk-free and trade in one of the most liquid and efficient secondary markets in the world. Because of these characteristics, Treasury yields serve as a reference benchmark for risk-free rates, which are used extensively for pricing other securities.
 

EXHIBIT 2.1 Bloomberg PX1
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Exhibit 2.1 presents the PX1 Governments screen from Bloomberg. Data for the most recently issued bills and when-issued bills appears in the upper left-hand corner. Similarly, data for the most recently issued and when-issued notes and bonds appear in the lower left-hand corner and continues in the upper right-hand corner. The first and second columns indicate the security and its maturity date. In the third column, there is an arrow indicating an up or down tick for the last trade. The fourth column indicates the current bid/ask rates for the bills and the current bid/ask prices for the notes/bonds. A bond equivalent yield using the ask yield/price is contained in column (5). For bills, the last column contains the change in bank discount yields based on the previous day’s closing rates as of the time posted. For notes/bonds, the last column contains the change in change in price in “ticks” (i.e., 32nd of a point) based on the previous day’s closing prices as of the time posted. The plus sign “+” following the number of ticks indicates that a 64th (½ of a 32nd ) is added to the number of ticks.
 

EXHIBIT 2.2 Bloomberg Par
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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In practice, however, the observed yields for the on-the-run Treasury coupon issues are not usually used directly. Instead, the coupon rate is adjusted so that the price of the issue would be the par value.9 Accordingly, the par yield curve is the adjusted on-the-run Treasury yield curve where coupon issues are at par value and the coupon rate is therefore equal to the yield to maturity. The exception is for the 6-month and 1-year issues that are Treasury bills; the bond-equivalent yields for these two issues are already spot rates.
 

Deriving a par curve from a set of eight points starting with the yield on the 6-month bill and ending the yield on the 30-year bond is not a trivial matter. The end result is a curve that tells us “if the Treasury were to issue a security today with a maturity equal to say 12 years, what coupon rate would the security have to pay in order to sell at par?” Exhibit 2.2 presents a Bloomberg screen of the par curve (linearly interpolated) using the yields for the on-the-run Treasuries for October 15, 2009.
 

EXHIBIT 2.3 Treasury Par Curves Using Off-the-Run
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Some analysts contend that estimating the par curve with only the yields of the on-the-run Treasuries uses too little information that is available from the market. In particular, one must estimate the back-end of the yield curve with only two securities; that is, the 10-year note and the 30-year bond. Some analysts prefer to use the on-the-run Treasuries and selected off-the-run Treasuries. Exhibit 2.3 presents the plot from Bloomberg of the Treasury par curve estimated using this approach.
 

In summary, a par rate is the average discount rate of many cash flows (those of a par bond) over many periods. This begs the question “the average of what?” As we will see, par rates are complicated averages of the implied spot rates. Thus, in order to uncover the spot rates, we must find a method to “break apart” the par rates. There are several approaches that are used in practice. The approach that we describe below for creating a theoretical spot rate curve is called bootstrapping.
 



 Bootstrapping the Spot Curve

 

Bootstrapping begins with the par curve. To illustrate bootstrapping, we use the Treasury par curve shown in Exhibit 2.4. The par yield curve shown extends only out to 10 years. Our objective is to show how the values in the last column of the exhibit (labeled “Spot Rate”) are obtained. Throughout the analysis and illustrations to come, it is important to remember the basic principle is that the value of the Treasury coupon security should be equal to the value of the package of zero-coupon Treasury securities that duplicates the coupon bond’s cash flows.
 

EXHIBIT 2.4 Hypothetical Treasury Par Yield Curve
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The key to this process is the existence of the Treasury strips market. (“STRIPS” is the most common type of strips product and is an acronym for separately traded, registered interest and principal securities.) A government securities dealer has the ability to take apart the cash flows of a Treasury coupon security (i.e., strip the security) and create zero-coupon securities. These zero-coupon securities, which are called Treasury strips, can be sold to investors. (The Treasury strips created from the coupon payments are called coupon strips; the Treasury strip created from the principal payment is called the principal strip.) At what interest rate or yield can these Treasury strips be sold to investors? The answer is they can be sold at the Treasury spot rates. If the market price of a Treasury security is less than its value after discounting with spot rates (i.e., the sum of the parts is worth more than the whole), than a dealer can buy the Treasury security, strip it, and sell off the Treasury strips so as to generate greater proceeds than the cost of purchasing the Treasury security. The resulting profit is an arbitrage profit.
 

We now ask what happens when a Treasury issue’s market price is greater than its value when discounted using spot rates? In this case, the sum of the parts is worth less than the whole. Obviously, a dealer will refrain from stripping the Treasury issue since the proceeds generated from doing so will be less than the cost of purchasing the issue. When such situations occur, the dealer will follow a procedure called reconstitution.10 Basically, the dealer can purchase a package of Treasury strips so as to create a synthetic Treasury coupon security that is cheaper than the same maturity and same coupon Treasury issue. This difference represents an arbitrage profit.
 

In summary, the process of stripping and reconstitution assures that the price of a Treasury issue will not depart materially from its arbitrage-free value. This is simply a fundamental market principle at work. Namely, prices adjust until there are no opportunities to make arbitrage profits. Exhibit 2.5 presents a plot from Bloomberg of the Treasury strips curve.
 

Before we proceed to our illustration of bootstrapping, a very sensible question must be addressed. Specifically, if Treasury strips are in effect zero-coupon Treasury securities, why not use strip rates (i.e., the rates on Treasury strips) as our spot rates? In other words, why must we estimate theoretical spot rates via bootstrapping using yields from Treasury bills, notes, and bonds when we already have strip rates conveniently available? There are three major reasons. First, although Treasury strips are actively traded, they are not as liquid as on-the-run Treasury bills, notes, and bonds. As a result, Treasury strips have some liquidity risk for which investors will demand some compensation in the form of higher yields. Second, the tax treatment of strips is different from that of Treasury coupon securities. Specifically, the accrued interest on strips is taxed even though no cash is received by the investor. Thus they are negative cash flow securities to taxable entities, and, as a result, their yield reflects this tax disadvantage. Finally, there are maturity sectors where non-U.S. investors find it advantageous to trade off yield for tax advantages associated with a strip. Specifically, certain non-U.S. tax authorities allow their citizens to treat the difference between the maturity value and the purchase price as a capital gain and tax this gain at a favorable tax rate. Some will grant this favorable treatment only when the strip is created from the principal rather than the coupon. For this reason, those who use Treasury strips to represent theoretical spot rates restrict the issues included to coupon strips.
 

EXHIBIT 2.5 U.S. Treasury Strips Curve
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Consider the 6-month and 1-year Treasury securities in Exhibit 2.4. These two securities are Treasury bills and they are issued as zero-coupon instruments. Therefore, the annualized bond-equivalent yield (not the bank discount yield) of 3.00% for the 6-month Treasury security is equal to the 6-month spot rate. Similarly, for the 1-year Treasury security, the cited yield of 3.30% is the 1-year spot rate. Given these two spot rates, we can compute the spot rate for a theoretical 1.5-year zero-coupon Treasury. The value of a theoretical 1.5-year Treasury should equal the present value of the three cash flows from the 1.5-year coupon Treasury, where the yield used for discounting is the spot rate corresponding to the time of receipt of the cash flow. Since all the coupon bonds are selling at par, as explained in the previous section, the yield to maturity for each bond is the coupon rate. Using $100 as par, the cash flows for the 1.5-year coupon Treasury are:[image: 052]
 




The present value of the cash flows is then[image: 053]

 wherez1 = one-half the annualized 6-month theoretical spot rate 
z2 = one-half the 1-year theoretical spot rate 
z3 = one-half the 1.5-year theoretical spot rate
 




 




Since the 6-month spot rate is 3% and the 1-year spot rate is 3.30%, we know thatz1 = 0.0150 and z2 = 0.0165
 




 



 

We can compute the present value of the 1.5-year coupon Treasury security as
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Since the price of the 1.5-year coupon Treasury security is equal to its par value (see Exhibit 5), the following relationship must hold:11
 

[image: 055]

Note we are treating the 1.5-year par bond as if it were a portfolio of three zero-coupon bonds. Moreover, each cash flow has its own discount rate that depends on when the cash flow is delivered in the future and the shape of the yield curve. This is in sharp contrast to the traditional valuation approach that forces each cash flow to have the same discount rate.
 

We can solve for the theoretical 1.5-year spot rate as follows: 
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Doubling this yield we obtain the bond-equivalent yield of 3.5053%, which is the theoretical 1.5-year spot rate. This is the rate that the market would apply to a 1.5-year zero-coupon Treasury security if, in fact, such a security existed. In other words, all Treasury cash flows to be received 1.5 years from now should be valued (i.e., discounted) at 3.5053%.
 

Given the theoretical 1.5-year spot rate, we can obtain the theoretical 2-year spot rate. The cash flows for the 2-year coupon Treasury in Exhibit 2.4 are:[image: 057]
 




The present value of the cash flows is then[image: 058]

 where z = one-half of the 2-year theoretical spot rate.


Since the 6-month spot rate, 1-year spot rate, and 1.5-year spot rate are 3.00%, 3.30%, and 3.5053%, respectively, thenz1 = 0.0150 z2 = 0.0165 z3 = 0.017527
 




 



 

Therefore, the present value of the 2-year coupon Treasury security is
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Since the price of the 2-year coupon Treasury security is equal to par, the following relationship must hold 
 

[image: 060]

We can solve for the theoretical 2-year spot rate as follows:[image: 061]
 




Doubling this yield, we obtain the theoretical 2-year spot rate bond-equivalent yield of 3.9164%.
 

One can follow this approach sequentially to derive the theoretical 2.5-year spot rate from the calculated values of z1, z2, z3, and z4 (the 6-month, 1-year, 1.5-year, and 2-year rates), and the price and coupon of the 2.5-year bond in Exhibit 2.4. Further, one could derive theoretical spot rates for the remaining 15 half-yearly rates. The spot rates thus obtained are shown in the last column of Exhibit 2.4. They represent the term structure of default-free spot rate for maturities up to 10 years at the particular time to which the bond price quotations refer.
 

Let us summarize to this point. We started with the par curve, which is constructed using the adjusted yields from the on-the-run Treasuries. A par rate is the average discount rate of many cash flows over many periods. Specifically, par rates are complicated averages of spot rates. The spot rates are uncovered from par rates via bootstrapping. A spot rate is the average discount rate of a single cash flow over many periods. It appears that spot rates are also averages. As we will see shortly, spot rates are averages of one or more forward rates.
 

Exhibit 2.6 plots the par and spot curves using the data presented in Exhibit 2.4. If the par curve is upward sloping (monotonically), the spot curve will be above the par curve at every point except for the shortest interest rate (e.g., 6-month rate in our illustration) and the difference between the curves will increase as maturity increases. The reason is simple. Par rates are complicated averages of spot rates and averaging dampens volatility. Thus, the par curve will always be the flatter of the two curves. The exception to this is when the yield curve is perfectly flat and the two curves are identical. If the par curve is inverted, the ordering of the two curves is reversed with the par curve being the flatter of the two plotting above the spot curve.
 

EXHIBIT 2.6 Spot Curve versus Par Curve
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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FORWARD RATES

 

We have just described how a default-free theoretical spot rate curve can be extrapolated from the Treasury yield curve. Additional information useful to market participants can be extrapolated from the default-free theoretical spot rate curve: forward rates. A forward rate is the fundamental unit of yield curve analysis. Forward rates are the building blocks of interest rates just as atoms are building blocks of solid matter in physics. A forward rate is the discount rate of a single cash flow over a single period. Under certain assumptions, these rates can be viewed as the market’s consensus of future interest rates.12
 

Examples of forward rates that can be calculated from the default-free theoretical spot rate curve are the:• 6-month forward rate six months from now.

• 6-month forward rate three years from now.

• 1-year forward rate one year from now.

• 3-year forward rate two years from now.

• 5-year forward rates three years from now.



 

Since the forward rates are implicitly extrapolated from the default-free theoretical spot rate curve, these rates are sometimes referred to as implicit forward rates. Recall, spot rates are averages of implied forward rates so it should not be surprising that we “break apart” spot rates to uncover forward rates. We begin by showing how to compute the 6-month forward rates. Then we explain how to compute any forward rate between any two periods in the future.
 



 Deriving 6-Month Forward Rates

 

To illustrate the process of extrapolating 6-month forward rates, we will use the yield curve and the corresponding spot rate curve from Exhibit 2.4. We will use a very simple no arbitrage principle as we did earlier in this chapter when deriving the spot rates. Namely, the “law of one price” says that if two goods are perfect substitutes they must sell for the same price. Specifically, if two investments produce the same expected cash flows and have the same risk, they should have the same value.
 

Suppose an investor has a 1-year anticipated investment horizon. In general, an investor has three basic ways to satisfy this maturity preference. First, an investor can purchase a security having a maturity that matches the investment horizon. For example, an investor can buy a 1-year zero coupon bond and hold it to maturity. We will call this a “buy and hold” strategy. Second, an investor can invest in a series of short-term securities (e.g., buy a 6-month zero-coupon bond today, hold it to maturity, and reinvest the proceeds into another 6-month zero-coupon bond six months from now.) We will call this a “rollover” strategy. Finally, an investor can invest in a security with a maturity greater than the anticipated holding period and sell it at the appropriate time (e.g., buy a 2-year zero coupon bond and selling it after one year). If the yield curve is upward-sloping, this strategy is called “riding the yield curve.”
 

For simplicity, let’s consider an investor who has a 1-year investment horizon and is faced with the following two alternatives (we will return to the riding the yield curve strategy shortly):• Buy a 1-year Treasury zero (buy-and-hold strategy).

• Buy a 6-month Treasury zero, and when it matures in six months buy another 6-month Treasury zero (rollover strategy).



 

The investor will be indifferent between the two alternatives if they produce the same expected return over the 1-year investment horizon. The investor knows the spot rates that are available on the 6-month Treasury zero and the 1-year Treasury zero. However, she does not know what yield will be available on a 6-month Treasury zero that will be purchased six months from now (i.e., the second leg of the rollover strategy). That is, she does not know the 6-month forward rate six months from now. Given the spot rates for the 6-month Treasury zero and the 1-year Treasury zero, the forward rate on a 6-month Treasury zero is the rate that equalizes the expected dollar return between the two alternatives.
 

To see how that rate can be determined, suppose that an investor purchased a 6-month Treasury zero for $X. At the end of six months, the value of this investment would beX(1 + z1)
 





 where z1 is one-half the bond-equivalent yield (BEY) of the theoretical 6-month spot rate. Intuitively, this product tells us how much money the investor will have available to reinvest in the second 6-month zero, six months from now.

 

Let f represent one-half the forward rate (expressed as a BEY) on a 6-month Treasury zero available six months from now. If the investor were to rollover her investment by purchasing that zero at that time, then the future dollars available at the end of one year from the $X investment would beX(1 + z1)(1 + f)
 




 



 

Note we cannot calculate this expression because we do not know f as of yet.
 

Now consider the buy-and-hold strategy. Namely, buying the 1-year Treasury bill and maturing it. If we let z2 represent one-half the BEY of the theoretical 1-year spot rate, then the future dollars available at the end of one year from the $X investment would beX(1 + z2)2
 




 



 

The reason that the squared term appears is that the amount invested is being compounded for two periods at one-half the 1-year spot rate due to semiannual compounding.
 

The two choices are depicted in Exhibit 2.7. Now we are prepared to analyze the investor’s choices and what this tells us about forward rates. The investor will be indifferent between the two alternatives confronting her if she makes the same dollar investment ($X) and expects to receive the same future dollars from both alternatives at the end of one year. That is, the investor will be indifferent if EXHIBIT 2.7 Graphical Depiction of the 6-Month Forward Rate Six Months from Now
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X(1 + z1)(1 + f) = X(1 + z2)2
 




 




Dividing both sides by X (the initial investment) leaves the following:(1 + z1)(1 + f) = (1 + z2)2
 




 



 

We can interpret the left-side of this expression as the expected holding-period return of the rollover strategy. Likewise, the right-hand side is the expected holding-period return of the buy-and-hold strategy. Given z1 and z2 are known, what does f have to be six months hence for these two strategies to have the same holding-period returns? In simple words, f is the value that makes the right side equal the left side. Note this result is courtesy of the no-arbitrage condition. Solving for f, we get[image: 064]
 




Doubling f gives the BEY for the 6-month forward rate six months from now.
 

We can illustrate the use of this formula with the theoretical spot rates shown in Exhibit 2.4. From that exhibit, we know that6-month zero spot rate = 0.030, therefore z1 = 0.0150 
1-year zero spot rate = 0.033, therefore z2 = 0.0165
 




 



 

Substituting into the formula, we have[image: 065]
 




Therefore, the 6-month forward rate six months from now is 3.6% (1.8% × 2) BEY.
 

Let’s confirm our results. If $X is invested in the 6-month Treasury zero at 1.5% and the proceeds then reinvested for six months at the 6-month forward rate of 1.8%, the total proceeds from this alternative would beX(1.015)(1.018) = 1.03327 X
 




 



 

Investment of $X in the 1-year Treasury zero at one-half the 1-year rate, 1.65%, would produce the following proceeds at the end of one year:X(1.0165)2 = 1.03327 X
 




 



 

Both alternatives deliver the same payoff if the 6-month Treasury zero yield six months from now is 1.8% (3.6% on a BEY). This means that, if an investor is guaranteed a 1.8% yield (3.6% BEY) on a 6-month Treasury zero six months from now, she will be indifferent between the two alternatives.
 

It is quite helpful to think of forward rates as break-even rates. In our example, the yield curve is upward-sloping. As a result, an investor picks up additional yield by investing in the 1-year zero rather than the 6-month zero. The 6-month forward rate tells us how much the 6-month spot rate must rise six months from now so that an investor buying the 6-month zero and intending to rollover the proceeds into another 6-month zero will earn the same 1-year holding-period return. Obviously, the 6-month spot needs to rise over the next six months to offset the 1-year zero’s yield advantage. As we have seen, if the 6-month spot rate is 3.6% six months from now, an investor will be indifferent between the two strategies. Simply put, forward rates tell us how much the spot curve needs to change over the next period so that all Treasury securities earn the same holding-period return.
 

Forward rates can also be interpreted as equating the holding period return of buying and holding a 6-month zero and the holding period return of buying a 1-year zero and selling it after six months. As noted, the latter strategy is known as “riding the yield curve.” In our example, since the yield curve is upward sloping and if it does not change over the next six months, the 1-year zero will earn a higher return because of the increase in price due to the decrease in yield relative to the forecast at which it is priced. Accordingly, investors will earn an additional return. The forward rate tells us how much the 6-month spot rate must rise over the next six months to offset this additional return.
 

For example, suppose an investor purchases a 1-year zero with a maturity value of $100 currently yielding 3.3% on a bond-equivalent basis. The 1-year zero’s price would be $96.7799. Further, suppose the investor sells the bill after six months. If the 6-month spot rate rises to 3.6%, the 1-year zero (which now has six months until maturity) is priced at $98.2318. If this occurs, the investor’s holding-period return is 1.5% (3% BEY). Note that this is same return the investor would have obtained by buying and holding the 6-month zero. Thus, buying and holding the 6-month zero and riding the yield curve for six months with the 1-year zero will have the same holding period return over the next six months. In summary, if changes in spot rates implied by the forward rates are subsequently realized, all three strategies (i.e., buy and hold, rollover, and riding the yield curve) will earn the same holding-period return.
 

The same line of reasoning can be used to obtain the 6-month forward rate beginning at any time period in the future. For example, the following can be determined:• The 6-month forward rate three years from now.

• The 6-month forward rate five years from now.



 

The notation that we use to indicate 6-month forward rates is 1fm where the subscript 1 indicates a 1-period (six months in our illustration) rate and the subscript m indicates the period beginning m periods from now. When m is equal to zero, this means the current rate. Thus, the first 6-month forward rate is simply the current 6-month spot rate. That is, 1f0 = z1.
 

The general formula for determining a 6-month forward rate is[image: 066]
 




This expression tells us if the m + 1-period and m-period spot rates are known, the 1-period forward rate between periods m and m + 1 is computed by dividing m + 1-period zero-coupon bond’s holding-period return by the m-period zero-coupon bond’s holding-period return.
 

For example, suppose that the 6-month forward rate four years (eight 6-month periods) from now is sought. In terms of our notation, m is 8 and we seek 1f8. The formula is then[image: 067]
 




From Exhibit 2.4, since the 4-year spot rate is 5.065% and the 4.5-year spot rate is 5.1701%, z8 is 2.5325% and z9 is 2.58505%. Then,[image: 068]
 




Doubling this rate gives a 6-month forward rate four years from now of 6.01%
 

EXHIBIT 2.8 Six-Month Forward Rates: The Short-Term Forward Rate Curve (annualized rates on a bond-equivalent basis)
 




 
	Notation
	Forward Rate

	1f0
	3.00
	1f1
	3.60
	1f2
	3.92
	1f3
	5.15
	1f4
	6.54
	1f5
	6.33
	1f6
	6.23
	1f7
	5.79
	1f8
	6.01
	1f9
	6.24
	1f10
	6.48
	1f11
	6.72
	1f12
	6.97
	1f13
	6.36
	1f14
	6.49
	1f15
	6.62
	1f16
	6.76
	1f17
	8.10
	1f18
	8.40
	1f19
	8.72

 


 
Exhibit 2.8 shows all of the 6-month forward rates for the Treasury yield curve and corresponding spot rate curve shown in Exhibit 2.4. The forward rates reported in Exhibit 2.8 are the annualized rates on a bond-equivalent basis. The set of these forward rates is called the short-term forward-rate curve.
 



 Relationship between Spot Rates and Short-Term Forward Rates

 

Suppose an investor invests $X in a 3-year zero-coupon Treasury security. The total proceeds three years (six periods) from now would beX(1 + z6)6
 




 



 

Alternatively, the investor could buy a 6-month Treasury zero and reinvest the proceeds every six months for three years. The future dollars or dollar return will depend on the 6-month forward rates. Suppose that the investor can actually reinvest the proceeds maturing every six months at the calculated 6-month forward rates shown in Exhibit 2.8. At the end of three years, an investment of $X would generate the following proceeds:X(1 + z1)(1 + 1f1)(1 + 1f2)(1 + 1f3)(1 + 1f4)(1 + 1f5)
 




 



 

Since the two investments must generate the same proceeds at the end of three years, the two previous equations are set equal to one another:X(1 + z6)6 = X(1 + z1)(1 + 1f1)(1 + 1f2)(1 + 1f3)(1 + 1f4)(1 + 1f5)
 




 



 

Solving for the 3-year (6-period) spot rate, we havez6 = [(1 + z1)(1 + 1f1)(1 + 1f2)(1 + 1f3)(1 + 1f4)(1 + 1f5)]1/6 - 1
 




 



 

This equation tells us that the 3-year spot rate depends on the current 6-month spot rate and the five 6-month forward rates. Earlier we described a spot rate as the average discount rate of a single cash flow over many periods. We can see now that long-term spot rates are averages of the current single period spot rate and the implied forward rates. In fact, the right-hand side of this equation is a geometric average of the current 6-month spot rate and the five 6-month forward rates.
 

Let’s use the values in Exhibits 2.4 and 2.8 to confirm this result. Since the 6-month spot rate in Exhibit 2.4 is 3%, z1 is 1.5% and, therefore,[image: 069]
 




Doubling this rate gives 4.7522%. This agrees with the 3-year spot rate shown in Exhibit 2.4.
 

In general, the relationship between a T-period spot rate, the current 6-month spot rate, and the 6-month implied forward rates is as follows:zT = [(1 + z1)(1 + 1f1)(1 + 1f2) ... (1 + 1fT(1))]1/T - 1
 




 



 

Therefore, discounting at the forward rates will give the same present value as discounting at the spot rates. For example, suppose we have a single default-free cash flow to be delivered three years from today. There are two equivalent ways to discount this cash flow back to time zero. First, discount the cash flow back six periods at one-half the 3-year spot rate. Second, discount the cash flow back one period at a time using the appropriate forward rate each period. So, it does not matter whether one discounts cash flows by spot rates or forward rates, the value is the same.
 

The same principle applies with equal force for coupon-paying bonds. As an illustration of the equivalence of discounting with spot rates and forward rates, suppose a 2-year bond carries a 5% coupon and pays cash flows semiannually. Suppose further the relevant spot rate and forward rate curves used for pricing this bond are presented in Exhibits 2.4 and 2.8, respectively. Discounting each of the cash flows using one-half the appropriate spot rates gives us a bond price of $102.1051 (per $100 of par value) as shown below:[image: 070]
 




We will now discount the same cash flows back to the present using the forward rates. Recall, a forward rate is the discount rate of a single cash flow over a single period. Accordingly, if a cash flow is to be delivered two periods in the future, we will discount the cash flow back to the present using two different discount rates. If a cash flow is to be delivered three periods in the future, we will discount the cash flow back to the present using three different discount rates and so forth. Using one-half the first four forward rates in Exhibit 2.8 to discount the bond’s cash flows, we obtain a bond price of $102.1058 (per $100 of par value) as shown below:[image: 071]
 




The two present values (i.e., bond prices) are the same (i.e., within rounding error).
 



 Computing Any Forward Rate

 

Using spot rates, we can compute any forward rate. Using the same arbitrage arguments as used above to derive the 6-month forward rates, any forward rate can be obtained.
 

There are two elements to the forward rate. The first is when in the future the rate begins or simply “how far forward?” The second is the length of time for the rate. For example, the 2-year forward rate three years from now means a rate three years from now for a length of two years. The notation used for a forward rate, f, will have two subscripts—one before f and one after f as shown below:tfm
 




 



 

The subscript before f is t and is the length of time that the rate applies. The subscript after f is m and is when the forward rate begins. That is,the length of time of the forward rate fwhen the forward rate begins
 




 



 

Remember our time periods are still 6-month periods. Given the above notation, here is what the following mean:
 


 
	Notation
	Interpretation for the forward rate

	1f12
	6-month (1-period) forward rate beginning 6 years (12 periods) from now
	2f8
	1-year (2-period) forward rate beginning 4 years (8 periods) from now
	6f4
	3-year (6-period) forward rate beginning 2 years (4 periods) from now
	8f10
	4-year (8-period) forward rate beginning 5 years (10 periods) from now

 


 



 

To see how the formula for the forward rate is derived, consider the following two alternatives for an investor who wants to invest for m + t periods:• Buy a zero-coupon Treasury bond that matures in m + t periods (buy-and-hold strategy).

• Buy a zero-coupon Treasury bond that matures in m periods and invest the proceeds at the maturity date in a zero-coupon Treasury bond that matures in t periods (rollover strategy).



 

As before, the investor will be indifferent between the two alternatives if they produce the same return over the m + t investment horizon.
 

For $100 invested in the buy-and-hold alternative, the proceeds for this investment at the horizon date assuming that the semiannual rate is zm + t are$100(1 + zm + t)m + t
 




 



 

For the rollover alternative, the proceeds for this investment at the end of m periods assuming that the semiannual rate is zm are$100(1 + zm)m
 




 



 

When the proceeds are received in m periods, they are reinvested at the forward rate, tfm, producing a value for the investment at the end of m + t periods of[image: 072]
 




Once again, we appeal to the no-arbitrage condition. Namely, for the investor to be indifferent to the two alternatives, the following relationship must hold[image: 073]
 




Solving for tfm we get[image: 074]
 




The numerator is the holding-period return of the m + t-period buy-and-hold strategy, while the denominator is the holding-period return of the first leg (m periods) of the rollover strategy. Notice that if t is equal to 1, the formula reduces to the 1-period (6-month) forward rate.
 

To illustrate for the spot rates shown in Exhibit 2.4, suppose that an investor wants to know the 2-year forward rate three years from now. In terms of the notation, t is equal to 4 and m is equal to 6. Substituting the values for t and m into the equation for the forward rate we have[image: 075]
 




This means that the following two spot rates are needed: z6 (the 3-year spot rate) and z10 (the 5-year spot rate). From Exhibit 2.4, we knowz6 (the 3-year spot rate) = 0.04752/2 = 0.02376 
z10 (the 5-year spot rate) = 0.052772/2 = 0.026386
 





 then[image: 076]
 




Therefore, 4f6 is equal to 3.0338% and doubling this rate gives 6.0675%, the forward rate on a bond-equivalent basis.
 

We can verify this result. Investing $100 for 10 periods at the spot rate of 2.6386% (5.2772% divided by 2) will produce the following value:$100(1.026386)10 = $129.7499
 




 



 

By investing $100 for six periods at 2.376% (4.7520% divided by 2) and reinvesting the proceeds for four periods at the forward rate of 3.030338% we get the same value$100(1.02376)6(1.030338)4 = $129.75012 (difference due to rounding)
 




 



 

As long as we have the appropriate spot rates, we can calculate the forward rate for any time in the future for any investment horizon. As an illustration, Exhibit 2.9 presents a Bloomberg screen that displays implied forward rates generated from the on-the-run Treasury par curve (function C18 <Govt>) on October 15, 2009. The first row of the matrix contains the current Treasury par curve and the columns indicate the number of years to maturity. The second row indicates the 1-year rate one year from now, the 2-year rate one year from now, and so forth. The graph below the matrix displays the current yield curve (i.e., par curve) and the forward rate curve at a preselected number of years in the future (e.g., five years forward).
 

EXHIBIT 2.9 Forward Curve
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 077]



 Forward Rates as the Market’s Expectation of Future Rates

 

Two questions about forward rates must be addressed before we close our discussion of yield curve analysis. First, are implied forward rates the market’s expectation of future spot rates? Second, how well do implied forward rates do at predicting future interest rates? We answer each question in turn.
 

According to the pure expectations theory of interest rates, forward rates exclusively represent expected future spot rates. Thus, the entire yield curve at a given time reflects the market’s expectations of the family of future short-term rates. Under this view, an upward-sloping yield curve indicates that the market expects short-term rates to rise throughout the relevant future. Similarly, a flat yield curve reflects an expectation that future short-term rates will be mostly constant, while a downward-sloping yield curve must reflect an expectation that future short-term rates will decline. Of course, there are factors that influence the yield curve other than the market’s expectations of future interest rates.
 

The statement that forward rates reflect the market’s consensus of future interest rates is strictly true only if investors do not demand an additional risk premium for holding bonds with longer maturities and if investors’ preference for positive convexity does not influence the yield curve’s shape. Antti Illmanen states in series of articles called Understanding the Yield Curve, “Whenever the spot rate curve is upward sloping, the forwards imply rising rates. That is, rising rates are needed to offset long-term bonds’ yield advantage. However, it does not necessarily follow that the market expects rising rates.”13 In certain circumstances, risk premiums and the convexity bias can exert considerable influence on yields.
 

In response to the second question, several empirical studies suggest that forward rates do a poor job in predicting future spot rates.14 For example, Michele Kreisler and Richard Worley present evidence that suggests there is little or no relationship between the yield curve’s slope and subsequent interest rate movements.15 In other words, increases in rates are as likely to follow positively-sloped yield curves as flat or inverted yield curves.
 

Why then should fixed income practitioners care about implied forward rates? As we have noted, forward rates should be interpreted as break-even levels for future spot rates. By definition, if forward rates are subsequently realized, all government bonds (regardless of maturity) will earn the same 1-period return. Given this property, forward rates serve as benchmarks to which we compare our subjective expectations of future interest rates. It is not enough to say “interest rates will rise over the next six months.” This is an empty statement—rise relative to what? The “to what” is the implied forward rate. If the yield curve is upward-sloping and one believes spot rates will rise more than suggested by the implied forward rates, then a rollover strategy dominates a buy-and-hold. Conversely, if one believes spot rates will rise by less than the implied forward rates suggest, then the reverse is true.
 

As noted earlier in the chapter, forward rates can also be interpreted as equating the holding period return of buying and holding a 6-month zero and the holding period return of buying a 1-year zero and selling it after six months (i.e., “riding the yield curve”). If the yield curve is upward-sloping and one believes spot rates will rise more than suggested by the implied forward rates, then a buy-and-hold strategy dominates a riding the yield curve strategy. Conversely, if one believes spot rates will rise by less than the implied forward rates suggest, then the reverse is true.
 





DYNAMICS OF THE YIELD CURVE

 

Traditional bond valuation labors under the assumption that the benchmark yield curve is flat and moves by way of parallel shifts. Even the most casual observer of the empirical record will notice the yield curve is almost never flat and changes shape on multiple dimensions. In this section, we focus on the dynamics of the yield curve.
 



 Changes in the Shape of the Yield Curve

 

In order to understand the dynamics of the yield curve, it is necessary to characterize interest rate movements by factors. We must also consider correlations among these factors if they are not correlated. One possible factor is the short rate. The Federal Reserve Board’s use of the short rate as a means to control inflation as part of its monetary policy makes the short rate a source of information about inflationary expectations. Changes in the short rate influence spot rates for other maturities. While the rates at these maturities are affected by other factors as well, none of these factors is more influential than the short rate.
 

It is customary for a fixed income analyst to think of yield curve movements in terms of changes in level, slope, and curvature. A change in level denotes a parallel shift in the yield curve. A change in slope refers to a flattening or steepening of the yield curve. A change in curvature refers to changes in concavity. These three types of changes in the yield curve’s shape are not independent. Specifically, an upward (downward) shift in the yield curve’s level is associated with a flattening (steepening) of its slope and a decrease (increase) of its curvature.
 



 Term Structure of Volatility

 

In this section, we introduce the term structure of volatility, which represents the volatility of the yields of benchmark bonds of various maturities plotted against term to maturity. Rather than the level of yield, we plot the volatility of yields across the maturity spectrum. Exhibit 2.10 presents a Bloomberg screen of the VOL function. In the box on the right-hand side of the screen, the yield volatilities of various maturity buckets—1-3, 3-5, 5-7, 7-10, and 10+ years are shown for sample periods of varying lengths. One pattern apparent is that volatilities generally decrease with maturity. For every sample period, volatility declines monotonically with maturity.
 

EXHIBIT 2.10 Bloomberg Screen of the VOL Function
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 2.11 Volatility of Interest Rates
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 079]

There are two additional empirical regularities present, which deserve mention. First, the volatility of interest rates is positively associated with the level of interest rates. Higher levels of interest rates tend to be associated with higher interest rate volatilities. Second, and related to volatility, an examination of the correlation structure of interest rates tends to produce high correlations for yields that are close in maturity. This correlation deteriorates dramatically as the difference between the maturities grows. Simply put, yields on very short-term bonds and yields of longer maturity instruments have correlations approaching zero. Exhibit 2.11 presents a Bloomberg screen of the correlations of yields across the maturity spectrum. We will discuss these issues in more detail in Chapter 17.
 







CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Par rates 
Spot rates 
Forward rates 
Arbitrage-free valuation approach 
Treasury spot rate 
Bootstrapping 
Treasury strips 
Reconstitution 
Implicit forward rates 
Bond-equivalent yield 
Short-term forward rate curve 
Pure expectations theory of interest rates 
Term structure of volatility
 





 QUESTIONS

 

1. Describe one application of the spot rate curve and one application of the forward rate curve.

2. Consider the following five hypothetical Treasury securities:


 
	Maturity
	Yield to Maturity
	Price

	0.50	3.00	-----
	1.00	3.30	-----
	1.50	3.50	100
	2.00	3.90	100
	2.50	4.40	100

 


 
What is the 2.5 year spot rate?
 




3. Suppose the following information (yields are quoted on a bond-equivalent basis) is available:6-month bill rate = 3.8% 
1-year bill rate = 4.2%
 

What is the implied 6-month forward rate six months from now on a bond-equivalent basis?
 




4. Suppose the following information is available:4-year spot rate = 6% 
7-year spot rate = 6.8%
 

What is the implied forward rate on a 3-year zero coupon Treasury four years from now quoted on a bond-equivalent basis?
 




5. What is the relationship between par rates and spot rates when the yield curve is upward sloping/downward sloping?

6. What are the three types of yield curve changes? How are these changes related with one another?

7. What factors influence forward rates implied from the yield curve other than the market’s expectations of future interest rates?

8. a. Explain what is meant by the term structure of volatility. b. What is the most frequently observed shape of the term structure of volatility?

  




CHAPTER 3
 

Day Count Conventions and Accrued Interest
 

When we computed present values in previous chapters, we assumed that the next cash flow was one full period away (i.e., the exponent on the first discount factor was one). When we value coupon-paying bonds that deliver cash flows semiannually in the next chapter, we will see that the next coupon payment is one full period away on only two days a year—the coupon payment dates. This is true for the traditional coupon bond because the compounding frequency and payment frequency are the same (i.e., semiannual). On all other dates, the next cash flow is less than one full period away (i.e., the exponent on the first discount factor is less than one).
 

Two complications arise when we try to value a bond between coupon payment dates. The first complication is the procedure used in the bond market for calculating the number of days between two dates (e.g., the number of days between the settlement date and the next coupon payment). These procedures are called day count conventions. Second, when the settlement date falls between coupon payment dates, a bond will have accrued interest . Simply put, accrued interest is that portion of the bond’s next coupon payment that the buyer owes the seller on the settlement date when a bond changes hands between coupon payment dates. These two complications are the subject of this chapter.
 





DAY COUNT CONVENTIONS

 

The day count basis specifies the convention used to determine the number of days in a month and in a year. According to the Securities Industry Association Standard Securities Calculation Methods, the notation used to identify the day count basis is:16
(Number of days in a month)/(Number of days in a year)
 




 



 

Although there are numerous day count conventions used in the fixed income markets around the world, there are three basic types.17 All day count conventions used worldwide are variations of these three types.
 

The first type specifies that each month has the actual number of calendar days in that month and each year has the actual number of calendar days in that year or in a coupon period. This day count convention is referred to as “Actual/Actual.” The second type specifies that each month has the actual number of calendar days in that month but restricts the number of days in each year to a certain number of days regardless of the actual number of days in that year. For example, if a year is assumed to have 360 days, this day count convention is referred to as “Actual/360.” The third type restricts both the number of days in a month and in a year to a certain number of days regardless of the actual number of days in that month/year. For example, if each month is assumed to have 30 days and a year 360 days, this day count convention is referred to as “30/360.” Below we define and illustrate the three types of day count conventions.
 



 Actual/Actual

 

Treasury notes, bonds, and STRIPS use an Actual/Actual (in period) day count convention. When calculating the number of days between two dates, the Actual/Actual day count convention uses the actual number of calendar days as the name implies. Let’s illustrate the Actual/Actual day count convention with a 4.75% coupon, 10-year note with a maturity date of August 15, 2017. The Bloomberg Security Display (DES) for this Treasury note is presented in Exhibit 3.1. In the “Security Information” box on the left-hand side of the screen we see that the day count is specified as “ACT/ ACT.” From the “Issuance Info” box on the right-hand side of the screen, we see that interest starts accruing on August 15, 2007 (the issuance date), and the first coupon date is February 15, 2008. Suppose this bond is traded with a settlement date of September 14, 2007, using the Actual/Actual day count convention?
 

To answer this question, we simply count the actual number of days between these two dates.18 To do this, we utilize Bloomberg’s DCX (Days Between Dates) function presented in Exhibit 3.2. The function tells us there are 30 actual days between August 15, 2007, and September 14, 2007 (17 days in August and 13 days in September). Note that the settlement date (September 14) is not counted. In the same manner, we can also determine the actual number of calendars days in the full coupon period. A full 6-month coupon period can only have 181, 182, 183, or 184 calendar days. For example, the actual number of days between August 15, 2007, and February 15, 2008, is 184.
 

EXHIBIT 3.1 Bloomberg Security Display for a 10-Year Treasury Note
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 080]

EXHIBIT 3.2 Bloomberg DCX (Days Between Dates) Function
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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 Actual/360

 

Actual/360 is an example of the second type of day count convention. Specifically, Actual/360 posits that each month has the same number of days as indicated by the calendar. However, each year is assumed to have 360 days regardless of the actual number of days in a year. Actual/360 is the day count convention used in the U.S. money market. Let’s illustrate the Actual /360 day count with a 26-week U.S. Treasury bill that matures on April 3, 2008. The Bloomberg Security Display (DES) screen for this security is presented in Exhibit 3.3. From the “Security Information” box on the left-hand side of the screen, we see that the day count is specified as “ACT/360.” Suppose this Treasury bill is purchased with a settlement date on October 4, 2007, at a price of 97.9777778. How many days does this bill have until maturity using the Actual/360 day count convention?
 

EXHIBIT 3.3 Bloomberg Security Display for a 52-Week Treasury Bill
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Once again, the question is easily answered using Bloomberg’s DCX (Days Between Dates) function and specifying the two dates of interest. This screen is presented in Exhibit 3.4. We see that with a settlement date of October 4, 2007, and there are 182 actual days until maturity on April 3, 2008. This can be confirmed by examining the Bloomberg’s YA (Yield Analysis) screen in Exhibit 3.5. We see that with a settlement date of October 4, 2007, this Treasury bill has 182 days to maturity. This information is located just above the “Price” box in the center of the screen.
 

When computing the number of days between two dates, Actual/360 and Actual/Actual will give the same answer. What then is the importance of the 360-day year in the Actual/360 day count? The difference is apparent when we want to compare, say, the yield on 52-week Treasury bill with a coupon Treasury, which has one year remaining to maturity. U.S. Treasury bills, like many money market instruments, are discount instruments. As such, their yields are quoted on a bank discount basis, which determine the bill’s price (which we explain in detail in Chapter 5). The quoted yield on a bank discount basis for a Treasury bill is not directly comparable to the yield on a coupon Treasury using an Actual/Actual day count for two reasons. First, the Treasury bill’s yield is based on a face-value paid at maturity rather than on the price (i.e., the amount invested). Second, the Treasury bill yield is annualized according to a 360-day year while a coupon Treasury’s yield is annualized using the actual number of days in a calendar year (365 or 366). These factors make it difficult to compare Treasury bill yields with yields on Treasury notes and bonds. We demonstrate how these yields can be adjusted to make them comparable in Chapter 5.
 

EXHIBIT 3.4 Bloomberg DCX (Days Between Dates) Function
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 3.5 Bloomberg Yield Analysis Screen for a 52-Week Treasury Bill
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 084]

Another variant of this second day count type is the “Actual/365.” Actual/365 specifies that each month has the same number of days as indicated by the calendar and each year is assumed to have 365 days regardless of the actual number of days in a year. Actual/365 does not consider the extra day in a leap year. This day count convention is used to compute accrued interest for Canadian government bonds.
 



 30/360

 

The 30/360 day count is the most prominent example of the third type of day count convention, which restricts both the number of days in a month and in a year to a certain number of days regardless of the actual number of days in that month/year. With the 30/360 day count all months are assumed to have 30 days and all years are assumed to have 360 days. The number of days between two dates using a 30/360 day will usually differ from the actual number of days between the two dates.
 

To determine the number of days between two dates, we adopt the following notation:Y1 = year of the earlier date 
M1 = month of the earlier date 
D1 = day of the earlier date 
Y2 = year of the later date 
M2 = month of the later date 
D2 = day of the later date
 




 



 

Since the 30/360 day count assumes that all months have 30 days, some adjustments must be made for months having 31 days and February, which has 28 days (29 days in a leap year). The following adjustments accomplish this task:19
1. If the bond follows the End-of-Month rule20 and D2 is the last day of February (the 28th in a nonleap year and the 29th in a leap year) and D1 is the last day of February, change D2 to 30.

2. If the bond follows the End-of-Month rule and D1 is the last day of February, change D1 to 30.

3. If D2 is 31 and D1 is 30 or 31, change D2 to 30.

4. If D1 is 31, change D1 to 30.



 

Once these adjustments are made, the formula for calculating the number of days between two dates is as follows:Number of days = [(Y2 - Y1) × 360] + [(M2 - M1) × 30] + (D2 - D1)
 




 



 

To illustrate the 30/360 day count convention, let’s use a 7.25% coupon bond, which matures on May 15, 2030, issued by Fannie Mae. The Bloomberg Security Description (DES) screen for this bond is presented in Exhibit 3.6. We see that in the “Security Information” box that the bond has a 30/360 day count. Suppose the bond is purchased with a settlement date of October 12, 2007. How many days have elapsed in the first coupon period from May 15, 2007, until the settlement date of October 12, 2007, using the 30/360 day count convention?
 

EXHIBIT 3.6 Bloomberg Security Description Screen for a Fannie Mae Bond
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 085]

Referring back to the 30/360 day count rule, we see that adjustments 1 through 4 do not apply in this example so no adjustments to D1 and D2 are required. Accordingly, in this example,Y1 = 2007 
M1 = 5 
D1 = 15 
Y2 = 2007 
M2 = 10 
D2 = 12
 




 



 

Inserting these numbers into the formula, we find that the number of days between these two dates is 147, which is calculated as follows:[image: 086]

 To check this, let’s employ Bloomberg’s DCX (Days Between Dates) function presented in Exhibit 3.7. The function tells us there are 147 days between May 15, 2007, and October 12, 2007, using a 30/360 day count. Note that the actual number of days between these two dates is 150.


EXHIBIT 3.7 Bloomberg DCX (Days Between Dates) Function
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 087]

It is tempting to conclude from this example that the 30/360 day count will always result in a fewer number of days between dates than the Actual/ Actual day count. This makes sense because we are eliminating 31-day months. However, this is not the case. To see this, we consider some additional examples.
 



 Differences between 30/360 and Actual/Actual

 

The number of days between dates using a 30/360 day count can be larger than the actual number of days, especially when the time period includes February. To see this, we ask how many days are there between January 31, 2008, and March 1, 2008, using both the 30/360 and the Actual/Actual day counts? Applying the 30/360 adjustments 1 through 4, we note that D1 is 31 so we must change it to 30 (adjustment 4), which gives us the following inputs: Y1 = 2008 
M1 = 1 
D1 = 30 
Y2 = 2008 
M2 = 3 
D2 = 1
 




 



 

Inserting these numbers into the 30/360 formula, we find that the number of days between these two dates is 31, which is calculated as follows:[image: 088]
 




Let’s check our calculation using Bloomberg’s DCX (Days Between Dates) function presented in Exhibit 3.8. The function tells us there are 31 days between January 31, 2008, and March 1, 2008, using a 30/360 day count. Note that the actual number of days between these two dates is 30.21
 

EXHIBIT 3.8 Bloomberg DCX (Days Between Dates) Function
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 089]

EXHIBIT 3.9 Bloomberg DCX (Days Between Dates) Function
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 090]

Let’s work another example using the 30/360 day count, asking how many days are between August 31, 2007, and September 14, 2007, using the 30/360 and Actual/Actual day counts? Once again, we must check adjustments 1 through 4 for the 30/360 day count. We see that since D1 equals 31, it must be changed to 30 (adjustment 4), giving us the following inputs:Y1 = 2007 
M1 = 8 
D1 = 30 
Y2 = 2007 
M2 = 9 
D2 = 14
 




 



 

Inserting these numbers into the 30/360 formula, we find that the number of days between these two dates is 14, which is calculated as follows:Number of days = [(2007 - 2007) × 360] + [(9 - 8) × 30] + (14 - 30) = 0 + 30 + (-16) = 14
 




 



 

EXHIBIT 3.10 Additional Examples of the Number of Days between Dates Using Actual/Actual and 30/360 Day Counts
 

[image: 091]

We once again check our calculation using Bloomberg’s DCX (Days Between Dates) function presented in Exhibit 3.9. The function tells us there are 14 days between August 31, 2007, and September 14, 2007, using a 30/360 day count. This coincides with the actual number of days between these two dates. Some additional examples of the difference between dates for Actual/Actual and 30/360 day counts are presented in Exhibit 3.10.
 





COMPUTING THE ACCRUED INTEREST

 

When a bond is sold between coupon payment dates, a bond will have accrued interest. Accrued interest is the amount of interest earned by the bond’s seller since the last coupon payment date. The buyer pays accrued interest and the seller receives accrued interest. The calculation of accrued interest will differ across bonds due to day count conventions.
 

To compute accrued interest, the first step is to determine the number of days in the accrued interest period (i.e., the number of days between the last coupon payment date and the settlement date) using the appropriate day count convention. For ease of exposition, we assume in the following example that the bond uses the actual/actual calendar. We also assume there are only two bondholders in a given coupon period—the buyer and the seller.
 

The percentage of the next semiannual coupon that the seller has earned as accrued interest is found as follows:[image: 092]
 




Note that this ratio simply represents the fraction of the coupon period that has elapsed as of the settlement date. Given this value, the amount of accrued interest (AI) is equal to [image: 093]
 




This expression tells us simply that coupon interest accrues linearly over the period.
 

As an illustration, we return to an earlier example with the 4.75% coupon Treasury note from Exhibit 3.1. There are 184 days in the coupon period (i.e., the actual number of days between August 15, 2007 and February 15, 2008) and there are 30 days in the accrued interest period (see Exhibit 3.2). Therefore, the percentage of the next coupon payment that is accrued interest is[image: 094]
 




Accordingly, using a 4.75% Treasury note with a settlement date of September 14, 2007, the portion of the next coupon payment that is accrued interest is$2.375 × (0.1630435) = $0.3872283 (per $100 of par value)
 




 



 

This amount represents the amount of interest that the Treasury note buyer pays the seller on the settlement date when the bond is purchased.
 

If we compute a bond’s accrued interest using a different day count convention (e.g., 30/360), the only part of the calculation that changes is the fraction of the coupon period that has elapsed as of the settlement date. To see this, let’s compute the accrued interest for the 7.25% coupon Fannie Mae bond in Exhibit 3.6. Recall, the day count convention is 30/360 since it is a corporate bond. Suppose, once again, the bond is purchased with a settlement date of September 14, 2007 and the first interest accrual date is May 15, 2007. What is the accrued interest?
 

To compute the accrued interest, we need to know the number of days in the accrued interest period and the number of days in the coupon period using the appropriate day count. From Exhibit 3.7, we see there are 119 days between May 15, 2007 and September 14, 2007 using a 30/360 day count. Moreover, there are 180 days (360/2) in a full coupon period using a 30/360 day count because each year is assumed to have 360 days. The percentage of the next coupon payment that is accrued interest is:[image: 095]
 




As a result, using a 7.25% coupon Fannie Mae corporate bond with a settlement date of September 14, 2007, the portion of the next coupon payment that is accrued interest is:$3.625 × (0.66111) = $2.3965 (per $100 of par value)
 




 



 

This amount represents the amount of interest that the Fannie Mae bond buyer pays the seller on the settlement date when the bond is purchased.
 







CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Day count conventions 
Accrued interest 
Day count basis
 





 QUESTIONS

 

1. What complications arise when one values a bond on a settlement date between coupon payment dates?

2. Define the term “day count basis.”

3. Explain why the quoted yield on a bank discount basis for a U.S. Treasury bill is not directly comparable to a coupon Treasury’s yield?

4. Consider a 4.75% coupon, 10-year U.S. Treasury note that matures on August 15, 2017. Calculate the accrued interest for a $1 million par value position assuming a settlement date of October 16, 2007. Assume that interest starts accruing on August 15, 2007. (There are 62 days in the accrued interest period and 184 days in the entire coupon period.)

5. “The growth of accrued interest takes place independently of changes in the interest rate environment.” Do you agree or disagree with this statement? Explain your reasoning.

6. “The 30/360 day count convention will always result in a fewer number of days between dates than the Actual/Actual day count.” Do you agree or disagree with this statement? Explain your reasoning.

7. Does interest accrue for a Treasury note or bond accrue at the same rate every semiannual coupon period?

8. Consider a 7.25% coupon, Fannie corporate bond that matures on May 15, 2030. Calculate the accrued interest for $1 million par value position assuming a settlement date of October 16, 2007. The last coupon payment was on May 15, 2007. Use the 30/360 day count.

  




CHAPTER 4
 

Valuation of Option-Free Bonds
 

Valuation is the process of determining the fair value of a financial asset. Once this process is complete, we can compare a financial asset’s fair value to its market price to determine whether it is overvalued (i.e., rich) or undervalued (i.e., cheap). After this comparison, we can then take the appropriate position (short or long) in order to benefit from any differences. In well-functioning markets, however, fair values and market prices should be reasonably close.
 

In this chapter, we explain the general principles of fixed income security valuation. We confine the discussion in this chapter to the valuation of option-free bonds. Models for valuing bonds with embedded options will be described in Chapters 7 and 9.
 





GENERAL PRINCIPLES OF VALUATION

 

The fundamental principle of valuation is that the value of any financial asset is equal to the present value of its expected future cash flows. This principle holds for any financial asset from zero-coupon bonds to interest rate swaps. Thus, the valuation of a financial asset involves the following three steps:Step 1: Estimate the expected future cash flows.
 

Step 2: Determine the appropriate interest rate or interest rates that should be used to discount the cash flows.
 

Step 3: Calculate the present value of the expected future cash flows found in Step 1 by the appropriate interest rate or interest rates determined in Step 2.
 




 



 



 Estimating Cash Flows

 

Cash flow is simply the cash that is expected to be received in the future from owning a financial asset. For a fixed income security, it does not matter whether the cash flow is interest income or repayment of principal. A security’s cash flows represent the sum of each period’s expected cash flow. Even if we disregard default, the cash flows for only a few fixed income securities are simple to forecast accurately. Noncallable U.S. Treasury securities possess this feature since they have known cash flows.22 For Treasury coupon securities, the cash flows consist of the coupon interest payments every six months up to and including the maturity date and the principal repayment at the maturity date.
 

Many fixed income securities have features that make estimating their cash flows problematic. These features may include one or more of the following:1. The issuer or the investor has the option to change the contractual due date of the repayment of the principal.

2. The coupon and/or principal payment is reset periodically based on a formula that depends on one or more market variables (e.g., interest rates, inflation rates, exchange rates, etc.).

3. The investor has the choice to convert or exchange the security into common stock or some other financial asset.



 

Callable bonds, putable bonds, mortgage-backed securities, and asset-backed securities are examples of item 1. Floating rate securities and Treasury Inflation Protected Securities (TIPs) are examples of item 2. Convertible bonds and exchangeable bonds are examples of item 3.
 

For securities that fall into the first category, a key factor determining whether the owner of the option (either the issuer of the security or the investor) will exercise the option to alter the security’s cash flows is the level of interest rates in the future relative to the security’s coupon rate. In order to estimate the cash flows for these types of securities, we must determine how the size and timing of their expected cash flows will change in the future. For example, when estimating the future cash flows of a callable bond, we must account for the fact that when interest rates change the expected cash flows change. As we will see in Chapter 7, this introduces an additional layer of complexity to the valuation process. For bonds with embedded options, estimating cash flows is accomplished by introducing a parameter that reflects the expected volatility of interest rates.
 



 Determining the Appropriate Interest Rate or Rates

 

Once we estimate the cash flows for a fixed income security, the next step is to determine the appropriate interest rate for discounting each cash flow. Before proceeding, we pause here to note that we will once again use the terms “interest rate,” “discount rate,” and “required yield” interchangeably throughout the chapter. The interest rate used to discount a particular security’s cash flows will depend on three basic factors: (1) the level of benchmark interest rates (i.e., U.S. Treasury rates); (2) the risks that the market perceives the securityholder is exposed to; and (3) the compensation the market expects to receive for these risks.
 

The minimum interest rate that an investor should require is the yield available in the marketplace on a default-free cash flow. For bonds with dollar-denominated cash flows, yields on U.S. Treasury securities serve as benchmarks for default-free interest rates. In other countries, as we will discuss later, the swaps curve serves as a benchmark for pricing spread product (e.g., corporate bonds). For now, we can think of the minimum interest rate that investors require as the yield on a comparable maturity Treasury security.
 

The additional compensation or spread over the yield on the Treasury issue that investors will require reflects the additional risks the investor faces by acquiring a security that is not issued by the U.S. government. These risks include default risk, liquidity risk, and the risks associated with any embedded options. These yield spreads (discussed in more detail in Chapter 5) will depend not only on the risks an individual issue is exposed to but also on the level of Treasury yields, the market’s risk aversion, the business cycle, and the like.
 

For each cash flow estimated, the same interest rate can be used to calculate the present value. This is the traditional approach to valuation and it serves as a useful starting point for our discussion. We discuss the traditional approach in the next section and use a single interest rate to determine present values. By doing this, however, we are implicitly assuming that the yield curve is flat. Since the yield curve is almost never flat and a coupon bond should be thought of as a package of zero-coupon bonds, it is more appropriate to value each cash flow using an interest rate specific to that cash flow. After the traditional approach to valuation is discussed, we will explain the proper approach to valuation using multiple interest rates and demonstrate why this must be the case.
 



 Discounting the Expected Cash Flows

 

Once the expected (estimated) cash flows and the appropriate interest rate or interest rates that should be used to discount the cash flows are determined, the final step in the valuation process is to value the cash flows. As discussed in Chapter 1, the present value of an expected cash flow to be received t years from now using a discount rate i is [image: 096]
 




The value of a financial asset is then the sum of the present value of all the expected cash flows. Specifically, assuming that there are N expected cash flows:Value = Present value1 + Present value2 + … + Present valueN
 




 



 





DETERMINING A BOND’S VALUE

 

Determining a bond’s value involves computing the present value of the expected future cash flows using a discount rate that reflects market interest rates and the bond’s risks. A bond’s cash flows come in two forms—coupon interest payments and the repayment of principal at maturity. In practice, many bonds deliver semiannual cash flows. Fortunately, as we saw in Chapter 3, this does not introduce any complexities into the calculation. Two simple adjustments are needed. First, we adjust the coupon payments by dividing the annual coupon payment by 2. Second, we adjust the discount rate by dividing the annual discount rate by 2. The time period t in the present value expression is treated in terms of 6-month periods as opposed to years.
 

To illustrate the process, let’s value a 4-year, 6% coupon bond with a maturity value of $100. The coupon payments are $3 (0.06 × $100/2) every six months for the next eight periods. In addition, on the maturity date, the investor receives the repayment of principal ($100). The value of a nonamortizing bond can be divided in two components: (1) the present value of the coupon payments (i.e., an annuity) and (2) the present value of the maturity value (i.e., a lump sum). Therefore, when a single discount rate is employed, a bond’s value can be thought of as the sum of two presents values—an annuity and a lump sum
 

The adjustment for the discount rate is easy to accomplish but tricky to interpret. For example, if an annual discount rate of 6% is used, how do we obtain the semiannual discount rate? We will simply use one-half the annual rate, 3.0% (6%/2). How can this be? From Chapter 1, we know that a 3.0% semiannual rate is not a 6% effective annual rate. As we will see in the next chapter, the convention in the bond market is to quote annual interest rates that are just double the semiannual rates. This convention will be explained more fully later when we discuss yield to maturity. For now, accept on faith that one-half the discount rate is used as a semiannual discount rate in the balance of the chapter.
 

We now have everything in place to value a semiannual coupon-paying bond. Recall, the present value of an annuity is equal to[image: 097]

 where r is the annual discount rate.


Applying this formula to a semiannual-pay bond, the annuity payment is one half the annual coupon payment and the number of periods is double the number of years to maturity. Accordingly, the present value of the coupon payments can be expressed as[image: 098]

 where i is the semiannual discount rate (r/2). Notice that in the formula, for the number of periods we use the number of years multiplied by 2 since a period in our illustration is six months.


The present value of the maturity value is just the present value of a lump sum and is equal to[image: 099]
 




We will value our 4-year, 6% coupon bond under three different scenarios. These scenarios are defined by the relationship between the discount rate or required yield and the coupon rate. In the first scenario, we will consider the case when the annual discount rate and the coupon rate are equal. For the second scenario we will value the bond when the discount rate is greater than the coupon rate. The last scenario assumes the discount rate is less than the coupon rate.
 



 Valuing a Bond When the Discount Rate and Coupon Rate are Equal

 

Now let’s turn our attention to the 4-year 6% coupon bond and assume the annual discount is 6% and therefore (for reasons mentioned above) the semiannual discount rate is one half this rate (3%) and will be applicable for calculating the present value to all of the cash flows. Note that the coupon rate and the discount rate are the same. The relevant data are summarized below:Semiannual coupon payment = $3 (per $100 of par value) 
Semiannual discount rate (i) = 3% (6%/2) 
Number of years to maturity = 4
 




 



 

To determine the present value of the coupon payments, we compute the following expression:[image: 100]
 




Simply put, this number tells us how much the coupon payments contribute to the bond’s value. In addition, the bondholder receives the maturity value when the bond matures so the present value of the maturity value must be added to the present value of the coupon payments. The present value of the maturity value is[image: 101]
 




This number ($78.9409) tells us how much the bond’s maturity value contributes to the bond’s value. The bond’s value is the sum of these two present values, which in this case is $100 ($21.0591 + $78.9409).
 

When an option-free bond is issued, the coupon rate and the term to maturity are fixed. Consequently, as yields change in the market, bond prices will move in the opposite direction, as we will see in the next two scenarios. Generally, a bond’s coupon rate at the time of issuance is set at approximately the required yield demanded by the market for comparable bonds. By comparable, we mean bonds that have the same maturity and the same risk exposure. The price of an option-free coupon bond at issuance will then be approximately equal to its par value. In the example presented above, when the required yield is equal to the coupon rate, the bond’s price is its par value ($100).
 



 Valuing a Bond When the Discount Rate is Greater Than the Coupon Rate

 

We now take up the case when the discount rate is greater than the coupon rate. Suppose now that the relevant discount rate for our 4-year, 6% coupon bond is 7%. The data are summarized below:Semiannual coupon payment = $3 (per $100 of par value) 
Semiannual discount rate (i) = 3.5% (7%/2) 
Number of years to maturity = 4
 




 



 

Note that the only number that has changed from the previous scenario is the semiannual discount rate, which has increased from 3% to 3.5%. We compute the present value of the coupon payments in the same manner as before:[image: 102]
 




This number tells us that the coupon payments contribute $20.6219 to the bond’s value.
 

The present value of the maturity value is[image: 103]
 




This number ($75.9412) tells us how much the maturity value contributes to the bond’s value. The bond’s value is then $96.5631 ($20.6219 + $75.9412). The price is less than par value and the bond is said to be trading at a discount. This will occur when the fixed coupon rate a bond offers (6%) is less than the required yield demanded by the market (the 7% discount rate). A discount bond has an inferior coupon rate relative to new comparable bonds being issued at par so its price must drop so as to bid up to the required yield of 7%. If the discount bond is held to maturity, the investor will experience a rise in price that just offsets the lower the current coupon rate so that it appears equally attractive to new comparable bonds issued at par.23 Accordingly, a bond’s discount just offsets the present value of the lower coupon payments than would be obtained from an otherwise the same par bond.
 



 Valuing a Bond When the Discount Rate is Less Than the Coupon Rate

 

The final scenario is when the discount rate is less than the coupon rate. Suppose that the relevant discount rate for our 4-year, 6% coupon bond is 5%. The data are summarized below:Semiannual coupon payment = $3 (per $100 of par value) 
Semiannual discount rate (i) = 2.5% (5%/2) 
Number of years to maturity = 4
 




 



 

Once again the only number that has changed for the scenario presented above is the semiannual discount rate, 2.5%. We compute the present value of the coupon payments in the same manner as before: [image: 104]
 




This number tells us that the coupon payments contribute $21.5104 to the bond’s value.
 

The present value of the maturity value is[image: 105]
 




Once again, this number ($82.0747) tells us how much the bond’s maturity value contributes to the bond’s value. The bond’s value is then $103.5851 ($21.5104 + $82.0747). That is, the price is greater than par value and the bond is said to be trading at a premium. This will occur when the fixed coupon rate a bond offers (6%) is greater than the required yield demanded by the market (the 5% discount rate). Accordingly, a premium bond carries a higher coupon rate than new bonds (otherwise the same) being issued today at par so the price will be bid up and the required yield will fall until it equals 5%. If the premium bond is held to maturity, the investor will experience a price decline that just offsets the benefits of the higher coupon rate so that it will appear equally attractive to new comparable bonds issued at par.24 Accordingly, a bond’s premium just offsets the present value of the higher coupon payments that would be obtained from an otherwise the same par bond.
 





THE PRICE/DISCOUNT RATE RELATIONSHIP

 

The preceding three scenarios illustrate an important general property of present value. The higher (lower) the discount rate, the lower (higher) the present value. Since the value of a security is the present value of the expected future cash flows, this property carries over to the value of a security: the higher (lower) the discount rate, the lower (higher) a security’s value. We can summarize the relationship between the coupon rate, the required market yield, and the bond’s price relative to its par value as follows:Coupon rate = Yield required by market ⇒ Price = Par value 
Coupon rate < Yield required by market ⇒ Price < Par value (discount) 
Coupon rate > Yield required by market ⇒ Price > Par value (premium)
 




 



 

EXHIBIT 4.1 Price/Discount Rate Relationship for an Option-Free Bond
 

[image: 106]

Exhibit 4.1 depicts this inverse relationship between an option-free bond’s price and its discount rate (i.e., required yield). We saw this exhibit in Chapter 1 when we discussed the present value of a single cash flow and we return to this relationship once more. There are two things to infer from the price/discount rate relationship depicted in the exhibit. First, the relationship is downward sloping. This is simply the inverse relationship between present values and discount rates at work. Second, the relationship is represented as a curve rather than a straight line. In fact, the shape of the curve in Exhibit 4.1 is referred to as convex. By convex, it simply means the curve is “bowed in” relative to the origin. This second observation raises two questions about the convex or curved shape of the price/discount rate relationship. First, why is it curved? Second, what is the import of the curvature?
 

As noted in Chapter 1, the answer to the first question is mathematical. The answer lies in the denominator of the bond pricing formula. Since we are raising one plus the discount rate to powers greater than one, it should not be surprising that the relationship between the level of the price and the level of the discount rate is not linear.
 

As for the importance of the curvature to bond investors, let’s consider what happens to bond prices in both falling and rising interest rate environments. First, what happens to bond prices as interest rates fall? The answer is obvious—bond prices rise. How about the rate at which they rise? If the price/discount rate relationship was linear, as interest rates fell, bond prices would rise at a constant rate. However, the relationship is not linear, it is curved and curved inward. Accordingly, when interest rates fall, bond prices increase at an increasing rate. Now, let’s consider what happens when interest rates rise. Of course, bond prices fall. How about the rate at which bond prices fall? Once again, if the price/discount rate relationship were linear, as interest rates rose, bond prices would fall at a constant rate. Since it curved inward, when interest rates rise, bond prices decrease at a decreasing rate. In Chapter 12, we will explore more fully the implications of the curvature or convexity of the price/discount rate relationship.
 





TIME PATH OF BOND

 

As a bond moves towards its maturity date, its value changes. More specifically, assuming that the discount rate does not change, a bond’s value:1. Decreases over time if the bond is selling at a premium.

2. Increases over time if the bond is selling at a discount.

3. Is unchanged if the bond is selling at par value.25




 

At the maturity date, the bond’s value is equal to its par or maturity value. So, as a bond’s maturity approaches, the price of a discount bond will rise to its par value and a premium bond will fall to its par value—a characteristic sometimes referred to as “pull to par value.”
 



 Time Path of a Premium Bond

 

To illustrate what happens to a bond selling at a premium, consider once again the 4-year 6% coupon bond. When the discount rate is 5%, the bond’s price is $103.5851. Suppose that one year later, the discount rate is still 5%. There are only six cash flows remaining since the bond is now a 3-year security. We compute the present value of the coupon payments in the same way as before:[image: 107]
 




The present value of the maturity value is[image: 108]
 




The bond’s value is then $102.7541 ($21.5104 + $82.0747).
 

As the bond moves toward maturity with no change in the discount rate, the price has declined from $103.5851 to $102.7541. What are the mechanics of this result? The value of a coupon bond can thought of as the sum of two present values—the present value of the coupon payments and the present value of the maturity value. What happens to each of these present values as the bond moves toward maturity with no change in the discount rate? The present value of the coupon payments falls for the simple reason that there are fewer coupon payments remaining. Correspondingly, the present value of the maturity value rises because it is one year closer to the present. What is the net effect? The present value of the coupon payments fall by more than the present value of the maturity value rises so the bond’s value declines or is pulled down to par.
 

The intuition for the result reveals a great deal about bond valuation. Why does the present value of the coupon payments fall by more than the present value of the maturity value rises? Recall why a coupon bond sells at a premium in the first place. The answer is because it offers a higher coupon rate (6%) than new comparable bonds issued at par (5%). So, a premium bond’s value is driven by its relatively high coupon payments. As the premium bond marches toward maturity and these coupon payments are delivered to investors, there are fewer and fewer “high coupon” payments remaining. So, the bond’s premium must shrink and the bond price declines toward par.
 



 Time Path of a Discount Bond

 

Now suppose our 4-year, 6% coupon bond is selling at a discount. When the discount rate is 7%, the bond’s price is $96.5630. Suppose that one year later, the discount rate is still 7%. We compute the present value of the coupon payments as shown below:[image: 109]
 




The present value of the maturity value is
 

[image: 110]

The bond’s price increases from $96.5630 to $97.3357. Let’s review the present value mechanics for this result. The present value of a discount bond’s coupon payments falls for the same reason as before—as we march toward maturity, there are fewer coupon payments remaining so the present value of the remaining coupon payments must decline. As for the present value of the maturity value, it rises just like before and for the same reason—it is closer to the present. What is the net effect of these two forces for a discount bond? The present value of the maturity value rises by more than the present value of the coupon payments declines so the bond’s value rises.
 

Why does the present value of the maturity value rise by more than the present value of the coupon payments falls? A coupon bond sells at a discount because it offers a lower coupon rate (6%) than new comparable bonds issued at par (7%). So, relative to a bond selling at par, the repayment of the principal at maturity is a relatively more important cash flow. To be sure, it is the rise in price we obtain from this payment if the bond is held to maturity that offsets the below current coupon interest payments. As the discount bond moves toward maturity, the receipt of the maturity value gets closer and closer. So, the discount must shrink and the bond’s value rises toward par.
 


The Pull to Par Value

 

To illustrate how the value of a bond changes as it moves towards maturity, consider the following three 10-year bonds for which the yield required by the market is 7%: a premium bond (8% coupon selling for 107.1062), a discount bond (6% coupon selling for 92.8938), and a par bond (7% coupon). Exhibit 4.2 shows the value of each bond as it moves towards maturity assuming that the 7% yield required by the market does not change. Notice the pull downward to par value for the premium bond and the pull upward to par value for the discount bond. Exhibit 4.3 is a graph showing how each bond’s value changes as the maturity date approaches assuming the yield remains at 7%. Note that if the discount rate does not change, a par bond’s value will not change as the bond marches towards maturity. As we will see shortly, this is only true if we value the bond on coupon payment dates.
 



 The Impact of Changing Discount Rates

 

In practice, of course, the discount rate will change over time. So the bond’s value will change due to both the change in the discount rate and the change in the bond’s cash flow as it marches toward maturity. For example, suppose that the discount rate for the 4-year 6% coupon bond is 7% so that the bond is selling for $96.5630. One year later, suppose that the discount rate appropriate for a 3-year, 6% coupon bond increases from 7% to 8%. The bond’s price will decline from $96.5630 to $94.7579. If the discount rate had not increased, the price would have increased to $97.3357. The price decline of $1.8051 ($96.5630 - $94.7579) can be decomposed as follows: EXHIBIT 4.2 Movement of a Premium, Discount, and Par Bond as a Bond Moves Toward Maturitya
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EXHIBIT 4.3 Time Path of Three Bonds
 

[image: 112]

[image: 113]








 VALUING A ZERO-COUPON BOND

 

For a zero-coupon bond, there is only one cash flow—the repayment of principal at maturity. The value of a zero-coupon bond that matures N years from now is[image: 114]

 where i is the semiannual discount rate.


The expression presented above states that the price of a zero-coupon bond is simply the present value of the maturity value. In the present value computation, why is the number of periods used for discounting rather than the number of years to the bond’s maturity when there are no semiannual coupon payments? We do this in order to make the valuation of a zero-coupon bond consistent with the valuation of a coupon bond. In other words, both coupon and zero-coupon bonds are valued using semiannual compounding.
 

To illustrate, the value of a 10-year zero-coupon bond with a maturity value of $100 discounted at a 6.4% interest rate is $53.2606, as presented below:[image: 115]
 








VALUING A BOND BETWEEN COUPON PAYMENTS

 

In our discussion of bond valuation to this point, we have assumed that the bonds are valued on their coupon payment dates (i.e., the next coupon payment is one full period away). For bonds with semiannual coupon payments, this occurs only twice a year. Our task now is to describe how bonds are valued on the other 363 or 364 days of the year.
 

In order to value a bond with the settlement date between coupon payments, we must answer three questions. First, how many days are there until the next coupon payment date? From Chapter 3, we know the answer depends on the day count convention for the bond being valued. Second, how should we compute the present value of the cash flows received over the fractional period? Third, how much must the buyer compensate the seller for the coupon earned over the fractional period? This is accrued interest that we computed in Chapter 3. In the next two sections, we will answer these three questions in order to determine the full price and the clean price of a coupon bond.
 



 Computing the Full Price

 

When valuing a bond purchased with a settlement date between coupon payment dates, the first step is to determine the fractional periods between the settlement date and the next coupon date. Using the appropriate day count convention, this is determined as follows:[image: 116]
 




Then the present value of each expected future cash flow to be received t periods from now using a discount rate i assuming the next coupon payment is w periods from now (settlement date) is:[image: 117]
 




Note for the first coupon payment subsequent to the settlement date, t =1 so the exponent is just w. This procedure for calculating the present value when a bond is purchased between coupon payments is called the “Street method.” In the Street method, as can be seen in the expression above, coupon interest is compounded over the fractional period w.26
 

To illustrate this calculation, suppose that a U.S. Treasury note maturing on February 15, 2009, is purchased with a settlement date of November 13, 2007. This note’s coupon rate is 3%and it has coupon payment dates of February 15 and August 15. As a result, the next coupon payment is February 15, 2008, while the previous coupon payment was delivered on August 15, 2007. There are three cash flows yet to be received—February 15, 2007, August 15, 2007, and February 15, 2008. The final cash flow represents the last coupon payment and the maturity value of $100. Also assume the following:1. Actual/actual day count convention.

2. 94 days between the settlement date and the next coupon date.

3. 184 days in the coupon period.



 

Then w is 0.5109 periods (94/184). The present value of each cash flow assuming that each is discounted at a 3.472% annual discount rate is[image: 118]
 




The sum of the present values of the cash flows is $101.1457. This price is referred to as the full price (or the dirty price).
 

It is the full price the bond’s buyer pays the seller at delivery. However, the very next cash flow received and included in the present value calculation was not earned by the bond’s buyer. A portion of the next coupon payment is the accrued interest. From Chapter 3, we know that accrued interest is the portion of a bond’s next coupon payment that the bond’s seller is entitled to depending on the amount of time the bond was held by the seller. Recall, the buyer recovers the accrued interest when the next coupon payment is delivered.
 



Computing the Accrued Interest and the Clean Price

 

The last step in this process is to find the bond’s value without accrued interest (called the clean price or simply price). To do this, the accrued interest must be computed. The first step is to determine the number of days in the accrued interest period (i.e., the number of days between the last coupon payment date and the settlement date) using the appropriate day count convention. For ease of exposition, we will assume in the example that follows that the actual/actual calendar is used. We will also assume there are only two bondholders in a given coupon period—the buyer and the seller.
 

Recall the reason for quoting clean prices instead of full prices. Even when interest rates are unchanged, a bond’s full price will change every day by a predictable amount equal to one day’s accrued interest. The change in the full price due the coupon interest accrual provides virtually no information about the bond’s true value. As a result, clean prices are quoted, which reflect the bond’s value after the removal of the deterministic component.
 

As an illustration, we return to the previous example with the 3% coupon Treasury note. Since there are 184 days in the coupon period and 94 days from the settlement date to the next coupon period, there are 90 days (184 - 94) in the accrued interest period. Therefore, the percentage of the next coupon payment that is accrued interest is[image: 119]
 




Of course, this is the same percentage found by simply subtracting w from 1. In our example, w was 0.5109. Then, 1 - 0.5109 = 0.4891.
 

Given the value of w, the amount of accrued interest (AI) is equal to:AI = Semiannual coupon payment × (1 - w)
 




 



 

Accordingly, using a 3% Treasury note with a settlement date of November 13, 2007, the portion of the next coupon payment that is accrued interest is$1.50 × (1 - 0.5109) = $0.7337 (per $100 of par value)
 




 



 

Once we know the full price and the accrued interest, we can determine the clean price. The clean price is the price that quoted in the market and represents the bond’s value to the new bondholder. The clean price is computed as followsClean price = Full price - Accrued interest
 




 



 

In our illustration, the clean price is$100.4120 = $101.1457 - $0.7337
 




 



 

Note that in computing the full price the present value of the next coupon payment is computed. However, the buyer pays the seller the accrued interest now despite the fact that it will not be recovered until the next coupon payment date. To make this concrete, suppose one sells a bond such that the settlement date is halfway between the coupon payment dates. In this case w = 0.50. Accordingly, the seller will be entitled to one-half of the next coupon payment, which would not otherwise be received for another three months. The accrued interest grows linearly on a simple interest basis while the present value of the next coupon payment follows a slightly curved path due to the impact of compounding. Thus, when calculating the clean price, we subtract “too much” accrued interest—one-half the coupon payment rather than the present value of one-half the coupon payment. Of course, this is the market convention for calculating accrued interest but it does introduce a curious twist in bond valuation.
 



 Time Path of a Par Bond Between Coupon Payment Dates

 

What path does a par bond’s clean price take between coupon payment dates if the discount rate is unchanged? The answer is presented in Exhibit 4.4. When a bond’s coupon rate and discount rate are the same, a bond will be valued at a slight discount to par between coupon payment dates. The clean price of a “par bond” is at a discount to par because of the market’s convention for calculating accrued interest.
 

Two final points. First, this effect is small and this can be seen by observing the scale on the vertical axis of the exhibit. Second, why is the discount to par small at the beginning of the coupon period, gradually gets larger, and then becomes small as the next coupon payment date is approached? The answer lies in the difference between the accrued interest and the present value of the accrued interest. At the beginning of the period, the difference between the accrued interest and present value of the accrued interest is large on a relative basis but the accrued interest (to this point) is small. As a result, this difference will have only a small impact on the price. Furthermore, as we move through the coupon period, the accrued interest gets increasingly larger but the difference between the accrued interest and present value of the accrued interest is getting progressively smaller on a relative basis because the next coupon payment is getting closer to the present. Thus, we should see the largest discount to par about halfway between the coupon payment dates where the these two effects—the size of the accrued interest and the difference the accrued interest and its present value—are both at half-strength. We see in Exhibit 4.4 that this is true.
 





TRADITIONAL APPROACH TO VALUATION

 

The traditional approach to valuation is to discount every cash flow of a fixed income security by the same interest rate (or discount rate). For example, consider the three hypothetical 10-year Treasury securities shown in Exhibit 4.5: an 8% coupon bond, a 6% coupon bond, and a zero-coupon bond. The cash flows for each bond are shown in the exhibit. Since the cash flows of all three bonds are viewed as default free, the traditional practice is to use the same discount rate to calculate the present value of all three bonds and use the same discount rate for the cash flow for each period. The discount rate used is the yield for the on-the-run issue obtained from the Treasury yield curve. For example, suppose that the yield for the 10-year on-the-run Treasury issue is 7%. Then, the traditional approach is to discount each cash flow of each bond using a discount rate of 7% appropriately adjusted for the frequency of the coupon payments.
 

EXHIBIT 4.4 Time Path of a Par Bond
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EXHIBIT 4.5 Cash Flows for Three 10-Year Hypothetical Treasury Securities Per $100 of Par Value Each period is six months
 

[image: 121]

For a non-Treasury security, a premium or yield spread is added to the on-the-run Treasury yield. In the traditional approach, the yield spread is the same regardless of when a cash flow is to be received. For a 10-year non-Treasury security, suppose that 55 basis points is the appropriate yield spread. Then all cash flows would be discounted at the yield for the on-the-run 10-year Treasury issue of 7% plus 55 basis points.
 





 THE ARBITRAGE-FREE VALUATION APPROACH

 

As just noted, the traditional approach to valuation is to discount every cash flow of a fixed income security with the same interest or discount rate (i.e., assuming that the yield curve is flat). For example, consider a 10-year U.S. Treasury note with a 6% coupon rate. The cash flows per $100 of par value would be nine payments of $3.00 every six months and $103 for 10 6-month periods from now. The arbitrage-free valuation approach views the 10-year, 6% coupon Treasury note as a package of zero-coupon instruments whose maturity value is the amount of the cash flow and whose maturity date coincides with the date the cash flow is to be received. Thus, the 10-year, 6% coupon Treasury issue should be viewed as a package of 20 zero-coupon instruments that mature every six months for the next 10 years. This approach to valuation does not allow a market participant to realize an arbitrage profit by stripping or reconstituting Treasury bonds.
 

The difference between the traditional valuation approach and the arbitrage-free approach is illustrated in Exhibit 4.6, which presents how the three bonds whose cash flows are depicted in Exhibit 4.5 should be valued. With the traditional approach, the discount rate for all bonds is the yield on a 10-year Treasury taken from the Treasury par yield curve. With the arbitrage-free approach, cash flows are discounted using spot rates taken from the Treasury spot rate curve that correspond to the maturity date of the cash flow. We call the bond’s value based on spot rates the arbitrage-free value.
 



 Valuation Using Treasury Spot Rates

 

To illustrate how Treasury spot rates are used to compute the arbitrage-free value of a Treasury security, we will use the hypothetical Treasury spot rates shown in the fourth column of Exhibit 4.7 to value an 8%, 10-year Treasury security. The present value of each period’s cash flow is shown in the last column. The sum of the present values is the arbitrage-free value for the Treasury security. For the 8%, 10-year Treasury it is $107.002.
 

As a second illustration, suppose that a 6% coupon 10-year Treasury bond is being valued based on the Treasury spot rates shown in Exhibit 4.7. The arbitrage-free value of this bond is $92.5751, as shown in Exhibit 4.8.
 

In the next chapter we discuss yield measures. The yield to maturity is a measure that would be computed for this bond. We will not show how it is computed in this chapter, but simply state the result. The yield to maturity is 7.0471%. Notice that the spot rates are used to obtain the price and the price is then used to compute a conventional yield measure. It is important to understand that there are an infinite number of spot rate curves that can generate the same price of $92.5751 and, therefore, the same yield. This is true because the yield to maturity is a complicated average of the spot rates.
 



 Reason for Using Treasury Spot Rates

 

Thus far, we have simply asserted that the value of a Treasury security should be based on discounting each cash flow using the corresponding Treasury spot rate. But what if market participants value a security using just the yield for the on-the-run Treasury with a maturity equal to the maturity of the Treasury security being valued? Let’s see why the value of a Treasury security should trade close to its arbitrage-free value.
 

EXHIBIT 4.6 Comparison of Traditional Approach and Arbitrage-Free Approach in Valuing a Treasury Security (each period is six months)
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EXHIBIT 4.7 Determination of the Arbitrage-Free Value of an 8% 10-Year Treasury
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 Stripping and the Arbitrage-Free Valuation

 

The key to the arbitrage-free valuation approach is the existence of the Treasury strips market. As explained in Chapter 2, a dealer has the ability to take apart the cash flows of a Treasury coupon security (i.e., strip the security) and create zero-coupon securities. These zero-coupon securities, which we called Treasury strips, can be sold to investors.27 At what interest rate or yield can these Treasury strips be sold to investors? They can be sold at the Treasury spot rates. If the market price of a Treasury security is less than its value using the arbitrage-free valuation approach, then a dealer can buy the Treasury security, strip it, and sell off the individual Treasury strips so as to generate greater proceeds than the cost of purchasing the Treasury security. The resulting profit is an arbitrage profit. Since, as we will see, the value determined by using the Treasury spot rates does not allow for the generation of an arbitrage profit, this is referred to as an “arbitrage-free” approach.
 

EXHIBIT 4.8 Determination of the Arbitrage-Free Value of an 6% 10-Year Treasury
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To illustrate this, suppose that the yield for the on-the-run 10-year Treasury issue is 7.08%. Suppose that the 8% coupon 10-year Treasury issue is valued using the traditional approach based on 7.08%. Exhibit 4.9 shows that the value based on discounting all the cash flows at 7.08% is $106.5141.
 

Consider what would happen if the market priced the security at $106.5141. The value based on the Treasury spot rates (Exhibit 4.7) is $107.002. What can the dealer do? The dealer can buy the 8% 10-year issue for $106.5141, strip it, and sell the Treasury strips at the spot rates shown in Exhibit 4.7. By doing so, the proceeds that will be received by the dealer are $107.002. This results in an arbitrage profit of $0.4879 (= $107.002 - $106.5141). Dealers recognizing this arbitrage opportunity will bid up the price of the 8% 10-year Treasury issue in order to acquire it and strip it. At what point will the arbitrage profit disappear? When the security is priced at $107.002, the value that we said is the arbitrage-free value.28
 

EXHIBIT 4.9 Price of an 8% 10-Year Treasury Valued at a 7.08% Discount Rate
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To understand in more detail where this arbitrage profit is coming from, look at Exhibit 4.10. The third column shows how much each cash flow can be sold for by the dealer if it is stripped. The values in the third column are simply the present values in Exhibit 4.7 based on discounting the cash flows at the Treasury spot rates. The fourth column shows how much the dealer is effectively purchasing the cash flow for if each cash flow is discounted at 7.08%. This is taken from the last column in Exhibit 4.9. The sum of the arbitrage profit from each stripped cash flow is the total arbitrage profit and is contained in the last column of Exhibit 4.10.
 

EXHIBIT 4.10 Arbitrage Profit from Stripping the 8% 10-Year Treasury
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 Reconstitution and Arbitrage-Free Valuation

 

We have just demonstrated how coupon stripping of a Treasury issue will force the market value to be close to the value as determined by the arbitrage-free valuation approach when the market price is less than the arbitrage-free value (i.e., the whole is worth less than the sum of the parts). What happens when a Treasury issue’s market price is greater than the arbitrage-free value? Obviously, a dealer will not want to strip the Treasury issue since the proceeds generated from stripping will be less than the cost of purchasing the issue.
 

When such situations occur, the dealer can purchase a package of Treasury strips so as to create a synthetic Treasury coupon security that is worth more than the same maturity and same coupon Treasury issue. This process is called reconstitution.29
 

All securities including Treasury securities are assigned a standard identification number called a CUSIP number.30 Each coupon and principal payment of a coupon Treasury security has a CUSIP number. All coupon payments (C-STRIPS) that are payable on the same day (say May 15) have the same generic CUSIP number even when stripped from different Treasury issues. However, the principal payment (P-STRIPS) for any note or bond has a unique CUSIP number. Thus, coupon strips are interchangeable parts or fungible while while principal strips are not.
 

To illustrate this process, consider the 6% 10-year Treasury issue whose arbitrage-free value was computed in Exhibit 4.8. The arbitrage-free value is $92.5751. Exhibit 4.11 shows the price assuming the traditional approach where all the cash flows are discounted at a 7% discount rate. The price is $92.8938. Under these circumstances, the dealer will purchase the Treasury strip for each 6-month period at the prices shown in Exhibit 4.8 and sell short the 6% 10-year Treasury coupon issue whose cash flows are being replicated. By doing so, the dealer has the cash flow of a 6% coupon 10-year Treasury security at a cost of $92.5751, thereby generating an arbitrage profit of $0.3187 ($92.8938 - $92.5751). The cash flows from the package of Treasury strips purchased is used to make the payments for the Treasury coupon security shorted. Actually, in practice this can be done in a more efficient manner using a procedure for reconstitution provided by the Department of the Treasury.
 

What forces the market price to the arbitrage-free value of $92.5751? As dealers sell short the Treasury coupon issue (6% 10-year issue), these actions drive down the price of the issue. When the price is driven down to $92.5751, the arbitrage profit no longer exists.
 

Thus the process of stripping and reconstitution assures that the price of a Treasury issue will not depart materially (depending on transaction costs) from its arbitrage-free value.
 

Exhibit 4.12 presents a Bloomberg Strip Valuation Screen. The security being valued is the on-the-run 5-year U.S. Treasury note, which carries a 3 7/8% coupon and matures on October 31, 2012. Users are given a choice of four alternative choices for discount curve. The curve selected to discount the cash flows is theoretical spot rate curve derived from the linearly interpolated par curve. The profit and loss analysis indicates how much would gained/lost on the conversion of the security into strips. Note that this note is trading close to its arbitrage-free value. Lastly, on the left-hand side of the screen is the yield and price that will result in profit/loss of zero by stripping the note.
 

EXHIBIT 4.11 Price of an 6% 10-Year Treasury Valued at a 7% Discount Rate
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 Credit Spreads and the Valuation of Non-Treasury Securities

 

The Treasury spot rates can be used to value any default-free security. For a non-Treasury security, the theoretical value is not as easy to determine. The value of a non-Treasury security is found by discounting the cash flows by the Treasury spot rates plus a yield spread, which reflects the additional risks (e.g., default risk, liquidity risks, the risk associated with any embedded options, and so on).
 

EXHIBIT 4.12 Valuing a 5-Year Treasury Note as a Portfolio of Strips
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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The spot rate used to discount the cash flow of a non-Treasury security can be the Treasury spot rate plus a constant credit spread. For example, suppose the 6-month Treasury spot rate is 6.05% and the 10-year Treasury spot rate is 7.20%. Also suppose that a suitable credit spread is 100 basis points. Then a 7.05% spot rate is used to discount a 6-month cash flow of a non-Treasury bond and a 8.20% discount rate is used to discount a 10-year cash flow. (Remember that when each semiannual cash flow is discounted, the discount rate used is one-half the spot rate: 3.525% for the 6-month spot rate and 4.10% for the 10-year spot rate.)
 

The drawback of this approach is that there is no reason to expect the credit spread to be the same regardless of when the cash flow is expected to be received. Consequently, the credit spread may vary with a bond’s term to maturity. In other words, there is a term structure of credit spreads.
 

Dealer firms typically estimate the term structure of credit spreads for each credit rating and market sector. Typically, the credit spread increases with maturity. In addition, the shape of the term structure is not the same for all credit ratings. Typically, the lower the credit rating, the steeper the term structure of credit spreads.
 

EXHIBIT 4.13 Calculation of Arbitrage-Free Value of a Hypothetical 8% 10-Year Non-Treasury Security Using Benchmark Spot Rate Curve
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When the relevant credit spreads for a given credit rating and market sector are added to the Treasury spot rates, the resulting term structure is used to value the bonds of issuers with that credit rating in that market sector. 31 This term structure is referred to as the benchmark spot rate curve or benchmark zero-coupon rate curve.
 

For example, Exhibit 4.13 reproduces the Treasury spot rate curve in Exhibit 4.7. Also shown in the exhibit is a hypothetical term structure of credit spread for a non-Treasury security. The resulting benchmark spot rate curve is in the next-to-the-last column. Like before, it is this spot rate curve that is used to value the securities of issuers that have the same credit rating and are in the same market sector. This is done in Exhibit 4.13 for a hypothetical 8% 10-year issue. The arbitrage-free value is $101.763. Notice that the theoretical value is less than that for an otherwise comparable Treasury security. The arbitrage-free value for an 8% 10-year Treasury is $107.0018 (see Exhibit 4.7).
 

As an additional illustration, Exhibit 4.14 presents a Bloomberg screen (function FMCS) containing the term structure of credit spreads for four sectors of the corporate bond market as of November 11, 2007. These sectors include AAA (1), AA (2), A (6), and BBB (9) industrial bonds. Generally, credit spreads increase with maturity. This is a typical shape for the term structure of credit spreads. Moreover, the shape of the term structure is not the same for all credit ratings. Typically, the lower the credit rating, the steeper the term structure of credit spreads. Both of the tendencies are evident in Exhibit 4.15, which presents a Bloomberg graph of these credit spreads as a function of maturity.
 

EXHIBIT 4.14 Credit Spreads of Corporate Bonds by Maturity and Credit Rating
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 4.15 Term Structure of Credit Spreads
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Cash flow 
Convention 
Discount 
Premium 
Convex 
Full (dirty) price 
Accrued interest 
Clean price 
Arbitrage-free valuation approach 
Treasury strips 
Arbitrage profit 
Reconstitution 
Term structure of credit spreads 
Benchmark spot (zero coupon) rate curve
 





QUESTIONS

 

1. If yields are unchanged, explain why the price of a coupon bond selling at a discount increases as its maturity date approaches.

2. If yields are unchanged, explain why the price of a coupon bond selling at a premium decreases as its maturity date approaches.

3. Suppose that a U.S. Treasury note maturing August 15, 2009 is purchased with a settlement date of July 31, 2007. The coupon rate is 3% and the maturity value of the position is $1,000,000. The next coupon date is August 15, 2007.a. What is the full (dirty) price of this bond given the required yield is 4.591%? (Note there are 181 days in the coupon period and there are 15 days between the settlement date and the next coupon date.)

b. What is the accrued interest? (Note there are 166 days between the last coupon date and the settlement date.)

c. What is the flat (clean) price?




4. What factors cause a bond’s price to change?

5. Why should a coupon paying bond be viewed as a portfolio of zero-coupon bonds?

6. What path does a par bond’s flat price take between coupon payment dates if the discount rate is unchanged?

7. What is relationship between an option-free bond’s price and its yield? What is the import of this shape to bondholders?

8. What process assures that the market price of a Treasury security will not differ materially from the arbitrage-free value?

9. What is the typical relationship between credit spreads and term to maturity? How does this relationship change as credit ratings decline?

  




CHAPTER 5
 

Yield Measures
 

Abond’s yield is a measure of its potential return. Market participants commonly assess a security’s relative value by calculating a yield or some yield spread. There are a number of yield measures that are quoted in the market. These measures are based on certain assumptions necessary to carry out the calculation. However, they also limit effectiveness of a yield measure in gauging relative value. In this chapter, we explain the various yield and yield spread measures as well as document their limitations.
 





SOURCES OF RETURN

 

The source of dollar return an investor expects to receive comes from three potential sources:1. The periodic interest payments made by the issuer (i.e., coupon payments).

2. Any price appreciation/depreciation, when the bond matures, is sold by the investor, or is called by the issuer.

3. Income earned from reinvestment of the bond’s interim cash flows (i.e., coupon payments and principal repayments).



 

In order to be a useful indicator of a bond’s potential return, a yield measure should account for all three of these potential sources of dollar return in a reasonable way. We begin our discussion by examining the three return sources in more detail.
 

We illustrate the three sources of dollar returns using the on-the-run 5-year Treasury note trading at 102-12 for settlement on November 20, 2007 (i.e., $102.375 per $100 of par value). The Bloomberg security description screen (DES) for this note is presented in Exhibit 5.1. This note carries a coupon rate of 4.125% and matures on August 31, 2012. Coupon payments are delivered at the end of the month in February and August. Suppose a $1,000,000 par value position is established in November 2007. If this position is held to maturity, what are the three sources of dollar returns an investor could expect to receive? These numbers can be found on the yield analysis screen from Bloomberg in Exhibit 5.2.
 

EXHIBIT 5.1 Bloomberg Security Description Screen for a 5-Year Treasury Note
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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 Periodic Interest Payments

 

The most obvious source of dollar return is the periodic coupon interest payments. For the $1 million par value of this 5-year note, the semiannual coupon payments contribute $206,250 with the first occurring on February 29, 2008. Since the note trades on a settlement date between two coupon payment dates, the buyer pays the seller accrued interest. There are 81 days between the date the note was issued (August 31, 2007) and the bond’s settlement date of November 20, 2007. Moreover, there are 182 days in the coupon period. At settlement, the buyer will pay the seller $9,179.26 (per $1 million in par value) in accrued interest, which is calculated as follows$20,6225 × (81/182) = $9,179.26
 




 



 

EXHIBIT 5.2 Bloomberg Yield Analysis Screen for a 5-Year Treasury Note
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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The accrued interest is located on the right-hand side of the screen under “PAYMENT INVOICE” and is labeled “81 DAYS ACCRUED INT.”
 

For a zero-coupon bond, there are no interim coupon payments so the return from this source is zero. This is true even though the investor is effectively receiving interest by purchasing the instrument at a discount to its par value and realizing interest at the maturity date when the investor receives the repayment of principal.
 



 Price Appreciation/Depreciation

 

The investor’s tenure as a bond’s owner may end as a result of several circumstances. Among the most common are the following. First, the investor may simply sell the bond and will receive the prevailing market price plus accrued interest. Next, the issuer may call the bond in which case the investor receives the call price plus accrued interest or the investor may exercise a put and receive the put price plus accrued interest. Lastly, when the bond matures, the investor will receive the maturity value plus the final coupon payment. Regardless of which outcome prevails, if the proceeds received are greater than the investor’s purchase price, then the price appreciation is an additional source of dollar return. Conversely, if the proceeds received are less than the investor’s initial purchase price, then the price depreciation represents a negative dollar return. For the 5-year note described above, the purchase price is $1,032,929.26 (i.e., the clean price plus accrued interest). Thus, if the investor holds this note until the maturity date of August 31, 2012, the note’s price depreciation is $32,929.26.
 



 Reinvestment Income

 

The source of dollar return called reinvestment income represents the interest earned from reinvesting the bond’s interim cash flows (interest and/or principal payments) until the bond is removed from the investor’s portfolio. With the exception of zero-coupon bonds, fixed income securities deliver coupon payments that can be reinvested. Moreover, amortizing securities (e.g., mortgage-backed and asset-backed securities) make periodic principal repayments, which can also be invested.
 

As an example, if $1 million of the 5-year note is held to maturity, the investor will receive $206,250 in coupon payments over the next 10 semiannual periods. The total coupon payments can be found on the right-hand side of the YA screen in Exhibit 5.2 and are labeled “COUPON PAYMENT.” Suppose an investor can reinvest each of these 10 coupon payments at say 3.579% compounded semiannually.32 The reinvestment income can be determined using the future value of an ordinary annuity formula from Chapter 1. Recall the general formula for the future value of an ordinary annuity when payments occur m times per year is[image: 134]

 whereA = amount of the annuity ($) 
i = periodic interest rate, which is the annual interest rate divided by 
m (in decimal form) 
n = N × m
 




 




Accordingly, the future value of 10 semiannual payments of $20,625 to be received plus the interest earned by investing the payments at 3.579% compounded semiannually is found as follows:A = 20,625 
m = 2 
i = 0.0179 (0.03579/2) 
N = 5 
n = 10 (5 × 2)
 





 therefore,[image: 135]
 




Thus, the coupon payments and reinvestment income together are $223,676.70. The reinvestment income alone is $17,426.73, which is found by subtracting the total coupon payments ($223,676.70 - $206,250). This number (with rounding error) matches the reinvestment income (labeled as “INTEREST @ 3.579%”) presented in the YA screen in Exhibit 5.2. Note that this function allows the user to input alternative interest rates to determine the reinvestment income.
 





TRADITIONAL YIELD MEASURES

 

There are several yield measures commonly quoted by dealers and traders in the bond market. Among the more prominent are current yield, yield to maturity , yield to call, yield to put, yield to worst, and cash flow yield. In this section, we demonstrate how to compute various yield measures for a bond given its price. We also highlight their limitations as measures of potential return. This discussion will pave the way for a more useful yield measure for determining the potential return from investing in a bond, total return, which will be discussed in Chapter 11.
 



 Current Yield

 

The current yield of a bond is calculated by dividing the security’s annual dollar coupon payment by the market price. The formula for the current yield is[image: 136]
 




To illustrate the calculation, consider a 7% coupon bond issued by Ford Motor Credit Co. in September 2003 that matures on October 1, 2013. The Security Description screen from Bloomberg is presented in Exhibit 5.3. Moreover, the Bloomberg’s YA (yield analysis) screen is displayed in Exhibit 5.4. The market price of this bond is 94.728441. The current yield is located underneath the price and is 7.39%. The current yield calculation is shown below[image: 137]
 




Current yield possesses a number of drawbacks as a potential return measure. Current yield considers only coupon interest and no other source of return that will affect an investor’s yield. To see this, assume the current yield is a yield to perpetuity, the annual dollar coupon payment is a perpetual annuity payment, and the security’s price is the present value of the perpetual annuity. By rearranging terms such that the price equals the annual coupon payment divided by the current yield, we obtain the present value of a perpetual annuity formula discussed in Chapter 1 as shown below:EXHIBIT 5.3 Bloomberg Security Description for a Ford Motor Credit Co. Bond
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 5.4 Bloomberg Yield Analysis Screen for a Ford Motor Credit Co. Bond
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Simply put, the current yield assumes that the bond delivers a perpetual annuity. As such, current yield ignores the price appreciation that the investor will realize if the bond is held to maturity as well as any reinvestment income.
 



 Yield to Maturity

 

The most common measure of yield in the bond market is the yield to maturity . The yield to maturity is simply a bond’s internal rate of return. Specifically, the yield to maturity is the interest rate that will make the present value of the bond’s cash flows equal to its market price plus accrued interest (i.e., the full price). To find the yield to maturity, we must first determine the bond’s expected future cash flows. Then we search by trial and error for the interest rate that will make the present value of the bond’s cash flows equal to the market price plus accrued interest.
 

To illustrate, consider once again the 7% coupon Ford Motor Credit Co. bond described in Exhibit 5.3. From the yield analysis screen in Exhibit 5.4, we can locate the full price of the bond under the heading “Payment Invoice” on the right-hand side of the screen. The clean price (labeled “PRINCIPAL”) is $957,395.52 for $1 million face value. Next, the accrued interest is $10,111.11, which is computed as follows using 30/360 day count convention:$10,111.11 = (0.07 × $1,000,000)/2 × (52/180)
 




 



 

Accordingly, the full price is $957,395.52 (labeled “TOTAL”) for $1 million face value. The cash flows of the bond are (1) 12 payments every six months of $35,000 and (2) a payment of $1,000,000 for 12 6-month periods from now. The interest rate that makes the present value of these cash flows equal to $957,395.52 is 4.0735%. Hence, 4.0735% is the semiannual yield to maturity.
 

The market convention adopted to annualize the semiannual yield to maturity is to double it and call the resulting number the yield to maturity. Thus, the yield to maturity for the Ford Motor Credit Co. bond is 8.147% (2 × 4.0735%). The yield to maturity computed using this convention—doubling the semiannual yield—is called a bond-equivalent yield. For a short description of the mathematics of the yield to maturity, see the appendix of this chapter.
 


Important Relationships

 

In Chapter 4, we explained the relationship between the coupon rate, the required yield, and a bond’s price relative to its par value (i.e., discount, premium, or par value). If a bond is held to maturity, we know that the yield to maturity is the required yield. We restate these relationships substituting yield to maturity for required yield as shown below:
 


 
	Bond Price Selling at
	Relationship

	Par	Coupon rate = Yield to maturity
	Discount	Coupon rate < Yield to maturity
	Premium	Coupon rate > Yield to maturity

 


 



The following relationships between the price of a bond (relative to par), coupon rate, current yield, and yield to maturity also hold:
 


 
	Bond Price Selling at
	Relationship

	Par	Coupon rate = Current yield = Yield to maturity
	Discount	Coupon rate < Current yield < Yield to maturity
	Premium	Coupon rate > Current yield > Yield to maturity

 


 



A quick example will illustrate these relationships. For a 10-year 7% coupon and a $100 maturity value, it is easy to verify that when the bond is selling at $100, the coupon rate, current yield, and yield to maturity are all 7%. If the bond is selling at $93.2048, the yield to maturity is 8%. The current yield is 7.5103% ($7/93.2048) and is less than the yield to maturity because it ignores the built-in price appreciation if the bond is held to maturity. The coupon rate is 7%, which is the lowest of the three measures for this bond. Conversely, if the bond is selling at $107.4387, the yield to maturity is 6%. The current yield of 6.5153% ($7/107.4387) is higher than the yield to maturity because it ignores the built-in price depreciation if the bond is held to maturity. The coupon rate is 7%, which is higher than the current yield.
 


Related Yield-to-Maturity Measures

 

Let us return to Exhibit 5.4 and locate the yield to maturity on the YA screen. For this bond, Bloomberg presents the yield to maturity calculated three slightly different ways. First, the standard yield-to-maturity calculation for a corporate bond using a 30/360 day count convention is labeled “STREET CONVENTION” in the “YIELD CALCULATIONS” box on the left side of the screen. This is the bond-equivalent yield of 7.911% as described above. Next, the yield measure labeled “U.S. GOVT EQUIVALENT” is the yield to maturity calculated using the day count convention for coupon Treasuries, actual/actual. The last yield-to-maturity measure is labeled “TRUE YIELD” and is the yield calculated with coupon dates moved from a nonbusiness day (e.g., weekend or holiday) to the next valid business day.
 


The Bond-Equivalent Yield Convention

 

The convention that was developed in the bond market to convert a semiannual yield into an annual yield is to double the semiannual yield. As we have discussed, this is called a bond-equivalent yield. Generally, when one doubles a semiannual yield (or semiannual return) to obtain an annual measure, one is said to be computing the measure on a bond-equivalent basis.
 

The convention raises two obvious questions. First, why is the practice of simply doubling a semiannual yield followed? Second, would it not be more appropriate to compute the effective annual yield by compounding the semiannual yield in a manner described in Chapter 1?
 

The first question is easily dispatched. The bond-equivalent yield is simply a convention that is well-ingrained in the workings of the bond market. There is no danger with a convention unless it is used improperly. Naturally, market participants recognize that a yield (or return) is computed on a semiannual basis by convention and adjust accordingly when using the number such as comparing non-U.S. bonds that pay interest annually33 and amortizing securities that pay interest monthly.34
 

The answer to the second question is that it is true that computing an effective annual yield would be better. However, the question is moot. Once we discover the limitations of yield measures in general, we question whether or not an investor should ever make an investment decision using either a bond-equivalent yield or an effective annual yield measure. That is, once we identify the major limitations with yield measures, how we annualize a semiannual yield will be of trifling importance.
 


Limitations of the Yield-to-Maturity Measure

 

At first blush, the yield to maturity appears to be an informative measure of a bond’s potential return. It considers not only the coupon income but any capital gain or loss that will be realized by holding the bond to maturity. The yield to maturity recognizes the timing of the cash flows. It also considers the third source of dollar return that we discussed at the beginning of the chapter—reinvestment income. However, when calculating yield to maturity, we are implicitly assuming that the coupon payments can be reinvested at an interest equal to the semiannual yield to maturity.35
 

The following illustration demonstrates this. In what follows, the analysis will be cast in terms of dollars. Be sure to keep in mind the distinction between total future dollars, which are equal to all dollars that the bond investor expects to receive (including the recovery of the principal) and the total dollar return, which is equal to the dollars the investor expects to realize from the three sources of return, namely, coupon payments, price appreciation/depreciation, and reinvestment income.
 

Let’s illustrate the distinction between total future dollars and total dollar return with a simple example. Suppose one invested $100 for 10 years at 7% compounded semiannually (i.e., 3.5% every six months). What is the total future dollars that will result from this investment? This is nothing more than asking for the future value of a single cash flow invested at 3.5% for 20 6-month periods. The total future dollars generated are $198.98, as shown belowTotal future dollars = $100(1.035)20 = $198.98
 




 



 

The total future dollars of this investment ($198.98) are comprised of the return of principal $100 and the total interest of $98.98. If we subtract the amount invested ($100) from the total future dollars, the difference is $98.98, which is the total dollar return.
 

Consider a hypothetical 10-year bond selling at par ($100) with a coupon rate of 7%. Assume the bond delivers coupon payments semiannually. The yield to maturity for this bond is 7%. Suppose an investor buys this bond, holds it to maturity, and receives the maturity value of $100. In addition, the investor receives 20 semiannual coupon payments of $3.50 and can reinvest them every six months that they received at a semiannual rate of 3.5%. What are the total future dollars assuming a 7% reinvestment rate? As demonstrated above, an investment of $100 must generate $198.98 in order to generate a yield of 7% compounded semiannually. Alternatively, the bond investment of $100 must deliver a total dollar return of $98.98.
 

Let us partition the total dollar return for this bond into its three components: coupon payments, price appreciation/depreciation, and reinvestment income. The coupon payments contribute $70 ($3.5 × 20) of the total dollar return. The price appreciation/depreciation component is zero because the bond is purchased at par and held to maturity. Lastly, the remainder of the total dollar return ($28.98) must be due to reinvestment income.
 

To verify this, this par bond’s total dollar return of $98.98 is driven by two sources of dollar return—coupon payments and reinvestment income. Recall from the beginning of the chapter, the reinvestment income can be determined using the future value of an ordinary annuity formula given in Chapter 1. Accordingly, the future value of 20 semiannual payments of $3.50 to be received plus the interest earned by investing the payments at 7% compounded semiannually is found as follows:A = $3.50 
m = 2 
i = 0.035 (0.07/2) 
N = 10 
n = 20 (10 × 2)
 





 therefore,[image: 141]
 




Thus, the coupon payments and reinvestment income together are $98.98, which agrees with total dollar return from our earlier calculation. The reinvestment income alone is $28.98 ($98.98 - $70).
 

To summarize, in order to generate at 7% return over the 10 years until maturity, an investor must generate a total dollar return of $98.98. How plausible is this? If the bond does not default, the investor will receive all the coupon payments ($70) and the repayment of principal at maturity ($0 change in price). How about the reinvestment income of $28.28? Of course, obtaining this amount depends on being able to reinvest at a 7% rate compounded semiannually all coupon payments over the next 10 years.
 

Clearly, the investor will only realize the yield to maturity that is computed at the time of purchase if the following two assumptions hold:Assumption 1: the coupon payments can be reinvested at the yield to maturity
 

Assumption 2: the bond is held to maturity
 




 



 

With respect to the first assumption, the risk that an investor faces is that future interest rates will be less than the yield to maturity at the time the bond is purchased. This risk is called reinvestment risk. As for the second assumption, if the bond is not held to maturity, it may have to be sold for less than its purchase price, resulting in a return that is less than the yield to maturity. This risk is called interest rate risk.
 


Factors Affecting Reinvestment Risk

 

There are two characteristics of a bond that affect the degree of reinvestment risk. First, for a given yield to maturity and a given non-zero coupon rate, the longer the maturity the more the bond’s total return is dependent on reinvestment income to realize the yield to maturity at the time of purchase. The implication is that the yield-to-maturity measure for long-term coupon bonds tells us little about the potential return an investor may realize if the bond is held to maturity. For long-term bonds, the reinvestment income component will be the most important source of total dollar return. As an example, for the Ford Motor Credit Co. bond in Exhibit 5.4, the reinvestment income component is 18.94% of the total dollar return, using information from the “INCOME” box of the YA screen.
 

The second bond characteristic that affects reinvestment income is the coupon rate. For a coupon bond of a given maturity and yield to maturity, the higher the coupon rate, the more dependent the bond’s total dollar return will be on the reinvestment of the coupon payments in order to produce the yield to maturity at the time of purchase. In other words, holding maturity and yield-to-maturity constant, a bond selling at a premium will be more dependent on reinvestment income than a bond selling at par. This is true because the reinvestment income must offset the price depreciation realized by holding the premium bond to maturity. Conversely, a bond selling at a discount depends less on reinvestment income than a bond selling at par because a portion of the return is derived from the price appreciation that is realized from maturing the bond. For a zero-coupon bond, none of the bond’s total dollar return is dependent on reinvestment income. Hence, a zero-coupon bond has no reinvestment risk if held to maturity.
 





YIELD TO CALL

 

For callable bonds, the market convention is to calculate a yield to call in addition to a yield to maturity. A callable bond may be called at more than one price and these prices are specified in a call price schedule. The yield to call assumes that the issuer will call the bond at some call date and the call price is then specified in the call schedule
 

The procedure for calculating the yield to call is the same as that for the yield to maturity: determine the interest rate that will make the present value of the expected cash flows equal to the market price plus accrued interest. The expected cash flows are the coupon payments to a particular call date in the future and the call price.
 

To illustrate the variations of the yield to call measures, consider a callable bond issued by the Fannie Mae in December 2002 with a 5.5% coupon. The security description screen (DES) is presented in Exhibit 5.5. The bond matures on December 27, 2022, and is callable starting on December 27, 2012. The call price is 100. Exhibit 5.6 presents the yields to call (YTC) screen. Using a settlement date of October 1, 2009, the various yield to call measures are presented.
 



 Yield to Next Call

 

Yield to next call is the yield to call for the next call date after the current settlement date. For the callable bond above, the next as well as the first call date is December 27, 2012. The yield to next call is 3.214%. Specifically, a semiannual interest rate of 3.666% equates the present value of the remaining coupon payments and call price (assuming a call on that date) to the bond’s full price.
 



 Yield to Refunding

 

Yield to refunding is employed when bonds are currently callable but have some restrictions on the source of funds used to buy back the debt when a call is exercised. Namely, if a debt issue contains some refunding protection, bonds cannot be called for a certain period of time with the proceeds of other debt issues sold at a lower cost of money. As a result, the bondholder is afforded some protection if interest rates decline and the issuer can obtain lower cost funds to pay off the debt. It should be stressed that the bonds can be called with funds derived from other sources (e.g., cash on hand) during the refunded-protected period. The refunding date is the first date the bond can be called using lower cost debt. Given this backdrop, the yield to refunding is the discount rate (appropriately annualized) that discounts the cash flows to the first refunding date back to the bond’s market price.
 

EXHIBIT 5.5 Bloomberg Security Description Screen for a Fannie Mae Bond
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 5.6 Bloomberg Yields to Call Screen for a Fannie Mae Bond
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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 YIELD TO PUT

 

When a bond is putable, the yield to the first put date is calculated and called the yield to put. This yield is the interest rate that will make the present value of the bond’s cash flows to the first put date equal to the clean price plus accrued interest. As with all yield measures that are internal rates of return (e.g., yield to maturity and yield to call), yield to put assumes that any interim coupon payments can be reinvested at the calculated yield. Moreover, the yield to put assumes that the put will be exercised on the first possible date; that is the investor will put the bond back to the issuer and receive the put price plus the accrued interest.
 

For example, suppose that a 7% coupon bond maturing in five years is putable at par in two years and the bond’s price is $103.39. The cash flows for this bond if the put is exercised in two years are: (1) four coupon payments of $3.50 every six months and (2) the $100 put price in four 6-month periods from now. The semiannual interest rate that will make the present value of the cash flows equal to the price of $103.39 is 2.5968%. Therefore, 2.5968% is the semiannual yield to put and 5.1968% is the yield to put on a bond-equivalent basis.
 





 YIELD TO WORST

 

A yield can be calculated for every possible call (or put) date. Additionally, a yield to maturity can be calculated. The lowest of all these possible yields is called the yield to worst. For bond shown in Exhibit 5.5 with the yield to call is 3.666% (see Exhibit 5.6). The yield to maturity is 4.924%. Therefore, the yield to worst is the minimum of these yields, 3.666% in our example.
 





CASH FLOW YIELD

 

As discussed later in Chapter 8, mortgage-backed and asset-backed securities are backed by a pool of loans or receivables. For example, mortgage-backed securities are backed by a pool of mortgage loans. The cash flows for these securities include principal repayment as well as interest. Uncertainty in the cash flows arises because the individual borrowers whose loans comprise the pool usually have the option to prepay the loan in whole or in part usually without penalty prior to the scheduled principal repayment date. Thus, a mortgaged-backed or asset-backed security has an embedded short position in a prepayment option. Owing to this prepayment option, it is necessary to assume the rate at which prepayments will occur in order to project the security’s cash flows. The assumed rate is called the prepayment rate or prepayment speed.
 

A yield can be calculated given the projected cash flows based on an assumed prepayment rate. The yield is the interest rate that will make the present value of the assumed cash flows equal to the clean price plus accrued interest. A yield calculated in this manner is called a cash flow yield.
 

The cash flows for mortgaged-backed and asset-backed securities are often delivered monthly rather than semiannually. Accordingly, the interest rate that will make the present value of the assumed cash flows (interest and principal payments) equal to the market price plus accrued interest is a monthly yield. This monthly yield is then annualized using the following convention.
 

First, the semiannual effective yield is computed from the monthly yield by compounding it for six months as follows:Effective semiannual yield = (1 + Monthly yield)6 - 1
 




 



 

Second, the effective semiannual yield is doubled to obtain the annual cash flow yield on a bond-equivalent basis. Specifically,Cash flow yield = 2 × Effective semiannual yield = 2[(1 + Monthly yield)6 - 1]
 




 



 

For example, if the monthly yield is 0.63%, thenCash flow yield = 2[(1.0063)6 - 1] = 7.6801%
 




 



 

Thus, the cash flow yield on a bond-equivalent basis is 7.6801%.
 

Although it is commonly quoted by market participants, the cash flow yield suffers from limitations similar to the yield to maturity. These shortcomings include:1. The projected cash flows assume that the prepayment speed will be realized.

2. The projected cash flows are assumed to be reinvested at the cash flow yield.

3. The mortgage-backed or asset-backed security is assumed to be held until the final payoff of all the loans in the pool based on some prepayment assumption.



 

If the cash flows are reinvested at rate lower than the cash flow yield (i.e., reinvestment risk) or if actual prepayments differ from those projected, then the cash flow yield will not be realized. Mortgage-backed and asset-backed securities are particularly sensitive to reinvestment risk since payments are usually monthly and include principal repayments as well as interest.
 





 PORTFOLIO YIELD MEASURES

 

Intuitively, the yield on a portfolio of bonds is the discount rate that makes the present value of the portfolio’s expected future cash flows equal to the portfolio’s total market value. Thus, in principle, we calculate the portfolio yield in the same manner as the yield to maturity on a single bond. In other words, the portfolio yield is the portfolio’s internal rate of return.
 



 Portfolio Internal Rate of Return

 

A portfolio internal rate of return is computed by first forecasting the cash flows for all the bonds that comprise the portfolio and then finding the interest rate that will make the present value of the cash flows equal to the portfolio market value.
 

To illustrate how to calculate a portfolio’s internal rate of return, we use a three-bond portfolio presented Exhibit 5.7. Bond A is a 5-year 6% coupon bond with a maturity value of $20 million. Next, Bond B is a 2-year 5.25% coupon bond with a maturity value of $10 million. Finally, Bond C is a 4-year, 5.50% coupon bond with a maturity value of $30 million. The market values and yields to maturity of these bonds are also presented.
 

The cash flows for each bond in the portfolio and for the entire portfolio are presented in Exhibit 5.8. Suppose the total market value of this portfolio is $58,705,521. The internal rate of return for this three-bond portfolio is found via iteration and is the interest rate that makes the present value of the portfolio’s cash flows shown in the last column of Exhibit 5.8 equal to $58,705,521. If the semiannual interest rate of 3.1522% is used, the present value of the portfolio’s cash flows equals $56,511,509. The portfolio’s internal rate of return on a bond-equivalent basis is found by doubling 3.1522%, which is 6.3044%.
 

EXHIBIT 5.7 Bond Portfolio with Three Issues
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EXHIBIT 5.8 Cash Flows for a Three-Bond Portfolio
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An additional comment is warranted. The portfolio internal rate of return carries the same baggage as yield to maturity, which we discussed earlier in the chapter. Namely, the portfolio’s cash flows can be reinvested at the internal rate of return and the investor will hold the portfolio until the maturity date of the longest bond in the portfolio.
 



 Approximating a Portfolio Internal Rate of Return

 

In practice, a portfolio internal rate of return is usually approximated by taking the weighted average of the yields of the individual bonds in the portfolio. There are two common methods for weighting individual bond yields to arrive at a weighted-average portfolio yield. One method uses market values while the other uses dollar duration.
 


Using Market Value Weights

 

The simplest and least meaningful method for calculating a portfolio yield is to weight individual bond yields using the market values. In general, if we letwi = market value of security i relative to the portfolio’s total market value
 

yi = yield on security i
 

K = number of securities in the portfolio
 





 then, the market-value-weighted yield isw1y1 + w2y2 + w3y3 + . . . + wKyK
 




 



 

Consider the following three-bond portfolio displayed in Exhibit 5.7. The total market value of the portfolio is $58,705,521, K is equal to 3 and
 


 
	w1 = 19,578,880/58,705,521 = 0.334	y1 = 6.5%
	w2 = 9,860,609/58,705,521 = 0.168	y2 = 6.0%
	w3 = 29,266,032/58,705,521 = 0.498	y3 = 6.2%

 


 



The market-value-weighted yield is then0.334(6.5%) + 0.168(6.0%) + 0.498(6.2%) = 6.2666%
 




 



 

While the market-value-weighted portfolio yield has considerable intuitive appeal, it can differ substantially from a portfolio’s internal rate of return. Moreover, it tells us little about the portfolio’s potential return. To see this, suppose that a portfolio consists of two zero-coupon bonds—a 6-month zero yielding 10% and a 20-year zero yielding 7%. Suppose further that 98% of the portfolio is invested in the 6-month zero while the remaining 2% is invested in the 20-year zero. The market-value-weighted portfolio yield is 9.94%. How should this yield be interpreted? Under what set of circumstances and over what investment horizon could a portfolio manager expect to earn 9.94%? Since the answer to these questions is we do not know, the market-value-weighted portfolio yield is not very useful in bond portfolio management.
 


Using Dollar Duration Weights

 

The other method for approximating a portfolio’s internal rate of return is to weight individual bond yields with duration dollars. Duration is a measure of interest rate risk, which will be explained in Chapter 12. The duration dollars for each bond in our hypothetical bond portfolio is presented in Exhibit 5.9. Duration dollars are simply the product of a bond’s full price and its duration. The procedure for calculating duration will be explained in Chapter 12.
 

EXHIBIT 5.9 Duration Dollars for a Three-Bond Portfolio
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We illustrate the calculation of a portfolio yield by weighting individual bond yields using the duration dollars. In general, if we letwi = dollar duration of security i relative to the portfolio’s total duration dollars, which is simply the sum of the individual bond’s duration dollars
 

yi = yield on security i
 

K = number of securities in the portfolio
 





 then, the duration-dollar-weighted yield isw1y1 + w2y2 + w3y3 + . . . + wKyK
 




 



 

Consider the three-bond portfolio displayed in Exhibit 5.9. The total duration dollars of the portfolio is $2,048,831.26, K is equal to 3 and
 


 
	w1 = 831,534.61/2,048,831.26 = 0.4058	y1 = 6.5%
	w2 = 184,176.45/2,028,831.26 = 0.0899	y2 = 6.0%
	w3 = 1,033,120.20/2,028,831.26 = 0.5043	y3 = 6.2%

 


 



The duration-dollar-weighted yield is then0.4058(6.5%) + 0.0899(6.0%) + 0.5043(6.2%) = 6.3038%
 




 



 

Recall, the portfolio internal rate of return is 6.3044%, so the dollar-duration-weighted yield is indeed a close approximation.
 





 YIELD MEASURES FOR U.S. TREASURY BILLS

 

U.S. Treasury bills, like many money market instruments, are discount securities (e.g., agency discount notes, commercial paper). Unlike bonds that pay coupon interest, Treasury bills are akin to zero-coupon bonds in that they are sold at a discount from their face value and are redeemed for full face value at maturity. In addition, Treasury bills use an ACT/360 day count convention as do most money market instruments—notable exceptions are Canada and the United Kingdom. For these reasons, we devote this section to a description of yield measures for U.S. Treasury bills. While the focus is U.S. Treasury bills, the tools as we will see are applicable to bills issued around the world.
 



 Yield on a Bank Discount Basis

 

The convention for quoting bids and offers is different for Treasury bills and Treasury coupon securities. Bids/offers on bills are quoted in a special way. Treasury bill values are quoted on a bank discount basis, not on a price basis. The yield on a bank discount basis is computed as follows:[image: 147]

 whereYd = annualized yield on a bank discount basis (expressed as a decimal)
 

D = dollar discount, which is equal to the difference between the face value and the price
 

F = face value
 

t = number of days remaining to maturity
 




 




As an example, suppose a Treasury bill has 91 days to maturity and a face value of $100. Suppose this bill is trading at a price of $98.5846. The dollar discount, D, is computed as followsD = $100 - $98.5846 = $1.4054
 




 



 

Therefore, the annualized yield on a bank discount basis (expressed as a decimal) is[image: 148]
 




Given the yield on a bank discount basis, the price of a Treasury bill is found by first solving the formula for Yd given the dollar discount (D), as follows:D = Yd × F × (t/360)
 




 



 

The price is thenPrice = F - D
 




 



 

As an example, suppose a 91-day bill with a face value of $100 has a yield on a bank discount basis of 5.56%. Then D is equal toD = 0.0556 × $100 × 91/360 = $1.4054
 




 



 

Therefore,Price = $100 - $1.4054 = $98.5946
 




 



 

There are two reasons why the quoted yield on a bank discount basis is not a meaningful measure of the potential return from holding a Treasury bill. First, the measure is based on a face-value investment rather than on the actual dollar amount invested. Second, the yield is annualized according to a 360-day rather than a 365-day year, making it difficult to compare Treasury bill yields with Treasury notes and bonds, which pay interest on a 365-day basis. The use of 360 days for a year is a day count convention for most money market instruments. Despite its shortcomings as a measure of potential return, this is the method that dealers have adopted to quote Treasury bills. Many dealer quote sheets and some other reporting services provide two other yield measures that attempt to make the quoted yield comparable to that for a coupon bond and interest-bearing money market instruments—the CD equivalent yield and the bond equivalent yield.
 



 CD Equivalent Yield

 

The CD equivalent yield (also called the money market equivalent yield) makes the quoted yield on a Treasury bill more comparable to yield quotations on other money market instruments that pay interest on a 360-day basis. It does this by taking into consideration the price of the Treasury bill (i.e., the amount invested) rather than its face value. The formula for the CD equivalent yield is[image: 149]
 




To illustrate the calculation of the CD equivalent yield, once again we use the information from Bloomberg. Exhibit 5.10 presents the PX1 Governments screen. Data for the most recently issued bills and when-issued bills (WIB) appear in the box in the upper left-hand corner. The first and second columns indicate the issue and its maturity date. In the third column, there is an arrow indicating an up or down tick for the last trade. The fourth column indicates the current bid/ask rates. A bond-equivalent yield using the ask yield/price is reported in column (5) and will be explained shortly. The last column shows the change in bank discount yields based on the previous day’s closing rates as of the time posted.
 

EXHIBIT 5.10 Bloomberg PX1 Screen
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Using the data from Exhibit 5.10 for the 91-day bill that matures on May 18, 2000, the ask rate on a bank discount basis is 5.56%. The CD equivalent yield is computed as follows:[image: 151]
 






 Bond-Equivalent Yield

 

The measure that seeks to make the Treasury bill quote comparable to coupon Treasuries is the bond-equivalent yield as discussed earlier in the chapter. This yield measure makes the quoted yield on a Treasury bill more comparable to yields on Treasury notes and bonds that use an actual/actual day count convention. The calculations depend on whether the Treasury bill has 182 days or less to maturity or more than 182 days.
 


Bills with Less Than 182 Days to Maturity

 

To convert the yield on a bank discount to a bond-equivalent yield for a bill with less than 182 days to maturity, we use the following formula:[image: 152]

 where T is the actual number of days in the calendar year (i.e., 365 or 366). As an example, using the same Treasury bill with 91 days to maturity, a face value of $1,000 would be quoted at 5.56% on a bank discount basis, the bond-equivalent yield is calculated as follows:[image: 153]




This number matches the bond-equivalent yield shown in the Bloomberg screen in Exhibit 5.9. Note that we used 366 in the numerator because the year 2000 is a leap year. Second, the formula for the bond-equivalent yield presented above assumes that the current maturity of the Treasury bill in question is 182 days or less.
 


Bills with More Than 182 Days to Maturity

 

When a Treasury bill has a current maturity of more than 182 days, converting a yield on a bank discount basis into a bond-equivalent yield is more involved. Specifically, the calculation must reflect the fact that a Treasury bill is a discount instrument while a coupon Treasury delivers one coupon payment that can be reinvested.
 

In order to make this adjustment, we assume that interest is paid after six months at a rate equal to the Treasury bill’s bond-equivalent yield (BEY) and that this interest is reinvested at this rate. We can express this mathematically using the following notation:P = price of the Treasury bill 
BEY = bond-equivalent yield 
t = number of days until the bill’s maturity
 




 



 

Then,P[1 + (BEY/2)] = future value obtained by the investor if the $P (price of the Treasury bill) is invested for six months at one-half the BEY (BEY/365)[t - (365/2)][1 + (BEY/2)]P = the amount earned by the investor (on a simple interest basis) if the proceeds are reinvested at the BEY for the Treasury bill’s remaining days to maturity
 




 



 

Assuming a face value for the bill of $100, thenP[1 + (BEY/2)] + (BEY/365)[t - (365/2)][1 + (BEY/2)]P = 100
 




 



 

This expression can be written more compactly asP[1 + (BEY/2)][(1 + (BEY/2))(2T/365 - 1)] = 100
 




 



 

Expanding this expression, we obtain(2t/365 - 1)BEY2 + (4t/365)BEY + 4(1 - 100/P) = 0
 




 



 

The expression above is a quadratic equation, which is an equation which can be written in the form:ax2 + bx + c = 0
 





 which can be solved as follows:[image: 154]
 




Thus, to find the a Treasury bill’s bond-equivalent yield if its current maturity is greater than 182 days, we solve for BEY using the quadratic formula.[image: 155]
 




As an example, let’s use the Canadian 1-year bill in Exhibit 5.10 with a bank discount yield of 3.97%. The price of this bill would be 96.202 (per $100 of face value). This bill matures on December 24, 2008, so as of December 27, 2007, there would be 363 days to maturity. Since the year 2008 is a leap year, T = 366. Substituting this information in the expression above gives the bond-equivalent yield for this 1-year bill. [image: 156]
 




This agrees with the bond-equivalent yield calculated by Bloomberg as reported in Exhibit 5.10.
 





YIELD SPREAD MEASURES RELATIVE TO A SPOT RATE CURVE

 

Traditional yield spread analysis for a non-Treasury security involves calculating the difference between the risky bond’s yield and the yield on a comparable maturity benchmark Treasury security. As an illustration, let’s use a 7.45% coupon Ford Motor Credit Co. bond that matures on July 16, 2031. Bloomberg’s Yield & Spread Analysis screen (function YAS) is presented in Exhibit 5.11. The yield spreads against the benchmark U.S. Treasury yield curve appear in a box at the bottom left-hand corner of the screen. Using a settlement date of January 2, 2008, the yield spread is 607 basis points versus the 5% coupon Treasury bond with a maturity date of May 15, 2037. The yield spread is simply the difference between the yields to maturity of these two bonds (10.697% - 4.62%). This yield spread measure is referred to as the nominal spread.
 

EXHIBIT 5.11 Bloomberg Yield and Spread Analysis Screen for Ford Motor Credit Co. Bond
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 157]

The nominal spread measure has several drawbacks. For now, the most important is that the nominal spread fails to account for the term structure of spot rates for both bonds. Moreover, as we see in Chapter 7, when we discuss the valuation of bonds with embedded options (e.g., callable bonds), the nominal spread does not take into consideration the fact that expected interest rate volatility may alter the non-Treasury bond’s expected future cash flows. We focus here only on the first drawback and pose an alternative spread measure that incorporates the spot rate curve. In Chapter 7, we discuss another spread measure, the option-adjusted spread (OAS), for bonds with embedded options.
 



 Zero-Volatility Spread

 

The zero-volatility spread, also referred to as the Z-spread or static spread, is a measure of the spread that the investor would realize over the entire Treasury spot rate curve if the bond were held to maturity. Unlike the nominal spread, it is not a spread at one point on the yield curve. The Z-spread is the spread that will make the present value of the cash flows from the non-Treasury bond, when discounted at the Treasury rate plus the spread, equal to the non-Treasury bond’s market price plus accrued interest. A trial-and-error procedure is used to compute the Z-spread.
 

To illustrate how this is done, consider the following two 5-year bonds:[image: 158]
 




The nominal spread for the non-Treasury bond is 147.98 basis points. Let’s use the information presented in Exhibit 5.12 to determine the Z-spread. The third column in Exhibit 5.12 shows the cash flows for the 7% 5-year non-Treasury issue. The fourth column is a hypothetical Treasury spot rate curve that we employ in this example. The goal is to determine the spread that, when added to all the Treasury spot rates, will produce a present value for the non-Treasury bond equal to its market price of $101.9576.
 

EXHIBIT 5.12 Determination of the Z-Spread for an 7% 5-Year Non-Treasury Issue Selling at $101.9576 to Yield 6.5347%
 

[image: 159]

Suppose we select a spread of 100 basis points. To each Treasury spot rate shown in the fourth column of Exhibit 5.12, 100 basis points are added. So, for example, the 1-year (period 2) spot rate is 5.33% (4.33% plus 1%). The spot rate plus 100 basis points is used to calculate the present values as shown in the fifth column.36 The total present value in the fifth column is $104.110. Because the present value is not equal to the non-Treasury issue’s price of ($101.9576), the Z-spread is not 100 basis points. If a spread of 120 basis points is tried, it can be seen from the next-to-the-last column of Exhibit 5.12 that the present value is $103.243; again, because this is not equal to the non-Treasury issue’s price, 120 basis points is not the Z-spread. The last column of Exhibit 5.11 shows the present value when a 150 basis point spread is used. The present value of the cash flows is equal to the non-Treasury issue’s price. Accordingly, 150 basis points is the Z-spread, compared to the nominal spread of 147.98 basis points.
 

What does the Z-spread represent for this non-Treasury security? Since the Z-spread is relative to the benchmark Treasury spot rate curve, it represents a spread required by the market to compensate for all the risks of holding the non-Treasury bond versus a Treasury security with the same maturity. These risks include the non-Treasury’s credit risk, liquidity risk, and the risks associated with any embedded options.
 


Divergence Between Z-Spread and Nominal Spread

 

Generally, the divergence is a function of the term structure’s shape and the security’s characteristics. Among the relevant security characteristics are coupon rate, term to maturity, and type of principal repayment provision—nonamortizing versus amortizing. The steeper the term structure, the greater will be the divergence. For standard coupon-paying bonds with a bullet maturity (i.e., a single payment of principal), the Z-spread and the nominal spread will usually not differ significantly. For monthly-pay amortizing securities the divergence can be substantial in a steep yield curve environment.
 


Z-Spread Relative to Any Benchmark

 

A Z-spread can be calculated relative to any benchmark spot rate curve in the same manner. The question arises: what does the Z-spread mean when the benchmark is not the Treasury spot rate curve (i.e., default-free spot rate curve)? This is especially true in Europe where swaps curves are commonly used as a benchmark for pricing.37 When the Treasury spot rate curve is the benchmark, we indicated that the Z-spread for non-Treasury issues captured credit risk, liquidity risk, and any option risks. When the benchmark is the spot rate curve for the issuer, for example, the Z-spread reflects the spread attributable to the issue’s liquidity risk and any option risks.
 

Accordingly, when a Z-spread is cited, it must be cited relative to some benchmark spot rate curve. This is essential because it indicates the credit and sector risks that are being considered when the Z-spread is calculated. While in the past Z-spreads were typically calculated in the United States using Treasury securities as the benchmark interest rates, this is usually not the case today. In the markets today, the most frequently used benchmark curve is the swaps curve. As an illustration, consider the Ford bond in Exhibit 5.11. The Z-spread relative to the swaps curve is 562.6 basis points. We discuss the swaps curve in more detail in Chapter 16.
 







 CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Sources of dollar return 
Reinvestment income 
Current yield 
Yield to maturity 
Bond-equivalent yield 
Yield to call 
Total future dollars 
Total dollar return 
Reinvestment risk 
Interest rate risk 
Yield to next call 
Yield to refunding 
Yield to put 
Yield to worst 
Prepayment rate 
Prepayment speed 
Cash flow yield 
Portfolio internal rate of return 
Bank discount basis 
Yield on a bond discount basis 
CD equivalent yield (Money market equivalent yield) 
Nominal spread 
Zero volatility spread (Z spread, Static spread)
 





APPENDIX: MATHEMATICS OF THE INTERNAL RATE OF RETURN

 

The yield to maturity, yield to call, and yield to put are internal rate of return measures. Consequently, these yield measures are all calculated in the same way. In this appendix, we describe the mathematics of internal rate of return calculations.
 

Suppose (c0, c1, c2, …, cn) is a set of cash flows. Then the internal rate of return of this set of cash flows is a number y satisfying the equation0 = c0 + c1/(1 + y) + c2/(1 + y)2 + … + cn/(1 + y)n
 




 



 

Alternatively, it is a number y satisfying 1/(1 + y) = q where q satisfies the polynomial equation0 = c0 + c1q + c2q2 + … + cnqn
 




 



 

The internal rate of return is a polynomial equation in q of degree n, which generally does not have an analytic solution. It must be solved numerically. From basic algebra, we know that an equation such as this has at least one root and may have as many as n roots (i.e., “roots” meaning solutions). Some or all of these roots may be complex numbers (i.e., a number that includes a real number and an imaginary number). In our case, where there is an initial positive cash outflow followed by positive inflows and there are no other cash outlays, there is a unique positive solution. This result is courtesy of Descartes’ rule of signs.
 





QUESTIONS

 

1. An investor is considering the purchase of a 20-year, 7% coupon bond selling for $815.984 and a par value of $1,000. The yield to maturity is 9%.a. What would be the total future dollars generated if this individual invested $815.984 for 20 years earning 9% compounded semiannually?

b. What are the amount of the total coupon payments over the life of the bond?

c. Calculate the interest-on-interest component from the bond assuming that the coupon payments can be reinvested at 4.5% every six months.




2. Under what assumptions is the yield to maturity a reasonable estimate of the potential return of holding a bond?

3. Under what assumptions is the yield to call a reasonable estimate of the potential return of holding a callable bond?

4. Explain what is meant by yield to worst?

5. What are the sources of return that any yield measure should incorporate?

6. Consider the following hypothetical spot curve to two years:


 
	Maturity (years)
	Spot Rate (%)

	0.5	3.00
	1.0	3.25
	1.5	3.60
	2.0	3.90

 


 
Use these spot rates to price a 4% coupon, 2-year notes and answer the following questions.
 

a. What is the yield to maturity of the note?

b. What is the market-value-weighted yield of a portfolio of zero-coupon bonds with identical cash flows that replicates the 2-year note? Assume there is no arbitrage.

c. How should the portfolio yield be computed?




7. What are the relationships among coupon rate, current yield and yield to maturity for a premium, discount and par bond?

8. Suppose a 6-month Treasury bill is priced with a yield on a bank discount basis of 3.31%. The bill will mature in 181 days.a. Assume the face value is $1,000, what is the bill’s dollar price?

b. What is the CD-equivalent yield?

c. What is the Treasury bill’s bond equivalent yield?




9. How does the Z-spread differ from the nominal spread?

10. What are the drawbacks of using discounted margin to evaluate a floating rate security?

  




CHAPTER 6
 

Analysis of Floating Rate Securities
 

The term “floating rate security” covers several different types of securities with one common feature: the coupon rate of interest rate will vary over the instrument’s life. The rate may be based on some market interest rate (e.g., LIBOR) or a constructed interest rate (e.g., Constant Maturity Treasury rate), a noninterest rate financial benchmark or price (e.g., CPI), or it can be determined at the issuer’s discretion. Typically, floating rate securities have coupons based on a short-term money market rate or index that resets more than once a year, such as weekly, monthly, quarterly, or semiannually. Usually, the term “adjustable rate” or “variable rate” security refers to those issues with coupons based mostly on a long-term interest rate or index and reset not more than annually. In this chapter, we refer to both floating rate securities and adjustable rate securities as floating rate securities or simply floaters.
 

Our focus in this chapter is on the analysis of floating rate securities. In the first section, we describe the basic features of floaters. Next, we discuss the valuation of floaters without embedded options. In addition, we outline a framework of valuing floaters with embedded options. Most market participants use some “spread” measure to assess a floater’s relative value. These measures include spread for life, adjusted simple margin, adjusted total margin, discount margin, and option-adjusted spread. In the last section of this chapter, we explain and illustrate these measures, highlighting their limitations.
 





 GENERAL FEATURES OF FLOATERS

 

At one time it was fairly simple to describe the structure of a floater. The coupon rate was specified in terms of a simple coupon formula and there was typically a cap, and possibly a floor. In today’s capital market there is a wide range of floating rate structures. These structures have been created for issuers by financial engineers using certain derivative instruments (typically, swaps and options) combined with medium-term notes. The resulting floaters are referred to as structured notes. Also, financial engineers have created floaters in the mortgage-backed securities and asset-backed securities markets by slicing up cash flows from a pool of loans or receivables. Not surprisingly, floaters are created from a pool of loans or receivables that pay a floating rate. What is perhaps more surprising is how financial engineers have created (without the use of derivatives) floaters when the underlying loans pay a fixed rate.
 

In this section we will describe the general features of floaters: the various coupon structures, caps and floors, principal repayment features, and early redemption features.
 



 Coupon Structures

 

A floater is an instrument whose coupon rate is reset at designated dates in the future based on the value of some reference rate. The coupon rate can be determined by a coupon formula, by a schedule, or at the discretion of the issuer. We first consider floaters whose coupons are dependent upon interest rates and then we will briefly review floaters whose coupons are driven by noninterest rate indices.
 


Coupon Formula

 

The typical formula that expresses the coupon rate in terms of the reference rate isReference rate + Quoted margin
 




 



 

The quoted margin is the adjustment that the issuer agrees to make to the reference rate. For example, suppose that the reference rate is the 1-month London interbank offered rate (LIBOR) and that the quoted margin is 100 basis points. Then the coupon formula is1-month LIBOR + 100 basis points
 




 



 

So, if 1-month LIBOR on the coupon reset date is 5%, the coupon rate is reset for that period at 6% (5% plus 100 basis points).
 

The quoted margin need not be a positive value. The quoted margin could be subtracted from the reference rate. For example, the reference rate could be the yield on a 5-year Treasury security and the coupon rate could reset every six months based on the following coupon formula: 5-year Treasury yield - 90 basis points
 




 



 

The quoted margin is -90 basis points. So, if the 5-year Treasury yield is 7% on the coupon reset date, the coupon rate is 6.1% (7% minus 90 basis points).
 

Inverse Floaters Typically, the coupon formula on floaters is such that the coupon rate increases when the reference rate increases, and decreases when the reference rate decreases. There are issues whose coupon rate moves in the opposite direction from the change in the reference rate. Such issues are called inverse floaters or reverse floaters.
 

In the agency, corporate, and municipal markets inverse floaters are created as structured notes. Inverse floaters in the mortgage-backed securities market are common and are created without the use of derivatives, as discussed in Chapter 8.
 

The coupon formula for an inverse floater isK - L × (Reference rate)
 




 



 

When L is greater than 1, the security is referred to as a leveraged inverse floater.
 

For example, suppose that for a particular inverse floater K is 12% and L is 1. Then the coupon reset formula would be12% - Reference rate
 




 



 

Suppose that the reference rate is 1-month LIBOR, then the coupon formula would be12% - 1-month LIBOR
 




 



 

If in some month 1-month LIBOR at the coupon reset date is 5%, the coupon rate for the period is 7%. If in the next month 1-month LIBOR declines to 4.5%, the coupon rate increases to 7.5%.
 

Notice that if 1-month LIBOR exceeded 12%, then the coupon formula would produce a negative coupon rate. To prevent this, there is a floor imposed on the coupon rate. Typically, the floor is zero. There is a cap on the inverse floater. This occurs if 1-month LIBOR is zero. In that unlikely event, the maximum coupon rate is 12% for our hypothetical inverse floater. In general, it will be the value of K in the coupon formula for an inverse floater.
 

As an example, consider an actual inverse floater issued by NRW Bank that matures in June 2012. This issue delivers annual coupon payments according to the following formula:6% − 1-year Euribor
 




 



 

Suppose instead that the coupon formula for an inverse floater whose reference rate is 1-month LIBOR is as follows:28% - 3 × (1-month LIBOR)
 




 



 

If 1-month LIBOR at a reset date is 5%, then the coupon rate for that month is 13%. If in the next month 1-month LIBOR declines to 4%, the coupon rate increases to 16%. Thus, a decline in 1-month LIBOR of 100 basis points increases the coupon rate by 300 basis points. This is because the value for L in the coupon reset formula is 3. Assuming neither the cap nor the floor is reached, for each one basis point change in 1-month LIBOR the coupon rate changes by 3 basis points.
 

Deleveraged/Leveraged Floaters The coupon rate for a deleveraged floater is generally computed as a fraction of the reference rate plus a fixed percentage. For example, the Republic of Italy issued a floater that matures in June 2020 that delivers annual coupon payments according to the following formula:0.85 × (10-year Euro Constant Maturity Swap Rate)
 




 



 

The issue has a cap of 7% and a floor of 2%. Conversely, there are leveraged floaters such that the multiple of the reference rate is greater than one. For example, Erste Group Bank issued a floater that matures in August 2021 that pays annual coupon payments determined by the formula:1.0225 × (10-year Euro Constant Maturity Swap Rate)
 




 



 

Dual-Indexed Floaters The coupon rate for a dual-indexed floater is typically a fixed percentage plus the difference between two reference rates. Most floaters of this type are tied to some measure of the slope of the reference yield curve where the definition of the slope is defined in the coupon reset formula. For example, Eksportfinans issued a floater that matures September 2013. This issue delivers semiannual coupon payments based on the spread between 10-year and the 2-year Constant Maturity Swap Rates. Here the slope is measured by the 10-year/2-year spread.
 

Range Notes A special type of floater is a range note. For this instrument, the coupon rate is equal to or greater than the reference rate as long as the reference rate is within a certain range at the reset date. If the reference rate is outside of the range, the coupon rate is lower than the reference rate or zero for that period. The range note is a structured note.
 

For example, a 3-year range note might specify that the reference rate is 1-year LIBOR and that the coupon rate resets every year. The coupon rate for the year will be 1-year LIBOR as long as 1-year LIBOR at the coupon reset date falls within the range as specified below:[image: 160]
 




If 1-year LIBOR is outside of the range, the coupon rate is zero. For example, if in Year 1 1-year LIBOR is 5% at the coupon reset date, the coupon rate for the year is 5%. However, if 1-year LIBOR is 6%, the coupon rate for the year is zero since 1-year LIBOR is greater than the upper limit for Year 1 of 5.5%.
 

For example, Commonwealth Bank of Australia issued a floater that matures in June 2014. The issue pays coupon interest semiannually. The investor earns 7.4% for every calendar day during the 6-month period that 6-month LIBOR is between 0% and 7.5%. Interest accrues at 0% for each day 6-month LIBOR is outside this range. As a result, this range note has a floor of 0%.
 

Ratchet Bonds In 1998 a new adjustable rate structure was brought to market by the Tennessee Valley Authority. This structure, referred to as a ratchet bond, has a coupon rate that adjusts periodically at a fixed spread over a nonmoney market reference rate such as the 10-year constant maturity Treasury. However, it can only adjust downward based on a coupon formula. Once the coupon rate is adjusted down, it cannot be readjusted up even if the reference rate subsequently increases. Basically, a ratchet bond is designed to replicate the cash flow pattern generated by a series of conventional callable bonds.
 


Floaters with a Changing Quoted Margin

 

Some issues provide for a change in the quoted margin at certain intervals over a floater’s life. These issues are often referred to as stepped spread floaters because the quoted margin could either step to a higher or lower level over the security’s life. Consider as an example the Bank of Ireland floater that matures in July 2018. From issuance until July 2013, the issue delivers quarterly payments based on the coupon formula of 3-month LIBOR plus 22 basis points. From July 2013 until maturity, the quoted margin “steps up” to 72 basis points.
 

Some issues are on a max/min basis. One such example was a floater issued by J.P. Morgan that matured in June 2009. The quarterly coupon payments were determined by a formula of the maximum of the 2-, 5-, and 10-year Constant Maturity Treasury rates.
 


Reset Margin Determined at Issuer Discretion

 

There are floaters that require that the issuer reset the coupon rate so that the issue will trade at a predetermined price (typically above par). These issues are called extendible reset bonds. The coupon rate at the reset date may be the average of rates suggested by two investment banking firms. The new rate will then reflect: (1) the level of interest rates at the reset date, and (2) the margin required by market at the reset date. Notice the difference between an extendible reset bond and a typical floater that resets based on a coupon formula. For the latter, the coupon rate resets based on a known margin over some reference rate (i.e., the quoted margin). In contrast, the coupon rate on an extendible reset issue is reset based on the margin required by the market at the reset date as determined by the issuer or suggested by several investment banking firms.
 


Noninterest Rate Indexes

 

While the reference rate for most floaters is an interest rate or an interest rate index, a wide variety of reference rates appear in coupon formulas. This is particularly true for structured notes. The coupon for a floater could be indexed to movements in foreign exchange rates, the price of a commodity (e.g., crude oil), movements in an equity index (e.g., the S&P 500), or movements in a bond index (e.g., the Merrill Lynch Corporate Bond Index). In fact, through financial engineering, issuers have been able to structure floaters with almost any reference rate. Exhibit 6.1 presents a Bloomberg screen that contains examples of various types of equity-linked structured notes. This list includes both floating coupon rates and bonds with variable redemption amounts.
 

In several countries, there are government bonds whose coupon formula is tied to an inflation index. The U.S. Treasury in January 1997 began auctioning 10-year Treasury notes whose semiannual coupon interest depends on the rate of inflation as measured by the Consumer Price Index for All Urban Consumers (i.e., CPI-U). In the market, these issues are referred to as Treasury Inflation-Protection Securities (TIPS) and these securities are discussed in Chapter 14.
 

EXHIBIT 6.1 Bloomberg Screen with Examples of Various Types of Equity-Linked Structured Notes: Both Floating Coupon Rates and Bonds with Variable Redemption Amounts
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 161]



Caps and Floors

 

A floater may have a restriction on the maximum coupon rate that will be paid at any reset date. The maximum coupon rate is called a cap.38 For example, suppose for our hypothetical floater whose coupon formula is 1-month LIBOR plus 100 basis points, there is a cap of 5%. If 1-month LIBOR is 5.5% at a coupon reset date, then the coupon formula would give a value of 6.5%. However, the cap restricts the coupon rate to 6%. Thus, for our hypothetical security, once 1-month LIBOR exceeds 5%, the coupon rate is capped at 6%.
 

Because a cap restricts the coupon rate from increasing, a cap is an unattractive feature for the investor. In contrast, there could be a minimum coupon rate specified for a floater. The minimum coupon rate is called a floor. If the coupon formula produces a coupon rate that is below the floor, the floor is paid instead. Thus, a floor is an attractive feature for the investor. A floater can have both a cap and floor. This feature is referred to as a collar. There are some issues that grant the issuer the right to convert the floater into a fixed coupon rate at some time. There are also some issues referred to as drop-lock bonds, which automatically change the floating coupon rate into a fixed coupon rate under certain circumstances.
 



 Principal Repayment Features

 

A floater will either have a stated maturity date, or it may be a perpetual, also called undated, issue (i.e., it has no stated maturity date). For floaters that do mature, the issuer agrees to repay the principal by the stated maturity date. The issuer can agree to repay the entire amount borrowed in one lump sum payment at the maturity date.
 


Amortizing Securities

 

Fixed income securities backed by pools of loans (mortgage-backed securities and asset-backed securities) often have a schedule of principal repayments. Such securities are said to be amortizing securities. For many loans, the payments are structured so that when the last loan payment is made, the entire amount owed is fully paid off.
 


Indexed Amortizing Notes

 

Thus far in our description of floaters, we have explained how the coupon rate depends on the reference rate. There are notes where the coupon rate is fixed but the principal repayments are made prior to the stated maturity date based on the prevailing value for the reference rate. The principal payments are structured to accelerate when the reference rate is low. These structures are referred to as indexed amortizing notes. So, technically, while these instruments are not floaters in the sense that their coupon rate changes with a reference rate, they can be viewed as “principal floaters” in that the principal repayment floats with a reference rate.
 



 Early Redemption Features

 

Early redemption features grant the issuer and/or the investor an option to retire all or a portion of the outstanding principal prior to the stated maturity date. Below we describe these features.
 


Call and Prepayment Provisions

 

As with fixed rate issues, a floater may be callable. The call option gives the issuer of the floater the right to retire the issue prior to the stated maturity date. The advantage of the call option to the issuer is that at some time in the future either (1) the general level of interest rates may fall so that the issuer can call the issue and replace it with a fixed rate issue or (2) the required margin decreases so that the issuer can call the issue and replace it with a floater with a lower quoted margin. This right is a disadvantage to the investor in floaters since proceeds received must be reinvested at a lower interest rate or a lower margin. As a result, an issuer who wants to include this right as part of a floater offering must compensate investors by offering a higher quoted margin.
 

Unlike conventional fixed rate issues, many have call features that permit the issuer to redeem the bonds only on specific dates, often the date on which the holder may put the bond. Others have fairly standard call features. Only a few of the issues have sinking funds requiring the periodic retirement of a portion of the issue.
 

For amortizing securities that are backed by loans and have a schedule of principal repayments, individual borrowers typically have the option to pay off all or part of their loan prior to the scheduled date. Any principal repayment prior to the scheduled date is called a prepayment. The right of borrowers to prepay is called the prepayment option. Basically, the prepayment option is the same as a call option. However, unlike a call option, there is not a call price that depends on when the borrower pays off the issue. Typically, the price at which a loan is prepaid is at par value.
 


Put Provision

 

An issue with a put provision included in the indenture grants the security holder the right to sell the issue back to the issuer at a specified price on designated dates. The specified price is called the put price. The put feature in floaters varies. Some issues permit the holder to require the issuer to redeem the issue on any interest payment date. Others allow the put to be exercised only when the coupon is reset. In cases of extendible notes where the new terms, including the coupon and the interest period are reset only every few years, the put may be exercised only on those dates. The time required for prior notification to the issuer or its agent varies from as few as four days to as much as a couple of months.
 

The advantage of the put provision to the holder of the floater is that if after the issue date the margin required by the market for the issue to trade at par rises above the issue’s quoted margin, the investor can force the issuer to redeem the floater at the put price and then reinvest the proceeds in a floater with a higher quoted margin.
 





VALUING A RISKY FLOATER

 

We begin our valuation discussion with the simplest possible case—a default risk-free floater with no embedded options. Suppose the floater pays cash flows quarterly and the coupon formula is 3-month LIBOR flat. The coupon reset and payment dates are assumed to coincide. Under these idealized circumstances, the floater’s price will always equal par on the coupon reset dates. This result holds because the floater’s new coupon rate is always reset to reflect the current market rate (e.g., 3-month LIBOR). Accordingly, on each coupon reset date, any change in interest rates (via the reference rate) is also reflected in the size of the floater’s coupon payment.
 

The discussion is easily expanded to include risky floaters (e.g., corporate floaters) without a call feature or other embedded options. We will illustrate the valuation of a hypothetical risky floater with a noncallable floating rate note issued by WTF Inc. that matures June 2013. This floater delivers cash flows quarterly employing a coupon formula equal to 3-month LIBOR plus 15 basis points and does not possess a cap or a floor. As before, the coupon reset and payment dates are assumed to be the same. This floater pays a spread of 15 basis points above the reference rate (i.e., the quoted margin) to compensate the investor for the risks (e.g., default, liquidity, etc.) associated with this security. The quoted margin is established on the floater’s issue date and is fixed to maturity. If the market’s evaluation of the risk of holding the floater does not change, the risky floater will be repriced to par on each coupon reset date just as with the default-free floater. This result holds as long as the issuer’s risk can be characterized by a constant markup over the risk-free rate.39
 

The more likely scenario, however, is that the market’s perception of the security’s risk will change over time. A perceived change in the floater’s risk manifests itself in a divergence between the quoted margin (which is fixed at issue) and the spread the market requires for bearing the security’s risks—henceforth, the required margin. When this divergence occurs, the risky floater will not be repriced to par on the coupon reset date. If the required margin increases (decreases) relative to the quoted margin, the floater will be repriced at a discount (premium) to par value.
 

Intuitively, the pricing expression for a risky floater can be thought of as possessing two components: (1) a floater whose quoted margin and required margin are the same and (2) a differential risk annuity that delivers payments equal to the difference between the quoted margin and the required margin multiplied by the par value. Note it is the differential risk annuity that causes the floater’s price to deviate from par on a coupon reset date. Specifically, if the required margin is above (below) the quoted margin, then the differential risk annuity will deliver negative (positive) cash flows and the floater’s price will be reset at a discount (premium) to its par value.
 

We will illustrate this process using the WTF floater. For ease of exposition, we will invoke some simplifying assumptions. First, the issue will be priced on a coupon reset date. Second, although this floater has an ACT/360 day-count convention, for simplicity we will assume that each quarter has 91 days. Third, we will assume initially that the LIBOR yield curve is flat such that all implied 3-month LIBOR forward rates are the same.40 Note the same principles apply with equal force when these assumptions are relaxed.
 

Let’s value the WTF floater on June 24, 2009. We know this floater’s coupon rate is equal to 3-month plus 15 basis points and delivers cash flows quarterly. Since this floater matures on June 24, 2013, there are 16 coupon payments remaining. Assume that 3-month LIBOR is 5% and will remain at that level until the floater’s maturity. Finally, suppose the required margin is also 15 basis points so the quoted margin and the required margin are the same. Exhibit 6.2 illustrates the valuation process.
 

The first column in Exhibit 6.2 simply lists the quarterly periods. Next, column (2) lists the number of days in each quarterly coupon period assumed to be 91 days. Column (3) indicates the assumed current value of 3-month LIBOR. In period 0, 3-month LIBOR is the current 3-month spot rate. In periods 1 through 16, these rates are implied 3-month LIBOR forward rates derived from the current LIBOR yield curve.41 For ease of exposition, we will call these rates forward rates. Recall for a floater, the coupon rate is set at the beginning of the period and paid at the end. For example, the coupon rate in the first period depends on the value of 3-month LIBOR at period 0 plus the quoted margin. In this first illustration, 3-month LIBOR is assumed to remain constant at 5%. Column (4) is the quoted margin of 15 basis points and remains fixed to maturity.
 

The cash flow is found by multiplying the coupon rate and the maturity value (assumed to be 100). However, the coupon rate (the forward rate in the previous period plus the quoted margin) must be adjusted for the number of days in the quarterly payment period. The formula to do so is EXHIBIT 6.2 Valuing a Risk Floater When the Market’s Required Margin Equals the Quoted Margina
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In addition to the projected cash flow, in period 16 the investor receives the maturity value of 100. The projected cash flows of the WTF floater are shown in Column (5).
 

It is from the assumed values of 3-month LIBOR (i.e., the current spot rate and the implied forward rates) and the required margin in Column (6) that the discount rate that will be used to determine the present value of the cash flows will be calculated. The discount factor is found as follows:42
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The discount factors are shown in Column (7).
 

Finally, Column (8) is the present value of each of the cash flows and is computed by taking the product of the cash flow in Column (5) and the discount factor in Column (7). The floater’s value is the sum of these present values and appears at the bottom of Column (8). Thus, a floater whose quoted margin and market’s required margin are the same trades at par.
 

It is important to stress that this result holds regardless of the path 3-month LIBOR takes in the future. To see this, we replicate the process described in Exhibit 6.2 once again with one important exception. Rather than remaining constant, we assume that 3-month LIBOR forward rates increase by 1 basis point per quarter until the floater’s maturity. These calculations are displayed in Exhibit 6.3. As before, the present value of the floater’s projected cash flows is 100. When the market’s required margin equals the quoted margin, any increase/decrease in the floater’s projected cash flows will result in an offsetting increase/decrease in the floater’s discount factors leaving the total present value of the cash flow equal to par.
 

Now let’s consider the case when the required margin does not equal the quoted margin. A risky floater can be separated into two components.43 Namely, a floater selling at par (i.e., the required margin equals the floater’s quoted margin) and a “differential risk annuity” that causes the floater to deviate from par. A differential risk annuity is a series of constant payments (until a floater’s maturity date) equal to the difference between the quoted margin and the required margin multiplied by the par value. A position in a risky floater can be described as a long position in a par floater and a long (short) position in a differential risk annuity. A long (short) position in the differential risk annuity indicates that the required margin has decreased (increased) since the floater’s issue date. Accordingly, the price of a risky floater is equal to par plus the present value of the differential risk annuity when the required margin and the quoted margin are not the same.
 

To illustrate, we value the same WTF floater assuming that the required margin is now 20 basis points. For this to occur, some dimension of the floater’s risk must have increased since the floater’s issuance. Now in order to be reset to par, the WTF floater would hypothetically have to possess a coupon rate equal to 3-month LIBOR plus 20 basis points. Since the quoted margin is fixed, the floater’s price must fall to reflect the market’s perceived increase in the security’s risk.
 

EXHIBIT 6.3 Valuing a Risk Floater When the Market’s Required Margin Equals the Quoted Margina
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Exhibit 6.4 illustrates the calculation. Once again for simplicity, we assume that 3-month LIBOR remains unchanged at 5% and there are 91 days in each coupon period. Since a risky floater can be thought of as par plus the differential risk annuity, all that is necessary is to take the present value of the annuity. Each annuity payment is computed as follows:[image: 166]
 




The quoted margin and required margin are in Columns (4) and (5), respectively. These cash flows are contained in Column (6). The discount factors are computed as described previously with the exception of the larger required margin. The discount factors appear in Column (7). The present value of each cash flow is in Column (8) and is just the product of the cash flow (Column (6)) and its corresponding discount factor (Column (7)). The present value of the differential risk annuity is -0.1813 and is shown at the bottom of Column (8).
 

EXHIBIT 6.4 Valuing the Differential Risk Annuity When the Market’s Required Margin is Greater Than the Quoted Margina
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Once the present value of the differential risk annuity is determined, the price of the risky WTF floater is simply the sum of 100 (price of the floater per $100 of par value when the quoted margin and required margin are the same) and the present value of the differential risk annuity. In our example,Price of risky floater = 100 + (-0.1813) = 99.8187
 




 



 

EXHIBIT 6.5 Valuing the Differential Risk Annuity When the Market’s Required Margin is Less Than the Quoted Margina
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When the required margin exceeds the quoted margin, the floater will be priced at a discount to par value. However, the size of the discount will depend on the assumed path 3-month LIBOR will take in the future.44
 

The next illustration takes up the case when the required margin is less than the quoted margin. For example, we will value the WTF floater assuming the required margin is now 10 basis points and everything else is assumed to remain the same. Exhibit 6.5 presents the calculation of the differential risk annuity. Note the difference between the quoted margin (Column (4)) and the required margin (Column (5)) is positive and therefore produces a positive annuity payment (Column (6)). The discount factors (Column (7)) are computed as previously described except for the lower required margin. The present values of the differential risk annuity payments appear in Column (8) and their total appears at the bottom of the column.
 

In this instance, the price of the WTF floater is given byPrice of risky floater = 100 + 0.1817 = 100.1817
 




 



 

When the required margin is less than the quoted margin, the floater will be priced at a premium to par value. Note, the size of the premium is also interest rate path dependent.
 





VALUATION OF FLOATERS WITH EMBEDDED OPTIONS

 

Given the underlying principles and concepts in the valuation process explained in Chapters 4 and 7, we turn our attention to the valuation of risky floaters with embedded options. As noted in Chapter 7, once recognition is given to an embedded option, a valuation model that incorporates the volatility of interest rates must be adopted. The lattice model (e.g., binomial tree) developed in Chapter 7 can be extended to floaters with embedded options (e.g., capped floater, range note, etc.). Recall, a lattice model permits interest rates to change each period based on a volatility assumption. Employing a lattice model to value floaters with embedded options involves adjusting the coupon rate at each node based on movements of the reference rate contained the coupon formula and whether or not the embedded options are in-the-money.45
 





 MARGIN MEASURES

 

There are several yield spread measures or margins that are routinely used to evaluate floaters. The four margins commonly used are spread for life, adjusted simple margin, adjusted total margin, and discount margin. We will illustrate the calculations of these margins with a floating rate note issued by ABN Amro Bank that matures on October 30, 2021. This issue has a cap of 5% and a coupon formula equal to Euribor 10-year Constant Maturity Swap rate. Coupon payments are annual. The Yield Analysis screen (YA) from Bloomberg is presented in Exhibit 6.6. We will illustrate the calculation of each of the four margin measures in turn.
 

EXHIBIT 6.6 Bloomberg’s Yield Analysis Screen
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
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 Spread for Life

 

When a floater is selling at a premium/discount to par, a potential buyer of a floater will consider the premium or discount as an additional source of dollar return. Spread for life (also called simple margin) is a measure of potential return that accounts for the accretion (amortization) of the discount (premium) as well as the constant index spread over the security’s remaining life. Spread for life is calculated using the following formula:(6.1)
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 where P is the market price (per $100 of par value) and Maturity is in years using the appropriate day-count convention. The quoted margin is measured in basis points.


To illustrate this calculation, the ABN Amro floater has a current coupon of 3.72% and 11 years until maturity using an ACT/360 day count convention. Although there is no current market quote available for this floater as indicated by the words “NOT PRICED” at the top center of the screen, we will use the Bloomberg default price of 99.99 for the current market price P. The simple margin is calculated as follows[image: 171]
 




At the bottom of the YA screen in Exhibit 6.6 is a box labeled “MARGINS.” The ABN Amro floater’s spread for life is 20.087. The very slight difference between our calculation and Bloomberg’s is likely due to rounding error.
 

Note also that spread for life considers only the accretion/amortization of the discount/premium over the floater’s remaining term to maturity and considers neither the level of the coupon rate nor the time value of money.
 



 Adjusted Simple Margin

 

The adjusted simple margin (also called effective margin) is an adjustment to spread for life. This adjustment accounts for a one-time cost of carry effect when a floater is purchased with borrowed funds. Suppose a security dealer has purchased $10 million of a particular floater. Naturally, the dealer has a number of alternative ways to finance the position—borrowing from a bank, repurchase agreement, etc. Regardless of the method selected, the dealer must make a one-time adjustment to the floater price to account for the cost of carry from the settlement date to the next coupon reset date. Given a particular financing rate, a carry-adjusted forward price can be determined as of the next coupon reset date. Once the carry-adjusted price is determined, the floater’s adjusted price is simply the carry-adjusted price discounted to the settlement date by the reference rate. As before, the reference rate is assumed to remain constant until maturity. Note the cost of carry adjustment is simply an adjustment to the purchase price of the floater. If the cost of carry is positive (negative), the purchase price will be adjusted downward (upward). A floater’s adjusted price is calculated as below:(6.2)
 

[image: 172]

 whereCoupon rate = current coupon rate of the floater (in decimal) 
P = market price (per $100 of par value) 
AI = accrued interest (per $100 of par value) 
rf = financing rate (e.g., the repo rate) (in decimal)
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To illustrate this calculation, we revisit the ABN Amro floater. The following information is taken from the YA screen in Exhibit 6.6. The market price of 99.99 is taken from the “PRICES” box on the left-hand side of the screen. For the coupon rate, we use 0.0372 (in decimal), which is located under “FIX RATE.” The accrued interest is 0.888667 (per $100 of par value). Under “INPUTS”, we find the repo rate (0.03454) to the next coupon reset date. There are 277 days between the settlement date (1/26/10) and the next coupon reset date (10/30/10) and the day count is ACT/360. Given this information, w = 277/360 or 0.76944. Lastly, the assumed value of the reference rate until maturity (rravg) is simply the current value of the reference rate, which is 0.03454 (in decimal) and is labeled “ASSUMED INDEX” under the “INPUTS” section.[image: 174]
 




The adjusted price as computed by Bloomberg is 99.81337 and is found under “PRICES.”
 

Once the adjusted price is determined, the adjusted simple margin is computed using the formula below.[image: 175]

 where PA is the adjusted price, Maturity is measured in years using the appropriate day-count convention, and Quoted margin is measured in basis points.


To compute the adjusted simple margin for the ABN Amro floater, we gather the following information from Exhibit 6.6. We use the adjusted price of 99.81337 for PA. The quoted margin of 45 basis points is obtained from the “INPUTS” box. Plugging this information into equation (6.5), we obtain the adjusted simple margin.[image: 176]
 




The adjusted simple margin from Bloomberg is 21.62, which is also located in the “MARGINS” box at the bottom of Exhibit 6.6.
 



 Adjusted Total Margin

 

The adjusted total margin (also called total adjusted margin) adds one additional refinement to the adjusted simple margin. Specifically, the adjusted total margin is the adjusted simple margin plus the interest earned by investing the difference between the floater’s par value and the adjusted price.46 The current value of the reference rate (i.e., the assumed index) is assumed to be the investment rate. The adjusted total margin is calculated using the following expression:[image: 177]
 




The notation used is the same as given above.
 

For the ABN Amro floater we used in previous illustrations, the adjusted total margin is[image: 178]
 




In Exhibit 6.6, Bloomberg’s adjusted total margin is 22.25, which is obtained from the “MARGINS” box.
 



Discount Margin

 

One common method of measuring potential return that employs discounted cash flows is discount margin. This measure indicates the average spread or margin over the reference rate the investor can expect to earn over the security’s life given a particular assumption of the path the reference rate will take to maturity. The assumption that the future levels of the reference rate are equal to today’s level is the usual assumption. The procedure for calculating the discount margin is as follows:Step 1. Determine the cash flows assuming that the reference rate does not change over the security’s life.
 

Step 2. Select a margin.
 

 


 
Step 3. Discount the cash flows found in Step 1 by the current value of the reference rate plus the margin selected in Step 2.
 

 

 
Step 4. Compare the present value of the cash flows as calculated in Step 3 to the price. If the present value is equal to the security’s price, the discount margin is the margin assumed in Step 2. If the present value is not equal to the security’s price, go back to Step 2 and select a different margin.
 








For a security selling at par, the discount margin is simply the quoted margin.
 

For example, suppose that a 6-year floater selling for $99.3098 pays the reference rate plus a quoted margin of 80 basis points. The coupon resets every 6 months. Assume that the current value of the reference rate is 10%.
 

Exhibit 6.7 presents the calculation of the discount margin for this security. Each period in the security’s life is enumerated in Column (1), while Column (2) shows the current value of the reference rate.47 Column (3) sets forth the security’s cash flows. For the first 11 periods, the cash flow is equal to the reference rate (10%) plus the quoted margin of 80 basis points multiplied by 100 and then divided by 2. In last 6-month period, the cash flow is $105.40—the final coupon payment of $5.40 plus the maturity value of $100. Different assumed margins appear at the top of the last five columns. The rows below the assumed margin indicate the present value of each period’s cash flow for that particular value of assumed margin. Finally, the last row gives the total present value of the cash flows for each assumed margin.
 

For the five assumed margins, the present value of the cash flows is equal to the floater’s price ($99.3098) when the assumed margin is 96 basis points. Accordingly, the discount margin on a semiannual basis is 48 basis points and correspondingly 96 basis points on an annual basis. (Notice that the discount margin is 80 basis points (i.e., the quoted margin) when the floater is selling at par.)
 

Now that we have a sense about how to calculate discount margin, let’s return to our ABN Amro floater in Exhibit 6.6. The floater is trading at 99.99 with a coupon rate of 3.72% as of the last coupon reset date, 10/30/09. Accrued interest on this floater from the last coupon date (10/30/09) to the settlement date (1/26/10) is 0.3179 (per $100 of par value), which appears in the box in the middle of the screen. Given this information, we know the floater’s full price (i.e., flat price plus accrued interest) is 100.878667 (per $100 of par value). In the box labeled “MARGINS” at the bottom of the screen, we see that the discount margin is 20.369 basis points. Accordingly, if we discount the floater’s remaining annual cash flows using an annual discount of 3.65485% (i.e., the reference rate plus the discount margin), we should recover the floater’s full price of 100.878667 (per $100 of par value).
 

EXHIBIT 6.7 Calculation of the Discount Margin for a Floater
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There are several drawbacks of the discount margin as a measure of potential return from holding a floater. First and most obvious, the measure assumes the reference rate will not change over the security’s life. Second, the price of a floater for a given discount margin is sensitive to the path that the reference rate takes in the future except in the special case when the discount margin equals the quoted margin.
 

To see the significance of the second drawback, it is useful to partition the value of an option-free floater into two parts: (1) the present value of the security’s cash flows (i.e., coupon payments and maturity value) if the discount margin equals the quoted margin and (2) the present value of an annuity, which pays the difference between the quoted margin and the discount margin multiplied by 100 and divided by the number of periods per year.[image: 180]

 whereP = price of the floater (per $100 of par value) 
qm = quoted margin 
dm = discount margin 
yi = assumed value of the reference rate in period i 
n = number of periods until maturity 
m = number of periods per year
 




 




In this framework, one can easily see as before that if the quoted margin is equal to the discount margin, the second term is zero and the floater will be valued at par. If the index spread is greater than (less than) the discount margin, the second term is positive (negative) and the floater will be valued at a premium (discount).
 

This framework is also quite useful for addressing the question: for a given discount margin, how does the present value of the floater’s cash flows change given different assumptions about how the reference rate is expected to change in the future?48 Consider a floater that pays interest semiannually with the following characteristics:Maturity = 3 years 
Coupon rate = 6-month LIBOR + 50 basis points 
Maturity value = $100
 




 



 

For ease of exposition, assume that we value the security on its coupon anniversary date. Let’s consider two paths that 6-month LIBOR can take in the next three years. In the first path, we assume that 6-month LIBOR will remain unchanged at say, 5.25%. In the second path, we assume that 6-month LIBOR will increase by 10 basis points each period for the next three years (i.e., 5.25%, 5.35%, 5.45%, 5.55%, 5.65%, 5.75%). Finally, we will value the floater assuming three different values (in basis points) for the discount margin: 0, 50 and 100. The values for the floaters associated with each discount margin and under each interest rate path are given in Exhibit 6.8.
 

EXHIBIT 6.8 Bond Values Assuming Different Discounted Margins and Alternative Interest Rate Paths
 




 
		Assumed Interest Rate Path

	Discounted Margin
	6-Month LIBOR Remains Constant at 5.25%
	6-Month LIBOR Increases 10 bps Each Period

	100	98.6512	98.6549
	50	100.0000	100.0000
	0	101.3713	101.3676

 


 
There are several implications that we can draw from the results in Exhibit 6.8. First, as discussed previously, when the discount margin equals the quoted margin, the value of the floater equals 100 regardless of the assumed interest rate path. This result holds because any change in the discount rate is exactly offset by a corresponding increase/decrease in the coupon. In other words, the second term in equation (6.6)(6.7)
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 is always equal to zero so the security will sell at par. However, when the discount margin differs from the quoted margin, the present value of the security’s cash flows will depend on the assumed interest rate path.


For example, suppose the reference rate is expected to increase as in Exhibit 6.7. What happens to the size of the discount/premium of a floater? When the discount margin is less than the quoted margin, the second term in equation (6.6) will be smaller because the cash flows are growing at a slower rate than the discount rate. If this occurs, the security will have a smaller premium than under the assumption of an unchanged reference rate. Conversely, when the discount margin is larger than the quoted margin, the effect is reversed. A smaller discount and a higher price will result owing to the fact that the cash flows are growing at a faster rate than the discount rate. These effects are even more pronounced as the term to maturity increases. This illustration clearly demonstrates that the discount margin possesses an important shortcoming as a measure of relative value.
 



 Option-Adjusted Spread

 

The spread measures discussed thus far fail to recognize any embedded options that may be present in a floater. A spread measure that takes into account embedded options is called an option-adjusted spread. Here is how it is computed.
 

We described earlier how to value a floater with an embedded option. In the binomial tree, the cash flows at any node are discounted at the appropriate rate on the binomial tree. The product of the valuation model is the theoretical value of the floater. The option-adjusted spread (OAS) enters the picture when we compare the security’s theoretical value to the market price. Because of perceived differences in risk (default, liquidity, etc.) between the security being valued and the on-the-run benchmark securities used to construct the binomial tree, the theoretical value will usually differ from the market price. Suppose we are valuing a floater, which is less liquid than the on-the-run benchmark securities. As a result, the floater’s theoretical value (which ignores the difference in liquidity) is higher than its market price. We conclude the discount rates from the binomial tree used to determine the floater’s theoretical value are “too low.” The option-adjusted spread is the spread that is added to each discount rate in the tree so that the valuation model produces a value equal to the market price. The reason why the spread is “option adjusted” is because the cash flows shown in the binomial tree are those that result after they are adjusted for any embedded options. For example, if the floater has a cap, the cash flows in the binomial tree take into account the cap.
 

The interpretation of the option-adjusted spread depends on what the benchmark is. Sometimes the on-the-run yield curve employed is that of the issuer. Thus, the option-adjusted spread is the additional spread over the spot rates for the issuer after adjusting for the embedded options. Many times, however, the Treasury on-the-run yield curve is used to generate the binomial tree. In that case, the option-adjusted spread is the spread over the Treasury spot rate curve after adjusting for the embedded options. In fact, some vendors allow the user to generate a tree based on the LIBOR yield curve. When the LIBOR yield curve is the benchmark, the OAS is the spread over that curve after adjusting for the floater’s embedded options. Some market participants prefer to use the LIBOR yield curve because they are interested in the spread over their LIBOR-based funding costs.
 

Despite its widespread use, the OAS has a number of limitations, which we discussed in Chapter 7.
 







CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Floaters 
Structured notes 
Quoted margin 
Inverse (reverse) floaters 
Leveraged inverse floaters 
Ratchet bond 
Stepped spread floaters 
Extendible reset bonds 
Treasury Inflation-Protection Securities 
Cap 
Floor 
Collar 
Drop-lock bonds 
Amortizing securities 
Indexed amortizing notes 
Prepayment option 
Put provision 
Required margin 
Differential risk annuity 
Spread for life (simple margin) 
Adjusted simple margin (effective margin) 
Adjusted total margin (total adjusted margin) 
Discount margin 
Option-adjusted spread
 





QUESTIONS

 

1. What is the basic coupon rate formula for an option-free floater and explain each component of the formula?

2. What is the relative exposure to interest rate risk of a floater versus an inverse floater?

3. The coupon formula for an inverse floater whose reference rate is 6-month LIBOR is as follows:24% - 2.75 × (6-month LIBOR + 25 basis points)
 

If 6-month LIBOR changes by 100 basis points, then what is the impact on the coupon rate for the inverse floater?
 




4. What is meant by a cap and floor?

5. What is the impact on interest rate risk of including a cap and/or floor in the coupon structure?

6. Explain how an “index amortizing note” works?

7. The pricing expression for a risky floater can be thought of as possessing two components. Explain.

8. Explain whether you agree or disagree with the following statement: “A floater whose quoted margin equals the market’s required margin trades at par regardless of the path the reference rate takes in the future.”

9. Consider a floater whose coupon formula is 3-month LIBOR plus 45 basis points and delivers coupon payments quarterly. The flat price of the floater is 99.99 and the floater has 345 days until maturity. What is the spread for life?

10. What are the drawbacks of using discounted margin to evaluate a floating rate security?

11. Consider the following floater:Maturity= 6 years
 

Coupon rate = reference rate plus 80 basis point resets every six months Maturity value = $100
 

Market price = $99.1381
 

Reference rate = 10%
 

Using an Excel spreadsheet, calculate the discount margin.
 




  




CHAPTER 7
 

Valuation of Bonds with Embedded Options
 

In Chapter 4, we discussed the valuation of option-free bonds. These are bonds where neither the issuer nor the investor has the option to alter a bond’s cash flows. In this chapter we will explain how to value bonds with embedded options.
 





 OVERVIEW OF THE VALUATION OF BONDS WITH EMBEDDED OPTIONS

 

To develop an analytical framework for valuing a bond with an embedded option, it is necessary to decompose a bond into its component parts. Consider, for example, the most common bond with an embedded option, a callable bond. A callable bond is a bond in which the bondholder has sold the issuer an option (more specifically, a call option) that allows the issuer to repurchase the contractual cash flows of the bond from the time of the bond’s first call date until the maturity date.
 

Consider the following two bonds: (1) a callable bond with an 8% coupon, 20 years to maturity, and callable in five years at 104 and (2) a 10-year 9% coupon bond callable immediately at par. For the first bond, the bondholder owns a 5-year option-free bond and has sold a call option granting the issuer the right to call away from the bondholder 15 years of cash flows five years from now for a price of 104. The investor who owns the second bond has a 10-year option-free bond and has sold a call option granting the issuer the right to immediately call the entire 10-year contractual cash flows, or any cash flows remaining at the time the issue is called, for 100.
 

Effectively, the owner of a callable bond is entering into two separate transactions. First, the investor buys an option-free bond from the issuer for which he pays some price. Then, the investor sells the issuer a call option for which he or she receives the option price. Therefore, we can summarize the position of a callable bondholder as follows:Long a callable bond = Long an option-free bond + Sold a call option
 




 



 

In terms of value, the value of a callable bond is therefore equal to the value of the two component parts. That is,Value of a callable bond = Value of an option-free bond - Value of a call option
 




 



 

The reason the call option’s value is subtracted from the value of the option-free bond is that when the bondholder sells a call option, he or she receives the option price. Actually, the position is more complicated than we just described. The issuer may be entitled to call the bond at the first call date and anytime thereafter, or at the first call date and any subsequent coupon anniversary date. Thus the investor has effectively sold an American-type call option to the issuer, but the call price may vary with the date the call option is exercised. This is because the call schedule for a bond may have a different call price depending on the call date. Moreover, the underlying bond for the call option is the remaining coupon payments that would have been made by the issuer had the bond not been called. For exposition purposes, it is easier to understand the principles associated with the investment characteristics of callable bonds by describing the investor’s position as long an option-free bond and short a call option.
 

The same logic applies to putable bonds. In the case of a putable bond, the bondholder has the right to sell the bond to the issuer at a designated price and time. A putable bond can be broken into two separate transactions. First, the investor buys an option-free bond. Second, the investor buys a put option from the issuer that allows the investor to sell the bond to the issuer. Therefore, the position of a putable bondholder can be described as:Long a putable bond = Long an option-free bond + Long a put option
 




 



 

In terms of value,Value of a putable bond = Value of an option-free bond + Value of a put option
 




 



 





 OPTION-ADJUSTED SPREAD AND OPTION COST

 

Before presenting the valuation models, we discuss two measures that are derived from a valuation model—option-adjusted spread and option cost.
 



 Option-Adjusted Spread

 

What an investor seeks to do is to buy a security whose value is greater than its price. A valuation model such as the two described later in this chapter allows an investor to estimate the theoretical value of a security, which at this point would be sufficient to determine the fairness of the price of the security. That is, the investor can say that this bond is 1 point cheap or 2 points cheap, and so on.
 

A valuation model need not stop here, however. Instead, it can convert the divergence between the security’s price observed in the market and the theoretical value derived from the model into a yield spread measure. This step is necessary because many market participants find it more convenient to think in terms of yield spread than price differences.
 

The option-adjusted spread (OAS) was developed as a yield spread measure to convert dollar differences between value and price. Thus, basically, the OAS is used to reconcile value with market price. But what is it a “spread” over? As we shall see when we describe the two valuation methodologies, the OAS is a spread over some benchmark curve. The benchmark curve itself is not a single curve, but a series of curves that allow for changes in interest rates.
 

The reason that the resulting spread is referred to as “option-adjusted” is because the cash flows of the security whose value we seek are adjusted to reflect any embedded options. In contrast, as explained in Chapter 5, the zero-volatility spread (or static spread) does not consider how the cash flows will change when interest rates change in the future. That is, the zero-volatility spread assumes that interest rate volatility is zero.
 

While the product of a valuation model is the OAS, the process can be worked in reverse. For a specified OAS, the valuation model can determine the theoretical value of the security that is consistent with that OAS. This is depicted in Exhibit 7.1.
 



 Option Cost

 

The implied cost of the option embedded in any security can be obtained by calculating the difference between the OAS at the assumed volatility of interest rates and the zero-volatility spread. That is,Option cost = Zero-volatility spread - Option-adjusted spread
 




 



 

The reason that the option cost is measured in this way is as follows. In an environment of no interest rate changes, the investor would earn the zero-volatility spread. When future interest rates are uncertain, the spread is dif-ferent because of the embedded option; the OAS reflects the spread after adjusting for this option. Therefore, the option cost is the difference between the spread that would be earned in a static interest rate environment (the zero-volatility spread) and the spread after adjusting for the option (the OAS).
 

EXHIBIT 7.1 Bond Valuation Models
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For callable bonds and mortgage passthrough securities, the option cost is positive. This is because the borrower’s ability to alter the cash flow will result in an OAS that is less than the zero-volatility spread. In the case of a putable bond, the OAS is greater than the zero-volatility spread so that the option cost is negative. This occurs because of the investor’s ability to alter the cash flow.
 

In general, when the option cost is positive, this means that the investor has sold or is short an option. This is true for callable bonds and mortgage passthrough securities. A negative value for the option cost means that the investor has purchased or is long an option. A putable bond is an example of a security with a negative option cost. There are certain securities in the mortgage-backed securities market that also have an option cost that is negative.
 

While the option cost as described above is measured in basis points, it can be translated into a dollar price.
 





 LATTICE MODEL

 

There are several models that have been proposed to value bonds with embedded options. Of interest to us are those models that provide an “arbitrage-free value” for a security. In Chapter 2, we saw that an arbitrage-free value for an option-free bond was obtained by first generating the spot rates (or forward rates). The spot rates are the rates that would produce a value for each on-the-run Treasury issue that is equal to its observed market price. In developing the interest rates that should be used to value a bond with an embedded option, the same principle applies. That is, no matter how complex the valuation model, when each on-the-run Treasury issue is valued using the model, the value produced should be equal to the on-the-run issue’s market price. This is because it is assumed that the on-the-run issues are fairly priced.
 

The first complication in building a model to value bonds with embedded options is that the future cash flows will depend on what happens to interest rates in the future. This means that future interest rates must be considered. This is incorporated into a valuation model by considering how interest rates can change based on some assumed interest rate volatility. In Chapter 17 we will explain what interest rate volatility is and how it is estimated. Given the assumed interest rate volatility, an interest rate “tree” representing possible future interest rates consistent with the volatility assumption can be constructed. Since the interest rate tree looks like a lattice, these valuation models are commonly referred to as lattice models. It is from the interest rate tree (or lattice) that two important elements in the valuation process are obtained. First, the interest rates on the tree are used to generate the cash flows taking into account the embedded option. Second, the interest rates on the tree are used to compute the present value of the cash flows.
 

For a given interest rate volatility, there are several interest rate models that have been used in practice to construct an interest rate tree. An interest rate model is a probabilistic description of how interest rates can change over the life of the bond. An interest rate model does this by making an assumption about the relationship between the level of short-term interest rates and the interest rate volatility as measured by the standard deviation. A discussion of the various interest rate models that have been suggested in the finance literature and that are used by practitioners in developing valuation models is beyond the scope of this chapter. What is important to understand is that the interest rate models commonly used are based on how short-term interest rates can evolve (i.e., change) over time. Consequently, these interest rate models are referred to as one-factor models, where “factor” means only one interest rate is being modeled over time. More complex models consider how more than one interest rate changes over time. For example, an interest rate model can specify how the short-term interest rate and the long-term interest rate can change over time. Such a model is called a two-factor model.
 

Given an interest rate model and an interest rate volatility assumption, it can be assumed that interest rates can realize one of two possible rates in the next period. A valuation model that makes this assumption in creating an interest rate tree is called a binomial lattice model, or simply binomial model. There are valuation models that assume that interest rates can take on three possible rates in the next period and these models are called trinomial lattice models, or simply trinomial models. There are even more complex models that assume in creating an interest rate tree that more than three possible rates in the next period can be realized. Regardless of the assumption about how many possible rates can be realized in the next period, the interest rate tree generated must produce a value for the on-the-run Treasury issue that is equal to its observed market price—that is, it must produce an arbitrage-free value. Moreover, the intuition and the methodology for using the interest rate tree (i.e., the backward induction methodology described later) are the same.
 

Once an interest rate tree is generated that (1) is consistent with both the interest rate volatility assumption and the interest rate model, and (2) generates the observed market price for each on-the-run issue, the next step is to use the interest rate tree to value a bond with an embedded option. The complexity here is that a set of rules must be introduced to determine, for any period, when the embedded option will be exercised. For a callable bond, these rules are called the “call rules.” The rules vary from model builder to model builder.
 

At this stage, all of this sounds terribly complicated. While the building of a model to value bonds with embedded options is more complex than building a model to value option-free bonds, the basic principles are the same. In the case of valuing an option-free bond, the model that is built is simply a set of spot rates that are used to value cash flows. The spot rates will produce an arbitrage-free value. For a model to value a bond with embedded options, the interest rate tree is used to value future cash flows and the interest rate tree is combined with the call rules to generate the future cash flows. Again, the interest rate tree will produce an arbitrage-free value.
 

Let’s move from theory to practice. Only a few practitioners will develop their own model to value bonds with embedded options. Instead, it is typical for a portfolio manager or analyst to use a model developed by either a dealer firm or a vendor of analytical systems. A fair question is then: Why bother covering a valuation model that is readily available from a third-party? The answer is that a valuation model should not be a black box to portfolio managers and analysts. The models in practice share all of the principles described in this chapter, but differ with respect to certain assumptions that can produce quite different results. The reasons for these differences in valuation must be understood. Moreover, third-party models give the user a choice of changing the assumptions. A user who has not “walked through” a valuation model has no appreciation of the significance of these assumptions and therefore of how to assess the impact of these assumptions on the value produced by the model. There is always “modeling risk” when we use the output of a valuation model. This is the risk that the underlying assumptions of a model may be incorrect. Understanding a valuation model permits the user to effectively determine the significance of an assumption.
 

An example of understanding the assumptions of a model is the volatility used. Suppose that the market price of a bond is $89. Suppose further that a valuation model produces a value for a bond with an embedded option of $90 based on a 12% interest rate volatility assumption. Then, according to the valuation model, this bond is cheap by one point. However, suppose that the same model produces a value of $87 if a 15% volatility is assumed. This tells the portfolio manager or analyst that the bond is two points rich. Which is correct?
 

In the next section, we use the binomial model to demonstrate all of the issues and assumptions associated with valuing a bond with embedded options. Specifically, it is used to value agency debentures, corporates, and municipal bond structures with embedded options. The reason it is not used to value mortgage-backed securities and certain types of asset-backed securities is explained when we describe the Monte Carlo simulation valuation model in Chapter 9.
 





BINOMIAL MODEL

 

To illustrate the binomial valuation methodology, we start with the on-the-run yield curve for the particular issuer whose bonds we want to value. The starting point is the Treasury’s on-the-run yield curve. To obtain a particular issuer’s on-the-run yield curve, an appropriate credit spread is added to each on-the-run Treasury issue. The credit spread need not be constant for all maturities. For example, the credit spread may increase with maturity.
 

In our illustration, we use the hypothetical on-the-run issues for an issuer shown in Exhibit 7.2. Each bond is trading at par value (100) so the coupon rate is equal to the yield to maturity. We will simplify the illustration by assuming annual-pay bonds. Using the bootstrapping methodology explained in Chapter 2, the spot rates are those shown in the last column of Exhibit 7.2.
 

EXHIBIT 7.2 On-the-Run Yield Curve and Spot Rates for an Issuer
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 Binomial Interest Rate Tree49

 

Once we allow for embedded options, consideration must be given to interest rate volatility. This can be done by introducing a binomial interest rate tree. This tree is nothing more than a graphical depiction of the 1-period or short rates over time based on some assumption about interest rate volatility. How this tree is constructed is illustrated below.
 

Exhibit 7.3 provides an example of a binomial interest rate tree. In this tree, each node (bold circle) represents a time period that is equal to one year from the node to its left. Each node is labeled with an N, representing node, and a subscript that indicates the path that the 1-year rate took to get to that node. L represents the lower of the two 1-year rates and H represents the higher of the two 1-year rates. For example, node NHH means to get to that node the following path for 1-year rates occurred: the 1-year rate realized is the higher of the two rates in the first year and then the higher of the 1-year rates in the second year.50
 

Look first at the point denoted by just N in Exhibit 7.3. This is the root of the tree and is nothing more than the current 1-year spot rate, or equiva1ently the current 1-year rate, which we denote by r0. What we have assumed in creating this tree is that the 1-year rate can take on two possible rates the next period and the two rates have the same probability of occurring. One rate will be higher than the other. It is assumed that the 1-year rate can evolve over time based on a random process called a lognormal random walk with a certain volatility.
 

We use the following notation to describe the tree in Year 1. Letσ = assumed volatility of the 1-year rate EXHIBIT 7.3 Four-Year Binomial Interest Rate Tree
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r1,L = the lower 1-year rate one year from now 
r1,H = the higher 1-year rate one year from now

 




 




The relationship between r1,L and r1,H is as follows:[image: 185]

 where e is the base of the natural logarithm 2.71828.


For example, suppose that r1,L is 4.4448% and σ is 10% per year, then[image: 186]
 




In Year 2, there are three possible values for the 1-year rate, which we will denote as follows: r2,LL = 1-year rate in Year 2 assuming the lower rate in Year 1 and the lower rate in Year 2
 

r2,HHH = 1-year rate in Year 2 assuming the higher rate in Year 1 and the higher rate in Year 2
 

r2,HL = 1-year rate in Year 2 assuming the higher rate in Year 1 and the lower rate in Year 2 or equivalently the lower rate in Year 1 and the higher rate in Year 2
 




 



 

The relationship between r2,LL and the other two 1-year rates is as follows:[image: 187]
 




So, for example, if r2,LL is 4.6958%, then assuming once again that σ is 10%, thenr2,HH = 4.6958%(e4×0.10) = 7.0053%
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In Year 3, there are four possible values for the 1-year rate, which are denoted as follows: r3,HHH, r3,HHL, r3,HLL, and r3,LLL, and whose first three rates are related to the last as follows:r3,HHH = (e6σ) r3,LLL

r3,HHL = (e4σ) r3,LLL

r3,HLL = (e2σ) r3,LLL
 




 



 

Exhibit 7.3 shows the notation for a 4-year binomial interest rate tree. We can simplify the notation by letting rt be the 1-year rate t years from now for the lower rate since all the other short rates t years from now depend on that rate. Exhibit 7.4 shows the interest rate tree using this simplified notation.
 

Before we go on to show how to use this binomial interest rate tree to value bonds, let’s focus on two issues here. First, what does the volatility parameter σ represent? Second, how do we find the value of the bond at each node?
 

EXHIBIT 7.4 Four-Year Binomial Interest Rate Tree with 1-Year Ratesa
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Volatility and the Standard Deviation

 

It can be shown that the standard deviation of the 1-year rate is equal to r0σ.51 The standard deviation is a statistical measure of volatility. In Chapter 17 we explain how it is estimated. It is important to see that the process that we assumed generates the binomial interest rate tree (or equivalently the short rates), implies that volatility is measured relative to the current level of rates. For example, if σ is 10% and the 1-year rate (r0) is 4%, then the standard deviation of the 1-year rate is 4% × 10% = 0.4% or 40 basis points. However, if the current 1-year rate is 12%, the standard deviation of the 1-year rate would be 12% × 10% or 120 basis points.
 


Determining the Value at a Node

 

To find the value of the bond at a node, we first calculate the bond’s value at the two nodes to the right of the node in which we are interested. For example, in Exhibit 7.4, suppose we want to determine the bond’s value at node NH. The bond’s value at node NHH and NHL must be determined. Hold aside for now how we get these two values because as we will see, the process involves starting from the last year in the tree and working backwards to get the final solution we want, so these two values will be known.
 

Effectively what we are saying is that if we are at some node, then the value at that node will depend on the future cash flows. In turn, the future cash flows depend on (1) the bond’s value one year from now and (2) the coupon payment one year from now. The latter is known. The former depends on whether the 1-year rate is the higher or lower rate. The bond’s value depending on whether the rate is the higher or lower rate is reported at the two nodes to the right of the node that is the focus of our attention. So, the cash flow at a node will be either (1) the bond’s value if the short rate is the higher rate plus the coupon payment, or (2) the bond’s value if the short rate is the lower rate plus the coupon payment. For example, suppose that we are interested in the bond’s value at NH. The cash flow will be either the bond’s value at NHH plus the coupon payment, or the bond’s value at NHL plus the coupon payment.
 

To get the bond’s value at a node we follow the fundamental rule for valuation: the value is the present value of the expected cash flows. The appropriate discount rate to use is the 1-year rate at the node. Now there are two present values in this case: the present value if the 1-year rate is the higher rate and one if it is the lower rate. Since it is assumed that the probability of both outcomes is equal, an average of the two present values is computed. This is illustrated in Exhibit 7.5 for any node assuming that the 1-year rate is r* at the node where the valuation is sought and letting:VH = the bond’s value for the higher 1-year rate 
VL = the bond’s value for the lower 1-year rate 
C = coupon payment
 




 



 

Using our notation, the cash flow at a node is either:VH + C for the higher 1-year rate 
VL + C for the lower 1-year rate
 




 



 

EXHIBIT 7.5 Calculating the Value at a Node
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The present value of these two cash flows using the 1-year rate at the node, r*, is[image: 192]
 




Then, the value of the bond at the node is found as follows:[image: 193]
 






 Constructing the Binomial Interest Rate Tree

 

To see how to construct the binomial interest rate tree, let’s use the assumed on-the-run yields in Exhibit 7.2. We assume that volatility, σ, is 10% and construct a 2-year tree using the 2-year bond with a coupon rate of 4.2%.
 

Exhibit 7.6 shows a more detailed binomial interest rate with the cash flow shown at each node. It shows how all the values reported in the exhibit are obtained. The root rate for the tree, r0, is simply the current 1-year rate, 3.5%.
 

EXHIBIT 7.6 The 1-Year Rates for Year 1 Using the 2-Year 4.2% On-the-Run Issue: First Trial
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In the first year there are two possible 1-year rates, the higher rate and the lower rate. What we want to find is the two 1-year rates that will be consistent with the volatility assumption, the process that is assumed to generate the short rates, and the observed market value of the bond. There is no simple formula for this. It must be found by an iterative process (i.e., trial-and-error). The steps are described and illustrated below.
 

 

Step 1: Select a value for r1. Recall that r1 is the lower 1-year rate. In this first trial, we arbitrarily selected a value of 4.75%.
 

 

Step 2: Determine the corresponding value for the higher 1-year rate. As explained earlier, this rate is related to the lower 1-year rate as follows: r1e2σ. Since r1 is 4.75%, the higher 1-year rate is 5.8017% (= 4.75% e2×0.10). This value is reported in Exhibit 7.6 at node NH.
 

 

Step 3: Compute the bond value’s in Year 1. This value is determined as follows:3a. Determine the bond’s value in Year 2. In our example, this is simple. Since we are using a 2-year bond, the bond’s value is its maturity value ($100) plus its final coupon payment ($4.2). Thus, it is $104.2.
 

 


 
3b. Calculate the present value of the bond’s value found in 3a for the higher rate in Year 2. The appropriate discount rate is the higher 1-year rate, 5.8017% in our example. The present value is $98.486 (= $104.2/1.058017). This is the value of VH that we referred to earlier.
 

 

 
3c. Calculate the present value of the bond’s value found in 3a for the lower rate. The discount rate assumed for the lower 1-year rate is 4.75%. The present value is $99.475 (= $104.2/1.0475) and is the value of VL.
 

 

3d. Add the coupon to both VH and VL to get the cash flow at NH and NL, respectively. In our example we have $102.686 for the higher rate and $103.675 for the lower rate.
 

 

3e. Calculate the present value of the two values using the 1-year rate r*. At this point in the valuation, r* is the root rate, 3.50%. Therefore,[image: 195]
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Step 4: Calculate the average present value of the two cash flows in Step 3. This is the value we referred to earlier as[image: 197]
 




In our example, we have[image: 198]
 




Step 5: Compare the value in Step 4 to the bond’s market value. If the two values are the same, then the r1 used in this trial is the one we seek. This is the 1-year rate that would then be used in the binomial interest rate tree for the lower rate and to obtain the corresponding higher rate. If, instead, the value found in Step 4 is not equal to the market value of the bond, this means that the value r1 in this trial is not the 1-year rate that is consistent with (1) the volatility assumption, (2) the process assumed to generate the 1-year rate, and (3) the observed market value of the bond. In this case, the five steps are repeated with a different value for r1.
 

EXHIBIT 7.7 The 1-Year Rates for Year 1 Using the 2-Year 4.2% On-the-Run Issue
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When r1 is 4.75%, a value of $99.691 results in Step 4, which is less than the observed market price of $100. Therefore, 4.75% is too high and the five steps must be repeated trying a lower rate for r1.
 

Let’s jump right to the correct rate for r1 in this example and rework Steps 1 through 5. This occurs when r1 is 4.4448%. The corresponding binomial interest rate tree is shown in Exhibit 7.7.
 

 

Step 1: In this trial we select a value of 4.4448% for r1, the lower 1-year rate.
 

 

 
Step 2: The corresponding value for the higher 1-year rate is 5.4289% (= 4.4448% e2×0.10).


 

 
Step 3: The bond’s value in Year 1 is determined as follows:3a. The bond’s value in Year 2 is $104.2, just as in the first trial.
 

3b. The present value of the bond’s value found in 3a for the higher 1-year rate, VH, is $98.834 (= $104.2/1.054289).
 

3c. The present value of the bond’s value found in 3a for the lower 1-year rate, VL, is $99.766 (= $104.2/1.044448).
 

3d. Adding the coupon to VH and VL, we get $103.034 as the cash flow for the higher rate and $103.966 as the cash flow for the lower rate.
 

3e. The present value of the two cash flows using the 1-year rate at the node to the left, 3.5%, gives[image: 200]
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Step 4: The average present value is $100, which is the value at the node.
 

 

 
Step 5: Since the average present value is equal to the observed market price of $100, r1 or r1,L is 4.4448% and r1,H is 5.4289%.


We can “grow” this tree for one more year by determining r2. Now we will use the 3-year on-the-run issue, the 4.7% coupon bond, to get r2. The same five steps are used in an iterative process to find the 1-year rates in the tree in Year 2. Our objective is now to find the value of r2 that will produce a bond value of $100 (since the 3-year on-the-run issue has a market price of $100) and is consistent with (1) a volatility assumption of 10%, (2) a current 1-year rate of 3.5%, and (3) the two rates one year from now of 4.4448% (the lower rate) and 5.4289% (the higher rate).
 

We explain how this is done using Exhibit 7.8. Let’s look at how we get the information in the exhibit. The maturity value and coupon payment are shown in the boxes at the four nodes at Year 3. Since the 3-year on-the-run issue has a maturity value of $100 and a coupon payment of $4.7, these values are the same in the box shown at each node. For the three nodes at Year 2 the coupon payment of $4.7 is shown. Unknown at these three nodes are (1) the three rates in Year 2 and (2) the value of the bond at Year 2. For the two nodes in Year 1, the coupon payment is known, as are the 1-year rates. These are the rates found earlier. The value of the bond, which depends on the bond values at the nodes to the right, is unknown at these two nodes. All of the unknown values are indicated by a question mark.
 

Exhibit 7.9 is the same as Exhibit 7.8 but complete with the values previously unknown. As can be seen from Exhibit 7.9, the value of r2, or equivalently r2,LL, which will produce the desired result is 4.6958%. We showed earlier that the corresponding rates r2,HL and r2,HH would be 5.7354% and 7.0053%, respectively. To verify that these are the 1-year rates in Year 2, work backwards from the four nodes at Year 3 of the tree in Exhibit 7.9. For example, the value in the box at NHH is found by taking the value of $104.7 at the two nodes to its right and discounting at 7.0053%. The value is $97.846. (Since it is the same value for both nodes to the right, it is also the average value.) Similarly, the value in the box at NHL is found by discounting $104.70 by 5.7354% and at NLL by discounting at 4.6958%. The same procedure used in Exhibits 7.6 and 7.7 is used to get the values at the other nodes.
 

EXHIBIT 7.8 Information for Deriving the 1-Year Rates for Year 2 Using the 3-Year 4.7% On-the-Run Issue
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EXHIBIT 7.9 The 1-Year Rates for Year 2 Using the 3-Year 4.7% On-the-Run Issue
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Valuing an Option-Free Bond with the Tree

 

Now consider an option-free bond with four years remaining to maturity and a coupon rate of 6.5%. The value of this bond can be calculated by discounting the cash flow at the spot rates in Exhibit 7.2 as shown below:[image: 204]
 




An option-free bond that is valued using the binomial interest rate tree should have the same value as discounting by the spot rates.
 

Exhibit 7.10 shows the 1-year rates or binomial interest rate tree that can then be used to value any bond for this issuer with a maturity up to four years. To illustrate how to use the binomial interest rate tree, consider once again the 6.5% option-free bond with three years remaining to maturity. Also assume that the issuer’s on-the-run yield curve is the one in Exhibit 7.2, hence the appropriate binomial interest rate tree is the one in Exhibit 7.10. Exhibit 7.11 shows the various values in the discounting process, and produces a bond value of $104.643.
 

EXHIBIT 7.10 Binomial Interest Rate Tree for Valuing Up to a 4-Year Bond for Issuer (10% volatility assumed)
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EXHIBIT 7.11 Valuing an Option-Free Bond with Four Years to Maturity and a Coupon Rate of 6.5% (10% volatility assumed)
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This value is identical to the bond value found when we discounted at the spot rates. This clearly demonstrates that the valuation model is consistent with the standard valuation model for an option-free bond.
 



 Valuing a Callable Bond

 

Now we will demonstrate how the binomial interest rate tree can be applied to value a callable bond. The valuation process proceeds in the same fashion as in the case of an option-free bond, but with one exception: when the call option may be exercised by the issuer, the bond value at a node must be changed to reflect the lesser of its values if it is not called (i.e., the value obtained by applying the recursive valuation formula described above) and the call price.
 

For example, consider a 6.5% corporate bond with four years remaining to maturity that is callable in one year at $100. Exhibit 7.12 shows two values at each node of the binomial interest rate tree. The discounting pro-cess explained above is used to calculate the first of the two values at each node. The second value is the value based on whether the issue will be called. For simplicity, let’s assume that this issuer calls the issue if it exceeds the call price. Then, in Exhibit 7.12 at nodes NL, NH, NLL, NHL, NLLL, and NHLL the values from the recursive valuation formula are $101.968, $100.032, $101.723, $100.270, $101.382, and $100.315, respectively. These values exceed the assumed call price ($100) and therefore the second value is $100 rather than the calculated value. It is the second value that is used in subsequent calculations. The root of the tree indicates that the value for this callable bond is $102.899.
 

EXHIBIT 7.12 Valuing a Callable Bond with Four Years to Maturity, a Coupon Rate of 6.5%, and Callable in One Year at 100 (10% volatility assumed)
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The question that we have not addressed in our illustration, which is nonetheless important, is the circumstances under which the issuer will call the bond. A detailed explanation of the call rule is beyond the scope of this chapter. Basically, it involves determining when it would be economic for the issuer on an after-tax basis to call the issue.
 

Suppose instead that the call price schedule is $102 in Year 1, $101 in Year 2, and $100 in Year 3. Also assume that the bond will not be called unless it exceeds the call price for that year. Exhibit 7.13 shows the value at each node and the value of the callable bond. The call price schedule results in a greater value for the callable bond, $103.942 compared to $102.899 when the call price is $100 in each year.
 

EXHIBIT 7.13 Valuing a Callable Bond with Four Years to Maturity, a Coupon Rate of 6.5%, and with a Call Price Schedule (10% volatility assumed)
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Determining the Call Option Value

 

The value of a callable bond is equal to the value of an option-free bond minus the value of the call option. This means that:Value of a call option 
= Value of an option-free bond - Value of a callable bond
 




 



 

We have just seen how the value of an option-free bond and the value of a callable bond can be determined. The difference between the two values is, therefore, the value of the call option.
 

In our illustration, the value of the option-free bond is $104.643. If the call price is $100 in each year, the value of the callable bond is $102.899. Therefore, the value of the call option is $1.744 (= $104.634 - $102.899).
 



 Extension to Other Embedded Options

 

The bond valuation framework presented here can be used to analyze other embedded options such as put options, caps and floors on floating rate notes, and the optional accelerated redemption granted to an issuer in fulfilling its sinking fund requirement.
 

For example, let’s consider a putable bond. Suppose that a 6.5% coupon bond with four years remaining to maturity is putable in one year at par ($100). Also assume that the appropriate binomial interest rate tree for this issuer is the one in Exhibit 7.10. It can be demonstrated that the value of this putable bond is $105.327.
 

Since the value of a putable bond can be expressed as the value of an option-free bond plus the value of a put option on that bond, this means that:Value of a put option 
= Value of an option-free bond - Value of a putable bond
 




 



 

In our example, since the value of the putable bond is $105.327 and the value of the corresponding option-free bond is $104.643, the value of the put option is -$0.684. The negative sign indicates the issuer has sold the option, or equivalently, the investor has purchased the option.
 

The framework can also be used to value a bond with multiple or interrelated embedded options. The bond values at each node are altered based on whether one of the options is exercised.
 



 Volatility and the Theoretical Value

 

In our illustration, interest rate volatility was assumed to be 10%. The volatility assumption has an important impact on the theoretical value. More specifically, the higher the expected volatility, the higher the value of an option. The same is true for an option embedded in a bond. Correspondingly, this affects the value of the bond with an embedded option.
 

For example, for a callable bond, a higher interest rate volatility assumption means that the value of the call option increases and, since the value of the option-free bond is not affected, the value of the callable bond must be lower. For a putable bond, higher interest rate volatility means that its value will be higher.
 

To illustrate this, suppose that a 20% volatility is assumed rather than 10%. The value of the hypothetical callable bond is $102.108 if volatility is assumed to be 20% compared to $102.899 if volatility is assumed to be 10%. The hypothetical putable bond at 20% volatility has a value of $106.010 compared to $105.327 at 10% volatility.
 

In the construction of the binomial interest rate, it was assumed that volatility is the same for each year. The methodology can be extended to incorporate a term structure of volatility.
 



 Option-Adjusted Spread

 

Suppose the market price of the 4-year 6.5% callable bond is $102.218 and the theoretical value assuming 10% volatility is $102.899. This means that this bond is cheap by $0.681 according to the valuation model. The option-adjusted spread is the constant spread that, when added to all the 1-year rates on the binomial interest rate tree, will make the arbitrage-free value (i.e., the value produced by the binomial model) equal to the market price.
 

In our illustration, if the market price is $102.218, the OAS would be the constant spread added to every rate in Exhibit 7.10 that will make the arbitrage-free value equal to $102.218. The solution in this case would be 35 basis points. This can be verified in Exhibit 7.14, which shows the value of this issue by adding 35 basis points to each rate.
 

As with the value of a bond with an embedded option, the OAS will depend on the volatility assumption. For a given bond price, the higher the interest rate volatility assumed, the lower the OAS for a callable bond. For example, if volatility is 20% rather than 10%, the OAS would be -6 basis points. This illustration clearly demonstrates the importance of the volatility assumption. Assuming volatility of 10%, the OAS is 35 basis points. At 20% volatility, the OAS declines and in this case is negative and therefore the bond is overvalued relative to the model.
 

How do we interpret the OAS? In general, a Z-spread between two yields reflects differences in the:1. Credit risk of the two issues.


EXHIBIT 7.14 Demonstration that the Option-Adjusted Spread is 35 Basis Points for a 6.5% Callable Bond Selling at 102.218 (assuming 10% volatility)
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2. Liquidity risk of the two issues.

3. Option risk of the two issues.




For example, if one of the issues is a non-U.S. Treasury issue with an embedded option and the benchmark interest rates are the rates for the U.S. Treasury on-the-run securities, then the Z-spread is a measure of the difference due to the:1. Credit risk of the non-Treasury issue.

2. Liquidity risk associated with the non-Treasury issue.

3. Option risk associated with the non-Treasury issue that is not present in Treasury issues.



 

What the OAS seeks to do is remove from the Z-spread the amount that is due to the option risk. The measure is called an OAS because (1) it is a spread and (2) it adjusts the cash flows for the option when computing the spread to the benchmark interest rates. The second point can be seen from Exhibits 7.12 and 7.13. Notice that at each node the value obtained from the backward induction method is adjusted based on the call option and the call rule. Thus, the resulting spread is “option adjusted.”
 

Consequently, if the Treasury on-the-run issues are used as the benchmark, because the call option has been taken into account, the OAS is measuring the compensation for the:1. Credit risk of the non-Treasury issue.

2. Liquidity risk associated with the non-Treasury issue.



 

So, for example, an OAS of 160 basis points for a callable BBB industrial issue would mean that based on the valuation model (including the volatility assumption), the OAS is compensation for the credit risk and the lower liquidity of the industrial issue relative to the Treasury benchmark issues. The OAS has removed the compensation for the call feature present in the industrial issue that is not present in the Treasury benchmark interest rates.
 

However, suppose that the benchmark interest rates are the on-the-run interest rates for the issuer, as in our illustration of how to use the binomial model to value a bond with an embedded option. Then there is no difference in the credit risk between the benchmark interest rates and the non-Treasury issue. That is, the OAS reflects only the difference in the liquidity of an issue relative to the on-the-run issues. The valuation has removed the spread due to the option risk and using the issuer’s own benchmark interest rates removes the credit risk.
 

Suppose instead that the benchmark interest rates used are not of that particular issuer but the on-the-run issues for issuers in the same sector of the bond market and the same credit rating of the issue being analyzed. For example, suppose that the callable bond issue being analyzed is that issued by the XYZ Manufacturing Company, a BBB industrial company. An on-the-run yield curve can be estimated for the XYZ Manufacturing Company. Using that on-the-run yield curve, the OAS reflects the difference in the liquidity risk between the particular callable bond of the XYZ Manufacturing Company analyzed and the on-the-run issues of the XYZ Manufacturing Company. However, if instead the benchmark interest rates used to value the callable bond of the XYZ Manufacturing Company are those of a generic BBB industrial company, the OAS reflects (1) the difference between the liquidity risk of the XYZ Manufacturing Company’s callable bond and that of a generic BBB industrial company and (2) differences between event risk/credit risk specific to XYZ Manufacturing Company’s issue beyond generic BBB credit risk.
 

Consequently, we know that an OAS is a spread after adjusting for the embedded option. But we know nothing else until the benchmark interest rates are identified. Without knowing the benchmark used—Treasury on-the-run yield curve, an issuer’s on-the-run yield curve, or a generic on-the-run yield curve for issuers in the same sector of the bond market and of the same credit rating—we cannot interpret what the OAS is providing compensation for. Some market participants might view this as unrealistic since most of the time the on-the-run Treasury yield curve is used and therefore the OAS reflects credit risk and liquidity risk. However, vendors of analytical system and most dealer models allow an investor to specify the benchmark interest rates to be used. The default feature in these systems (i.e., what the model uses as the benchmark interest rates if the investor does not specify the benchmark) is the Treasury on-the-run yield curve.
 

So, once an investor is told what the OAS of a particular bond is, the first question should be: Relative to what benchmark interest rates? This is particularly important in non-U.S. markets. Comparing OAS values across global markets is difficult because different benchmark interest rates are being used and therefore the OAS is capturing different risks.
 

Funded investors—that is, investors who borrow funds and seek to earn a spread over their funding costs—use the London interbank offered rate (LIBOR) as their benchmark interest rates. Most funded investors borrow funds at a spread over LIBOR. Consequently, if a yield curve for LIBOR is used as the benchmark interest rates, the OAS reflects a spread relative to their funding cost. The OAS reflects credit risk relative to the credit risk associated with LIBOR and liquidity risk of the issue. So, if a callable bond has an OAS of 80 basis points and the LIBOR yield curve is the benchmark, then the OAS is compensation relative to LIBOR after adjusting for the embedded call option. A funded investor will then compare the OAS to the spread it must pay over its funding costs. So, if an investor’s funding cost is 25 basis points over LIBOR, then a callable bond with an OAS of 80 basis points would be acceptable. Whether or not a funded investor would purchase the callable bond depends on whether or not the credit risk and the liquidity risk are acceptable and whether or not the compensation for these risks (as measured by the OAS) in the opinion of the investor is adequate.
 

Finally, let’s take a closer look at the interpretation of the OAS as a spread relative to benchmark interest rates. This does not mean that it is a spread over one maturity for the benchmark interest rates. For example, consider the 35 basis point OAS for the 4-year 6.5% callable issue. The yield for the 4-year on-the-run issue is 5.2%. An OAS of 35 basis points does not mean that this callable issue is offering an option-adjusted yield of 5.55% (5.2% plus 35 basis points). Rather, to understand how it is spread off the benchmark interest rates, look at Exhibit 7.14.
 

First, the benchmark interest rates are used to construct the interest rate at each node of the interest rate tree. Next, recall that the rate at each node in the interest rate tree is the 1-year forward rate. (In general, they are the 1-period forward rates). Now, to get the OAS we must determine the spread that must be added to each of the 1-year forward rates in the interest rate tree so that the backward induction method will produce a value equal to the market value. So, while it is often stated that the OAS is a spread relative to the benchmark interest rates, strictly speaking, it is a spread over the 1-period forward rates in the interest rate tree that are constructed from the benchmark interest rates.
 





 ILLUSTRATION

 

Although we have shown how to use the lattice methodology to value a callable bond, the same principles apply to valuing bonds with other embedded options such as a putable bond, a step-up note, and a step-down note. We will not describe how this is done but instead we will show the application to a callable step-down bond as computed by Bloomberg. More specifically, we will illustrate the lognormal interest rate tree methodology using Bloomberg screens for a 7 1/8% stepped coupon, 5-year bond issued by Fannie Mae.
 

Exhibit 7.15 presents the Bloomberg Security Description screen. The coupon is 7 1/8% until November 2010, steps down to 3.75% until May 2011, steps down to 2.3% until November 2011, steps down to 2.125% until May 2012, and steps down to 2% until May 2015. The bond is callable at par beginning on November 26, 2011 and is callable every three months thereafter at par. The default interest rate process is a lognormal random walk that we have just discussed. For the reference yield curve, we selected the Constant Maturity Treasury curve. As for the assumption about volatility, Bloomberg uses the implied volatility of an at-the-money swaption that matches the bond’s structure. For example, if one is valuing a 5-year bond callable in one year, then one would use a 1-year option on a 4-year swap. Exhibit 7.16 presents the Bloomberg OAS1 screen
 

The OAS for this bond is 47.84 basis points. This value is shown in the top-center portion of the screen.
 

EXHIBIT 7.15 Bloomberg Security Description Screen of a Fannie Mae Stepped Coupon Bond
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 7.16 Bloomberg OAS1 Screen
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 211]







CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Callable bond 
Call option 
Option-adjusted spread (OAS) 
Lattice models 
Interest rate model 
One-factor model 
Two-factor model 
Binomial lattice model (binomial model) 
Trinomial lattice models (trinomial models) 
Binomial interest rate tree
 





 QUESTIONS

 

1. When valuing securities with embedded options, why is it important to consider volatility explicitly?

2. What is the Z-spread?

3. What is the option-adjusted spread?

4. What is the option cost?

5. How are the Z-spread, option-adjusted spread, and option cost related?

6. What is the differences between a one and a two-factor model for interest rates?

7. What is the relationship between two nodes on a lattice: r1,H and r1,L?

8. How do we computer the bond’s value at each node?

9. How is the interest rate tree rendered arbitrage-free?

10. Explain how the value of an embedded call option is determined.

11. What does the volatility parameter in an interest rate model represent?

12. Explain why the greater the assumed volatility, the lower the value of a callable bond?

13. What is the impact of greater volatility on the option-adjusted spread?

14. If the swaps curve is used as the benchmark interest rates, the option-adjusted spread for a corporate bond reflects compensation for what risks?

  




CHAPTER 8
 

Cash Flow for Mortgage-Backed Securities and Amortizing Asset-Backed Securities
 

A major sector of the fixed income market is the mortgage-backed securities market. Mortgage-backed securities are securities backed by a pool of mortgage loans. The pool of loans is referred to as the collateral. Loans that are included in the pool are said to have been securitized. While residential mortgage loans are by far the largest type of asset that has been securitized, other assets (consumer and business loans and receivables) have been securitized. The largest sectors of the asset-backed securities market in the United States are securities backed by credit card receivables, auto loans, home equity loans, manufactured housing loans, student loans, Small Business Administration loans, and collateralized bond obligations. Since home equity loans and manufactured housing loans are backed by real estate property, the securities backed by them are referred to as real estate-backed asset-backed securities. Other asset-backed securities include securities backed by home improvement loans, health care receivables, agricultural equipment loans, equipment leases, commercial mortgage loans, music royalty receivables, movie royalty receivables, and municipal parking ticket receivables. The list is continually expanding.
 

In this chapter, we demonstrate how to compute the cash flow of mortgage-backed and amortizing asset-backed securities. We also show how certain types of products are created or “structured” by redistributing the cash flow from the collateral among different bond classes. Throughout this chapter it is assumed that the reader is familiar with the products in the mortgage-backed and asset-backed securities market.
 





CASH FLOW OF MORTGAGE-BACKED SECURITIES

 

Mortgage-backed securities include mortgage passthrough securities, collateralized mortgage obligations, and stripped mortgage-backed securities. We begin with the cash flow for the basic product in the mortgage-backed securities market, the mortgage loan. From there we show how to compute the cash flow for mortgage-backed securities.
 



 The Mortgage Loan

 

The basic product of a mortgage-backed security is the mortgage loan. There are many types of mortgage designs used throughout the world. A mortgage design is a specification of the interest rate, term of the mortgage, and the manner in which the borrowed funds are repaid. In the United States, the alternative mortgage designs include (1) fixed rate, level payment, fully amortized mortgages, (2) adjustable rate mortgages, (3) balloon mortgages, (4) growing equity mortgages, (5) reverse mortgages, and (6) tiered payment mortgages. In this chapter, we focus on the most common mortgage design in the United States—the fixed rate, level payment, fully amortized mortgage.
 


Cash Flow of a Fixed Rate, Level Payment, Fully Amortized Mortgage

 

The basic idea behind the design of the fixed rate, level payment, fully amortized mortgage is that the borrower pays equal installments over the term of the mortgage such that at the end of the term of the mortgage, the loan has been fully amortized. The payments include principal repayment and interest.
 

Each monthly mortgage payment for this mortgage design is due on the first of each month and consists of:1. Interest of 1/12 of the fixed annual interest rate times the amount of the outstanding mortgage balance at the beginning of the previous month.

2. A repayment of a portion of the outstanding mortgage balance (principal).



 

The difference between the monthly mortgage payment and the portion of the payment that represents interest equals the amount that is applied to reduce the outstanding mortgage balance. This amount is referred to as the amortization. We shall also refer to it as the scheduled principal repayment.
 

In a level payment, fixed rate, fully amortized mortgage, the monthly mortgage payment is designed so that after the last scheduled monthly mortgage payment is made, the amount of the outstanding mortgage balance is zero (i.e., the mortgage is fully repaid). There are some types of mortgage design where the scheduled payments will not fully pay off the mortgage balance when the last mortgage payment is made. Instead, there is an outstanding balance that must be made by the borrower.
 

Calculation of the Monthly Mortgage Payment The calculation of the monthly mortgage payment for a level payment, fixed rate, fully amortized mortgage is simply an application of the present value of an annuity given in Chapter 1. We know that[image: 212]

 wherePV = present value of an annuity ($) 
A = amount of the annuity ($) 
i = periodic interest rate 
n = number of periods
 




 




For a level payment, fixed rate, fully amortized mortgage, the above formula can be expressed as(8.1)
 

[image: 213]

 whereMB0 = PV = original mortgage balance ($) 
MP = A = monthly mortgage payment ($) 
i = simple monthly interest rate (annual interest rate/12) 
n = number of months
 




 




Solving for the monthly mortgage payment (MP) gives
 

[image: 214]

For example, for a 30-year (360-month), $100,000 mortgage with an 8.125% mortgage rate, we have the following:MB0 = $100,000 
i = 0.0067708 (= 0.08125/12) 
n = 360 (= 30 × 12)
 




 



 

Substituting these values into equation (8.1), we get [image: 215]
 




Amortization Schedule To illustrate this mortgage design, consider a 30-year (360-month), $100,000 mortgage with an 8.125% mortgage rate. We just showed that the monthly mortgage payment would be $742.50. Exhibit 8.1 shows for selected months how each monthly mortgage payment is divided between interest and scheduled principal repayment. Exhibit 8.1 is called an amortization schedule. At the beginning of month 1, the mortgage balance is $100,000, the amount of the original loan. The mortgage payment for month 1 includes interest on the $100,000 borrowed for the month. Since the interest rate is 8.125%, the monthly interest rate is 0.0067708 (0.08125 divided by 12). Interest for month 1 is therefore $677.08 ($100,000 times 0.0067708). The $65.41 difference between the monthly mortgage payment of $742.50 and the interest of $677.08 is the portion of the monthly mortgage payment that represents the scheduled principal repayment. It is also referred to as the scheduled amortization and we shall use the terms scheduled principal repayment and scheduled amortization interchangeably throughout this chapter. This $65.41 in month 1 reduces the mortgage balance.
 

The mortgage balance at the end of month 1 (beginning of month 2) is then $99,934.59 ($100,000 minus $65.41). The interest for the second monthly mortgage payment is $676.64, the monthly interest rate (0.0067708) times the mortgage balance at the beginning of month 2 ($99,934.59). The difference between the $742.50 monthly mortgage payment and the $676.64 interest is $65.86, representing the amount of the mortgage balance paid off with that monthly mortgage payment. Notice that the mortgage payment in month 360—the final payment—is sufficient to pay off the remaining mortgage balance.
 

As Exhibit 8.1 clearly shows, the portion of the monthly mortgage payment applied to interest declines each month and the portion applied to principal repayment increases. The reason for this is that as the mortgage balance is reduced with each monthly mortgage payment, the interest on the mortgage balance declines. Since the monthly mortgage payment is a fixed dollar amount, an increasingly larger portion of the monthly payment is applied to reduce the mortgage balance outstanding in each subsequent month. Exhibit 8.2 presents a graphical depiction of this process.
 

EXHIBIT 8.1 Amortization Schedule for a Level Payment, Fixed Rate, Fully Amortized Mortgage
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EXHIBIT 8.2 Monthly Split between Interest and Principal
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Calculating the Monthly Mortgage Balance, Scheduled Principal Repayment, and Interest It is not necessary to construct an amortization schedule such as Exhibit 8.1 in order to determine the remaining monthly mortgage balance. Instead, the next three formulas can be used:Mortgage balance at the end of month t (MBt):(8.2)
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 where n is the original number of months of the mortgageScheduled principal repayment for month t (Pt)(8.3)
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Interest for month t (It)(8.4)
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To illustrate these formulas, consider month 186 for the mortgage whose amortization schedule is shown in Exhibit 8.1. We know that MB0 = $100,000 i = 0.0067708 n = 360 t = 186
 




 



 

Mortgage balance at the end of month 186 is[image: 221]
 




Scheduled principal repayment for month 186:[image: 222]
 




Interest for month 186:[image: 223]
 




These values agree with the values shown in Exhibit 8.1 for month 186.
 

Cash Flow and Servicing Fee Every mortgage loan must be serviced. Servicing of a mortgage loan involves collecting monthly payments and forwarding proceeds to owners of the loan; sending payment notices to mortgagors; reminding mortgagors when payments are overdue; maintaining records of principal balances; administering an escrow balance for real estate taxes and insurance purposes; initiating foreclosure proceedings if necessary; and, furnishing tax information to borrowers (i.e., mortgagors) when applicable.
 

The servicing fee is a portion of the mortgage rate. If the mortgage rate is 8.125% and the servicing fee is 50 basis points, then the investor receives interest of 7.625%. The interest rate that the investor receives is said to be the net interest or net coupon. The servicing fee is commonly called the servicing spread.
 

Prepayments and Cash Flow Uncertainty Our illustration of the cash flow from a level payment, fixed rate, fully amortized mortgage assumes that the homeowner does not pay off any portion of the mortgage balance prior to the scheduled due date. But homeowners do pay off all or part of their mortgage balance prior to the maturity date. A payment made in excess of the monthly mortgage payment is called a prepayment. The prepayment could be to pay off the entire outstanding balance or a partial paydown of the mortgage balance. When a prepayment is not for the entire outstanding balance it is called a curtailment. A prepayment can be voluntarily by the borrower. If the borrower defaults and the loan is prepaid from the proceeds from the collateral for the loan, the prepayment is said to be an involuntary prepayment.
 

The effect of prepayments is that the amount and timing of the cash flow from a mortgage loan are not known with certainty. This risk is referred to as prepayment risk. For example, all that the investor in a $100,000, 8.125% 30-year mortgage knows is that as long as the loan is outstanding and the borrower does not default, interest will be received and the principal will be repaid at the scheduled date each month; then at the end of the 30 years, the investor would have received $100,000 in principal payments. What the investor does not know—the uncertainty—is for how long the loan will be outstanding, and therefore what the timing of the principal payments will be. This is true for all mortgage loans, not just the level payment, fixed rate, fully amortized mortgage.
 

Most mortgages have no prepayment penalty. That is, the outstanding loan balance can be repaid at par. In 1996, mortgages with prepayment penalties were originated. The purpose of the penalty is to deter prepayment when interest rates decline. A prepayment penalty mortgage has the following structure. There is a period of time over which if the loan is prepaid in full or in excess of a certain amount of the outstanding balance, there is a prepayment penalty. This period is referred to as the lockout period or penalty period. During the penalty period, the borrower may prepay up to a specified amount of the outstanding balance without a penalty. The amount of the penalty is specified in terms of the number of months of interest that must be paid.
 



 Mortgage Passthrough Securities

 

A mortgage passthrough security is a security created when one or more holders of mortgages form a collection (pool) of mortgages and sell shares or participation certificates in the pool. A pool may consist of several thousand or only a few mortgages.
 

The cash flow of a mortgage passthrough security depends on the cash flow of the underlying pool of mortgages. As we explained earlier, the cash flow consists of monthly mortgage payments representing interest, the scheduled repayment of principal, and any prepayments.
 

Payments are made to security holders each month. However, neither the amount nor the timing of the cash flow from the pool of mortgages is identical to that of the cash flow passed through to investors. The monthly cash flow for a passthrough is less than the monthly cash flow of the underlying pool of mortgages by an amount equal to servicing and other fees. The other fees are those charged by the issuer or guarantor of the passthrough for guaranteeing the issue. The coupon rate on a passthrough, called the passthrough coupon rate, is less than the mortgage rate on the underlying pool of mortgages by an amount equal to the servicing and guaranteeing fees.
 

The timing of the cash flow is also different. The monthly mortgage payment is due from each mortgagor on the first day of each month, but there is a delay in passing through the corresponding monthly cash flow to the security holders. The length of the delay varies by the type of passthrough security.
 


Weighted Average Coupon and Weighted Average Maturity

 

Not all of the mortgages that are included in a pool of mortgages that are securitized have the same mortgage rate and the same maturity. Consequently, when describing a passthrough security, a weighted average coupon rate and a weighted average maturity are determined.
 

A weighted average coupon rate, or WAC, is found by weighting the mortgage rate of each mortgage loan in the pool by the percentage of the mortgage outstanding relative to the amount of all the mortgages in the pool. A weighted average maturity, or WAM, is found by weighting the remaining number of months to maturity for each mortgage loan in the pool by the amount of the outstanding mortgage balance.
 

For example, suppose a mortgage pool has just five loans and the outstanding mortgage balance, mortgage rate, and months remaining to maturity of each loan are as follows:[image: 224]
 




The WAC for this mortgage pool is0.2212(7.5%) + 0.1504(7.2%) + 0.3097(7.0%) + 0.1947(7.8%) + 0.1239(6.90%) = 7.28%
 




 



 

The WAM for this mortgage pool is0.2212(275) + 0.1504(260) + 0.3097(290) + 0.1947(285) + 0.1239(270) = 279 months (rounded)
 




 



 


Pool Factor and Price

 

The pool factor indicates the percentage of the initial mortgage balance still outstanding. So, a pool factor of 90 means that 90% of the original mortgage pool balance is outstanding. The pool factor is reported by the issuer of the passthrough each month.
 

The dollar price paid for just the principal is found as follows, given the agreed upon price, par value, and the month’s pool factor provided by the issuer:Price × Par value × Pool factor
 




 



 

For example, if the parties agree to a price of 92 for $1 million par value for a passthrough with a pool factor of 0.85, then the dollar price paid by the buyer in addition to accrued interest is0.92 × $1,000,000 × 0.85 = $782,000
 




 



 


Prepayment Conventions and Cash Flow

 

Estimating the cash flow from a passthrough requires making an assumption about future prepayments. The conventions have been used as a benchmark for prepayment rates—conditional prepayment rate, Public Securities Association prepayment benchmark, and prospectus prepayment curve.
 

Conditional Prepayment Rate One convention for describing the pattern of prepayments and the cash flow of a mortgage-backed security, as well as many asset-backed securities, assumes that some fraction of the remaining principal in the pool is prepaid each month for the remaining term of the loan. The prepayment rate assumed for a pool, called the conditional prepayment rate (CPR), is based on the characteristics of the pool (including its historical prepayment experience) and the current and expected future economic environment.
 

The CPR is an annual prepayment rate. To estimate monthly prepayments, the CPR must be converted into a monthly prepayment rate, commonly referred to as the single-monthly mortality rate (SMM). The following formula is used to calculate the SMM for a given CPR:52
SMM = 1 - (1 - CPR)1/12
 




 



 

For example, suppose that the CPR is 6%. The corresponding SMM isSMM = 1 - (1 - 0.06)1/12 = 1 - (0.94)0.08333 = 0.005143
 




 



 

An SMM of w% means that approximately w% of the remaining mortgage balance at the beginning of the month, less the scheduled principal repayment, will prepay that month. That is,Prepayment for month t = SMM × (Beginning mortgage balance for month t − Scheduled principal repayment for month t)
 




 



 

That is, the prepayment for a month is found by first determining the amount that is available to be prepaid. This amount is equal to the outstanding balance at the beginning of the month less the amount of the scheduled principal repayment for that month. It is to this adjusted amount that the SMM is applied to obtain the prepayment for the month.
 

For example, suppose that an investor owns a passthrough in which the remaining mortgage balance at the beginning of some month is $290 million. Assuming that the SMM is 0.5143% and the scheduled principal repayment is $3 million, the estimated prepayment for the month is0.005143 × ($290,000,000 - $3,000,000) = $1,476,041
 




 



 

PSA Prepayment Benchmark The Public Securities Association (PSA) prepayment benchmark is expressed as a monthly series of CPRs. The PSA benchmark assumes that prepayment rates are low for newly originated mortgages and then will speed up as the mortgages become seasoned. The PSA benchmark assumes the following prepayment rates for 30-year mortgages: (1) a CPR of 0.2% for the first month, increased by 0.2% per year per month for the next 30 months until it reaches 6% per year, and (2) a 6% CPR for the remaining months.
 

This benchmark, referred to as “100% PSA” or simply “100 PSA,” is graphically depicted in Exhibit 8.3. Mathematically, 100 PSA can be expressed as follows:if t < 30 then CPR = 6% (t/30) 
if t ≥ 30 then CPR = 6%
 





 where t is the number of months since the mortgages were originated.

 

Slower or faster speeds are then referred to as some percentage of PSA. For example, “50 PSA” means one-half the CPR of the PSA prepayment benchmark; “150 PSA” means 1.5 times the CPR of the PSA prepayment benchmark; “300 PSA” means three times the CPR of the prepayment benchmark. This is illustrated graphically in Exhibit 8.4 for 50 PSA, 100 PSA, and 150 PSA. A prepayment rate of 0 PSA means that no prepayments are assumed. While there are no prepayments at 0 PSA, there are scheduled principal repayments.
 

EXHIBIT 8.3 Graphical Depiction of 100 PSA
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EXHIBIT 8.4 Graphical Depiction of 50 PSA, 100 PSA, and 300 PSA
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In constructing a schedule for monthly prepayments, the CPR (an annual rate) must be converted into a monthly prepayment rate (an SMM). The conversion is done using equation (1). For example, the SMMs for month 5, month 20, and months 31 through 360 assuming 100 PSA are calculated as follows:
 

For month 5:
CPR = 6% (5/30) = 1% = 0.01 
SMM = 1 - (1 - 0.01)1/12 = 1 - (0.99)0.083333 = 0.000837
 




 



 

For month 20:
CPR = 6% (20/30) = 4% = 0.04 
SMM = 1 - (1 - 0.04)1/12 = 1 - (0.96)0.083333 = 0.003396
 




 



 

For months 31-360:
CPR = 6% 
SMM = 1 - (1 - 0.06)1/12 = 1 - (0.94)0.083333 = 0.005143
 




 



 

The SMMs for month 5, month 20, and months 31 through 360, assuming 165 PSA, are computed as follows:
 

For month 5:
CPR = 6% (5/30) = 1% = 0.01 
165 PSA = 1.65 (0.01) = 0.0165 
SMM = 1 - (1 - 0.0165)1/12 = 1 - (0.9835)0.08333 = 0.001386
 




 



 

For month 20:
CPR = 6% (20/30) = 4% = 0.04 
165 PSA = 1.65 (0.04) = 0.066 
SMM = 1 - (1 - 0.0066)1/12 = 1 - (0.934)0.08333 = 0.005674
 




 



 

For months 31-360:
CPR = 6% 
165 PSA = 1.65 (0.06) = 0.099 
SMM = 1 - (1 - 0.099)1/12 = 1 - (0.901)0.08333 = 0.008650
 




 



 

Notice that the SMM assuming 165 PSA is not just 1.65 times the SMM assuming 100 PSA. It is the CPR that is a multiple of the CPR assuming 100 PSA.
 

It is also important to note that the CPRs and corresponding SMMs apply to a mortgage pool based on the number of months since origination . For example, if a mortgage pool has loans that were originally 30-year (360-month) mortgage loans and the WAM is currently 357 months, this means that the mortgage pool is seasoned three months. So, in determining prepayments for the next month, the CPR and SMM that are applicable are those for month 4.
 

The PSA benchmark is commonly referred to as a prepayment model, suggesting that it can be used to estimate prepayments. Characterization of this benchmark as a prepayment model is wrong. It is simply a market convention regarding the expected pattern of prepayments.
 

 

Prospectus Prepayment Curve Issuers of nonagency mortgage-backed securities have developed prepayment models for their loans. In the prospectus of an offering a base case prepayment assumption is made—the initial speed and the amount of time until the collateral is expected to be seasoned. Thus, the prepayment benchmark is issuer specific. The benchmark speed in the prospectus is called the prospectus prepayment curve or PPC. As with the PSA benchmark described earlier, slower or faster prepayments speeds are a multiple of the PPC. For example, the PPC for a particular nonagency deal might state the following:... a 100% Prepayment Assumption assumes conditional prepayment rates of 1.5% per annum of the then outstanding principal balance of the mortgage loans in the first month of the life of the loans and an additional 0.5% per annum in each month thereafter until month 20. Beginning in month 20, 100% Prepayment Assumption assumes a conditional prepayment rate of 11% per annum each month.
 




 



 

For this deal, 100% PPC, 80% PPC, and 150% PPC would then be:[image: 227]
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Unlike the PSA prepayment benchmark, the PPC is not generic. By this it is meant that the PPC is issuer specific. In contrast, the PSA prepayment benchmark has been applied to any type of collateral issued by an agency for any type of loan design. This feature of the PPC is important for an investor to keep in mind when comparing the prepayment characteristics and investment characteristics of the collateral between issuers and issues (new and seasoned).
 


Monthly Cash Flow Construction for a Passthrough Security Based on a PSA Assumption

 

We now show how to construct a monthly cash flow for a hypothetical passthrough given a PSA assumption. For the purpose of this illustration, the underlying mortgages for this hypothetical passthrough are assumed to be fixed rate, level payment, fully amortized mortgages with a weighted average coupon (WAC) rate of 8.125%. It will be assumed that the passthrough rate is 7.5% with a weighted average maturity (WAM) of 357 months.
 

Exhibit 8.5 shows the cash flow for selected months assuming 100 PSA. The cash flow is broken down into three components: (1) interest (based on the passthrough rate), (2) the regularly scheduled principal repayment (i.e., scheduled amortization), and (3) prepayments based on 100 PSA.
 

Let’s walk through Exhibit 8.5 column by column.
 

 

Column 1: This is the number of months until the cash flow is to be received.
 

 

Column 2: This is the number of months of seasoning. Since the WAM for this mortgage pool is 357 months, this means that the loans are seasoned an average of 3 months (360 months - 357 months).
 

EXHIBIT 8.5 Monthly Cash Flow for a $400 Million Passthrough with a 7.5% Passthrough Rate, a WAC of 8.125%, and a WAM of 357 Months Assuming 100 PSA
 

[image: 229]

Column 3: This column gives the outstanding mortgage balance at the beginning of the month. It is equal to the outstanding balance at the beginning of the previous month reduced by the total principal payment in the previous month.
 

 

Column 4: This column shows the SMM based on the number of months the loans are seasoned—the number of months shown in Column (2). For example, for the first month shown in the exhibit, the loans are seasoned three months going into that month. Therefore, the CPR used is the CPR that corresponds to four months. From the PSA benchmark, the CPR is 0.8% (4 times 0.2%). The corresponding SMM is 0.00067. The mortgage pool becomes fully seasoned in Column (1) corresponding to month 27 because by that time the loans are seasoned 30 months. When the loans are fully seasoned the CPR at 100 PSA is 6% and the corresponding SMM is 0.00514.
 

 

Column 5: The total monthly mortgage payment is shown in this column. Notice that the total monthly mortgage payment declines over time as prepayments reduce the mortgage balance outstanding. There is a formula to determine what the monthly mortgage balance will be for each month given prepayments that will be presented later.
 

 

Column 6: The net monthly interest (i.e., amount available to pay bondholders after the servicing fee) is found in this column. This value is determined by multiplying the outstanding mortgage balance at the beginning of the month by the passthrough rate of 7.5% and then dividing by 12.
 

 

Column 7: This column gives the scheduled principal repayment (i.e., scheduled amortization). This is the difference between the total monthly mortgage payment [the amount shown in Column (5)] and the gross coupon interest for the month. The gross coupon interest is found by multiplying 8.125% by the outstanding mortgage balance at the beginning of the month and then dividing by 12.
 

 

Column 8: The prepayment for the month is reported in this column. The prepayment is found by using equation (2). For example, in month 100, the beginning mortgage balance is $231,249,776, the scheduled principal payment is $332,928, and the SMM at 100 PSA is 0.00514301 (only 0.00514 is shown in the exhibit to save space), so the prepayment is0.00514301 × ($231,249,776 - $332,928) = $1,187,608
 




 



 

Column 9: The total principal payment, which is the sum of columns (7) and (8), is shown in this column.
 

 

Column 10: The projected monthly cash flow for this passthrough is shown in this last column. The monthly cash flow is the sum of the interest paid [Column (6)] and the total principal payments for the month [Column (9)].
 

 

Let’s look at what happens to the cash flow for this passthrough if a different PSA assumption is made. Suppose that instead of 100 PSA, 165 PSA is assumed. That is, prepayments are assumed to be faster. Exhibit 8.6 shows the cash flow for this passthrough based on 165 PSA. Notice that the cash flows are greater in the early years compared to Exhibit 8.5 because prepayments are higher. The cash flows in later years are smaller for 165 PSA compared to 100 PSA because of the higher prepayments in the earlier years.
 


Formulas for Computing the Projected Monthly Cash Flow

 

The following formulas can be used to calculate the projected monthly cash flow for a given month based on some assumed prepayment rate or rates. First, the projected monthly principal payments for month t:(8.5)
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 wherePMPt = projected monthly principal payments for month t
 

PMBt-1 = projected mortgage balance at the end of month t - 1 given prepayments have occurred in the past (which is the projected mortgage balance at the beginning of month t)
 




 




All of the other notation is the same as in the formulas presented earlier in this chapter.
 

Next, to compute the portion of the projected monthly mortgage payment that is interest, the following formula should be usedPIt = i [PMBt-1]
 





 wherePIt = projected monthly interest for month t
 




 



 

EXHIBIT 8.6 Monthly Cash Flow for a $400 Million Passthrough with a 7.5% Passthrough Rate, a WAC of 8.125%, and a WAM of 357 Months Assuming 165 PSA
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Equation (8.6) states that the projected monthly interest is found by multiplying the projected mortgage balance at the end of the previous month by the monthly mortgage interest rate.
 

The projected monthly interest rate can be divided into two parts: (1) the projected net monthly interest rate after the servicing fee and (2) the servicing fee. The formula for each is given below:(8.7)
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 wherePNIt = projected interest net of servicing fee for month t

sf = servicing fee rate(8.8)
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 wherePSFt = projected servicing fee for month t
 




 




The projected monthly scheduled principal repayment is found by subtracting from the projected monthly mortgage repayment the projected monthly interest. That is,(8.9)
 

[image: 234]

 wherePSPt = projected monthly scheduled principal repayment for month t
 




 




As explained earlier, the projected monthly principal prepayment is found by multiplying the SMM by the difference between the outstanding balance at the beginning of the month (the ending balance in the previous month) and the projected scheduled principal repayment for the month. That is,(8.10)
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 wherePPRt = projected monthly principal prepayment for month t

SMMt = assumed single monthly mortality rate for month t
 




 




The cash flow to the investor is then the sum of (1) the projected monthly interest net of the servicing fee, (2) the projected monthly scheduled principal repayment, and (3) the projected principal prepayment for the month. That is,CFt = PNIt + PSPt + PPRt
 




 



 


Illustration

 

Consider some Fannie Mae 30-year, fixed rate collateral with a net coupon of 5%. Exhibits 8.7, 8.8, and 8.9 present Bloomberg CFG screens, which depict graphs of the pool’s projected cash flows (interest, prepayments, scheduled principal, and servicing) for PSA speeds of 50, 150, and 400. Notice for the higher the prepayment speed, prepayments ramp up at a faster rate, peak at a higher level, and then decelerate more rapidly. Note also that prepayments are the most volatile component of the cash flows.
 

EXHIBIT 8.7 Bloomberg Cash Flow Graph Screen PSA 50
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 8.8 Bloomberg Cash Flow Graph Screen PSA 150
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 8.9 Bloomberg Cash Flow Graph Screen PSA 400
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Average Life

 

The stated maturity of a mortgage passthrough security is not a useful measure. Instead, market participants calculate the average life (or weighted average life) of a mortgage-backed security. This is the average time to receipt of principal payments (scheduled principal repayments and projected prepayments). Mathematically, the average life is expressed as follows:[image: 239]

 where T is the number of months.


The average life of a passthrough depends on the prepayment assumption. To see this, the average life is shown below for different prepayment speeds for the passthrough that we used to illustrate the cash flow for 100 PSA and 165 PSA in Exhibits 8.5 and 8.6:[image: 240]
 






 Collateralized Mortgage Obligations

 

As we noted, there is prepayment risk associated with investing in a mortgage passthrough security. However, by redistributing the cash flow from the underlying collateral of mortgage-related products (passthrough securities or a pool of loans) to different bond classes, securities that have different exposure to prepayment risk and therefore different risk-return patterns than the mortgage-related product from which they were created can be structured. The bond classes or securities that are created are called tranches. Similarly, when the underlying collateral exposes the investor to credit risk, the credit risk can be redistributed among tranches with different levels of priority.
 

When the cash flows of mortgage-related products are redistributed to different bond classes, the resulting securities are called collateralized mortgage obligations (CMOs). The creation of a CMO cannot eliminate prepayment or credit risk; it can only distribute the various forms of these risk among different classes of bondholders (i.e., investors in the tranches). A CMO is also referred to as a paythrough security.
 

CMOs are issued by the same agencies that issue passthrough securities. These CMOs are referred to as agency CMOs. Because there is no perceived credit risk, the creation of an agency CMO involves redistributing the prepayment risk. For nonagency CMOs, it is necessary to redistribute both prepayment risk and credit risk.
 


Creating Agency CMOs

 

There is a wide range of agency CMO tranches. Our purpose here is not to describe the various types of tranches. Rather, the primary focus is to demonstrate how they are created by redistributing the cash flow from the collateral. This is referred to as structuring the deal. A discussion of the motivation for the creation of the different types of CMO tranches is beyond the scope of this chapter.53
 

Sequential Pay Tranches The first CMO was structured so that each class of bonds would be retired sequentially. Such structures are referred to as sequential pay CMOs.
 

To illustrate a sequential pay CMO, we discuss Deal 1, a hypothetical deal made up to illustrate how a deal can be structured. The collateral for this hypothetical CMO is a hypothetical passthrough with a total par value of $400 million and the following characteristics: (1) the passthrough coupon rate is 7.5%, (2) the weighted average coupon (WAC) is 8.125%, and (3) the weighted average maturity (WAM) is 357 months. This is the same passthrough that we used to describe the cash flow of a passthrough based on some PSA assumption (Exhibits 8.5 and 8.6).
 

From this $400 million of collateral, four bond classes or tranches are created. Their characteristics are summarized in Exhibit 8.10. The total par value of the four tranches is equal to the par value of the collateral (i.e., the passthrough security). In this simple structure, the coupon rate is the same for each tranche and also the same as the coupon rate on the collateral. There is no reason why this must be so, and, in fact, typically the coupon rate varies by tranche.
 

A CMO is created by redistributing the cash flow—interest and principal—to the different tranches based on a set of payment rules. The payment rules at the bottom of Exhibit 8.10 describe how the cash flow from the passthrough (i.e., collateral) is to be distributed to the four tranches. There are separate rules for the distribution of the coupon interest and the payment of principal (the principal being the total of the regularly scheduled principal repayment and any prepayments).
 

While the payment rules for the disbursement of the principal payments are known, the precise amount of the principal in each month is not. This will depend on the cash flow, and therefore principal payments, of the collateral, which depends on the actual prepayment rate of the collateral. An assumed PSA speed allows the cash flow to be projected. Exhibit 8.11 shows the cash flow (interest, regularly scheduled principal repayment, and prepayments) assuming 165 PSA. Assuming that the collateral does prepay at 165 PSA, the cash flow available to all four tranches of Deal 1 will be precisely the cash flow shown in Exhibit 8.11.
 

EXHIBIT 8.10 Deal 1—A Hypothetical 4-Tranche Sequential Pay Structure
 




 
	Tranche
	Par Amount ($)
	Coupon Rate (%)

	A	194,500,000	7.5
	B	36,000,000	7.5
	C	96,500,000	7.5
	D	73,000,000	7.5
	Total	400,000,000	
	Payment rules:

	1. For payment of monthly coupon interest: Disburse monthly coupon interest to each tranche on the basis of the amount of principal outstanding for each tranche at the beginning of the month.
	2. For disbursement of principal payments: Disburse principal payments to tranche A until it is completely paid off. After tranche A is completely paid off, disburse principal payments to tranche B until it is completely paid off. After tranche B is completely paid off, disburse principal payments to tranche C until it is completely paid off. After tranche C is completely paid off, disburse principal payments to tranche D until it is completely paid off.

 


 
To demonstrate how the payment rules for Deal 1 work, Exhibit 8.11 shows the cash flow for selected months assuming the collateral prepays at 165 PSA. For each tranche, the exhibit shows: (1) the balance at the end of the month, (2) the principal paid down (regularly scheduled principal repayment plus prepayments), and (3) interest. In month 1, the cash flow for the collateral consists of a principal payment of $709,923 and an interest payment of $2.5 million (0.075 times $400 million divided by 12). The interest payment is distributed to the four tranches based on the amount of the par value outstanding. So, for example, tranche A receives $1,215,625 (0.075 times $194,500,000 divided by 12) of the $2.5 million. The principal, however, is all distributed to tranche A. Therefore, the cash flow for tranche A in month 1 is $1,925,548. The principal balance at the end of month 1 for tranche A is $193,790,076 (the original principal balance of $194,500,000 less the principal payment of $709,923). No principal payment is distributed to the three other tranches because there is still a principal balance outstanding for tranche A. This will be true for months 2 through 80. The cash flow for tranche A for each month is found by adding the amounts shown in the “Principal” and “Interest” columns. So, for tranche A, the cash flow in month 8 is $1,483,954 plus $1,169,958, or $2,653,912. The cash flow from months 82 on is zero based on 165 PSA.
 

EXHIBIT 8.11 Monthly Cash Flow for Selected Months for Deal 1 Assuming 165 PSA
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After month 81, the principal balance will be zero for tranche A. For the collateral, the cash flow in month 81 is $3,318,521, consisting of a principal payment of $2,032,197 and interest of $1,286,325. At the beginning of month 81 (end of month 80), the principal balance for tranche A is $311,926. Therefore, $311,926 of the $2,032,196 of the principal payment from the collateral will be disbursed to tranche A. After this payment is made, no additional principal payments are made to this tranche as the principal balance is zero. The remaining principal payment from the collateral, $1,720,271, is distributed to tranche B. Based on an assumed prepayment speed of 165 PSA, tranche B then begins receiving principal payments in month 81. The cash flow for tranche B for each month is found by adding the amounts shown in the “Principal” and “Interest” columns. For months 1 though 80, the cash flow is just the interest. There is no cash flow after month 100 for tranche B.
 

Exhibit 8.11 shows that tranche B is fully paid off by month 100, when tranche C begins to receive principal payments. Tranche C is not fully paid off until month 178, at which time tranche D begins receiving the remaining principal payments. The maturity (i.e., the time until the principal is fully paid off) for these four tranches assuming 165 PSA would be 81 months for tranche A, 100 months for tranche B, 178 months for tranche C, and 357 months for tranche D. The cash flow for each month for tranches C and D is found by adding the principal and the interest for the month.
 

The principal pay down window for a tranche is the time period between the beginning and the ending of the principal payments to that tranche. So, for example, for tranche A, the principal pay down window would be month 1 to month 81 assuming 165 PSA. For tranche B, it is from month 81 to month 100. The window is also specified in terms of the length of the time from the beginning of the principal pay down window to the end of the principal pay down window. For tranche A, the window would be stated as 81 months, for tranche B 20 months. In confirmation of trades involving CMOs, the principal pay down window is specified in terms of the initial month that principal is expected to be received to the final month that principal is expected to be received.
 

 

Accrual Bonds In Deal 1, the payment rules for interest provide for all tranches to be paid interest each month. In many sequential pay CMO structures, at least one tranche does not receive current interest. Instead, the interest for that tranche would accrue and be added to the principal balance. Such a tranche is commonly referred to as an accrual tranche or a Z bond. The interest that would have been paid to the accrual tranche is then used to pay off the principal balance of earlier tranches.
 

EXHIBIT 8.12 Deal 2—A Hypothetical 4-Tranche Sequential Pay Structure with an Accrual Bond Class
 




 
	Tranche
	Par Amount ($)
	Coupon Rate (%)

	A	194,500,000	7.5
	B	36,000,000	7.5
	C	96,500,000	7.5
	Z (Accrual)	73,000,000	7.5
	Total	400,000,000	
	Payment rules:

	1. For payment of monthly coupon interest: Disburse monthly coupon interest to tranches A, B, and C on the basis of the amount of principal outstanding for each tranche at the beginning of the month. For tranche Z, accrue the interest based on the principal plus accrued interest in the previous month. The interest for tranche Z is to be paid to the earlier tranches as a principal paydown.
	2. For disbursement of principal payments: Disburse principal payments to tranche A until it is completely paid off. After tranche A is completely paid off, disburse principal payments to tranche B until it is completely paid off. After tranche B is completely paid off, disburse principal payments to tranche C until it is completely paid off. After tranche C is completely paid off, disburse principal payments to tranche Z until the original principal balance plus accrued interest is completely paid off.

 


 
To see this, consider Deal 2, a hypothetical CMO structure with the same collateral as Deal 1 and with four tranches, each with a coupon rate of 7.5%. The difference is in the last tranche, Z, which is an accrual tranche. The structure for Deal 2 is shown in Exhibit 8.12. Exhibit 8.13 shows the cash flow for selected months for tranches A and B. Let’s look at month 1 and compare it to month 1 in Exhibit 8.11. Both cash flows are based on 165 PSA. The principal payment from the collateral is $709,923. In Deal 1, this is the principal paydown for tranche A. In Deal 2, the interest for tranche Z, $456,250, is not paid to that tranche but instead is used to pay down the principal of tranche A. So, the principal payment to tranche A in Exhibit 8.13 is $1,166,173, the collateral’s principal payment of $709,923 plus the interest of $456,250 that was diverted from tranche Z.
 

The expected final maturity for tranches A, B, and C has shortened as a result of the inclusion of tranche Z. The final payout for tranche A is 64 months rather than 81 months; for tranche B it is 77 months rather than 100 months; and, for tranche C it is 113 months rather than 178 months.
 

EXHIBIT 8.13 Monthly Cash Flow for Selected Months for Tranches A and B for Deal 2 Assuming 165 PSA
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Floating Rate Tranches A floating rate tranche can be created from a fixed rate tranche by creating a floater and an inverse floater combination. We will illustrate the creation of a floating rate tranche and an inverse floating rate tranche using the hypothetical CMO structure Deal 2—the 4-tranche sequential pay structure with an accrual tranche. We can select any of the tranches from which to create a floating rate and inverse floating rate tranche. In fact, we can create these two securities for more than one of the four tranches or for only a portion of one tranche.
 

In this case, we create a floater and an inverse floater from tranche C. The par value for this tranche is $96.5 million, and we create two tranches that have a combined par value of $96.5 million. We refer to this CMO structure with a floater and an inverse floater as Deal 3. It has five tranches, designated A, B, FL, IFL, and Z, where FL is the floating rate tranche and IFL is the inverse floating rate tranche. Exhibit 8.14 describes Deal 3. Any reference rate can be used to create a floater and the corresponding inverse floater. The reference rate for setting the coupon rate for FL and IFL in Deal 3 is 1-month LIBOR.
 

EXHIBIT 8.14 Deal 3—A Hypothetical 5-Tranche Sequential Pay Structure with Floater, Inverse Floater, and Accrual Bond Classes
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The amount of the par value of the floating rate tranche will be some portion of the $96.5 million. There are an infinite number of ways to slice up the $96.5 million between the floater and inverse floater, and final partitioning will be driven by the demands of investors. In Deal 3, we made the floater from $72,375,000 or 75% of the $96.5 million. The coupon formula for the floater is 1-month LIBOR plus 50 basis points. So, for example, if LIBOR is 3.75% at the reset date, the coupon rate on the floater is 3.75% + 0.5%, or 4.25%. There is a cap on the coupon rate for the floater (discussed later).
 

Unlike a floating rate note in the corporate bond market whose principal is unchanged over the life of the instrument, the floater’s principal balance declines over time as principal payments are made. The principal payments to the floater are determined by the principal payments from the tranche from which the floater is created. In our CMO structure, this is tranche C.
 

Since the floater’s par value is $72,375,000 of the $96.5 million, the balance is par value for the inverse floater. Assuming that 1-month LIBOR is the reference rate, the coupon formula for the inverse floater takes the following form:K - L × (1-month LIBOR)
 




 



 

In FJF-03, K is set at 28.50% and L at 3. Thus, if 1-month LIBOR is 3.75%, the coupon rate for the month is28.50% - 3 × (3.75%) = 17.25%
 




 



 

K is the cap or maximum coupon rate for the inverse floater. In Deal 3, the cap for the inverse floater is 28.50%. The determination of the inverse floater’s cap rate is based on (1) the amount of interest that would have been paid to the tranche from which the floater and the inverse floater were created, tranche C in our hypothetical deal, and (2) the coupon rate for the floater if 1-month LIBOR is zero. Let’s see how the 28.5% for the inverse floater is determined.
 

The total interest to be paid to tranche C, if it was not split into the floater and the inverse floater, is the principal of $96,500,000 times 7.5%, or $7,237,500. The maximum interest for the inverse floater occurs if 1-month LIBOR is zero. In that case, the coupon rate for the floater is1-month LIBOR + 0.5% = 0.5%
 




 



 

Since the floater receives 0.5% on its principal of $72,375,000, the floater’s interest is $361,875. The remainder of the interest of $7,237,500 from tranche C goes to the inverse floater. That is, the inverse floater’s interest is $6,875,625 (= $7,237,500 - $361,875). Since the inverse floater’s principal is $24,125,000, the cap rate for the inverse floater is[image: 245]
 




In general, the formula for the cap rate on the inverse floater, K, is[image: 246]
 




The L or multiple in the coupon formula to determine the coupon rate for the inverse floater is called the leverage. The higher the leverage, the more the inverse floater’s coupon rate changes for a given change in 1-month LIBOR. For example, a coupon leverage of 3 means that a 1-basis point change in 1-month LIBOR will change the coupon rate on the inverse floater by 3 basis points. As in the case of the floater, the principal paydown of an inverse floater will be a proportionate amount of the principal paydown of tranche C.
 

Because 1-month LIBOR is always positive, the coupon rate paid to the floater cannot be negative. If there are no restrictions placed on the coupon rate for the inverse floater, however, it is possible for its coupon rate to be negative. To prevent this, a floor, or minimum, is placed on the coupon rate. In most structures, the floor is set at zero. Once a floor is set for the inverse floater, a cap or ceiling is imposed on the floater.
 

In Deal 3, a floor of zero is set for the inverse floater. The floor results in a cap or maximum coupon rate for the floater of 10%. This is determined as follows. If the floor for the inverse floater is zero, this means that the inverse floater receives no interest. All of the interest that would have been paid to tranche C, $7,237,500, would then be paid to the floater. Since the floater’s principal is $72,375,000, the cap rate on the floater is $7,237,500/$72,375,000, or 10%.
 

In general, the cap rate for the floater assuming a floor of zero for inverse floater is determined as follows:[image: 247]
 




The cap for the floater and the inverse floater, the floor for the inverse floater, the leverage, and the floater’s spread are not determined independently. Any cap or floor imposed on the coupon rate for the floater and the inverse floater must be selected so that the weighted average coupon rate does not exceed the collateral tranche’s coupon rate.
 

 

Planned Amortization Class Tranches In a planned amortization class (PAC) tranche there is a principal repayment schedule that must be satisfied. PAC bondholders have priority over all other classes in the CMO structure in receiving principal payments from the collateral. The greater certainty of the cash flow for the PAC bonds comes at the expense of the non-PAC tranches, called the support tranches or companion tranches. It is these tranches that absorb the prepayment risk.
 

To illustrate how to create a PAC bond, we use as collateral the $400 million passthrough with a coupon rate of 7.5%, an 8.125% WAC, and a WAM of 357 months. The creation requires the specification of two PSA prepayment rates—a lower PSA prepayment assumption and an upper PSA prepayment assumption. In our illustration the lower PSA prepayment assumption will be 90 PSA and the upper PSA prepayment assumption will be 300 PSA. A natural question is: How does one select the lower and upper PSA prepayment assumptions? These are dictated by market conditions. For our purpose here, how it is determined is not important. The lower and upper PSA prepayment assumptions are referred to as the initial PAC collar or the initial PAC band. In our illustration, the initial PAC collar is 90-300 PSA.
 

The second column of Exhibit 8.15 shows the principal payment (regularly scheduled principal repayment plus prepayments) for selected months assuming a prepayment speed of 90 PSA, and the next column shows the principal payments for selected months assuming that the passthrough prepays at 300 PSA.
 

The last column of Exhibit 8.15 gives the minimum principal payment if the collateral prepays at 90 PSA or 300 PSA for months 1 to 349. (After month 349, the outstanding principal balance will be paid off if the prepayment speed is between 90 PSA and 300 PSA.) For example, in the first month, the principal payment would be $508,169.52 if the collateral prepays at 90 PSA and $1,075,931.20 if the collateral prepays at 300 PSA. Thus, the minimum principal payment is $508,169.52, as reported in the last column of Exhibit 8.15. In month 103, the minimum principal payment is also the amount if the prepayment speed is 90 PSA, $1,446,761, compared to $1,458,618.04 for 300 PSA. In month 104, however, a prepayment speed of 300 PSA would produce a principal payment of $1,433,539.23, which is less than the principal payment of $1,440,825.55 assuming 90 PSA. So, $1,433,539.23 is reported in the last column of Exhibit 8.15. From month 104 on, the minimum principal payment is the one that would result assuming a prepayment speed of 300 PSA.
 

EXHIBIT 8.15 Monthly Principal Payment for $400 Million, 7.5% Coupon Passthrough with an 8.125% WAC and a 357 WAM Assuming Prepayment Rates of 90 PSA and 300 PSA
 

[image: 248]

In fact, if the collateral prepays at any one speed between 90 PSA and 300 PSA over its life, the minimum principal payment would be the amount reported in the last column of Exhibit 8.15. For example, if we had included principal payment figures assuming a prepayment speed of 200 PSA, the minimum principal payment would not change: from month 1 through month 103, the minimum principal payment is that generated from 90 PSA, but from month 104 on, the minimum principal payment is that generated from 300 PSA.
 

This characteristic of the collateral allows for the creation of a PAC tranche, assuming that the collateral prepays over its life at a speed between 90 PSA to 300 PSA. A schedule of principal repayments that the PAC bondholders are entitled to receive before any other tranche in the CMO structure is specified. The monthly schedule of principal repayments is specified in the last column of Exhibit 8.15, which shows the minimum principal payment. That is, it is this minimum principal payment in each month that is the principal repayment schedule (i.e., planned amortization schedule) for investors in the PAC tranche. While there is no assurance that the collateral will prepay at a constant speed between these two speeds over its life, a PAC tranche can be structured to assume that it will.
 

Most CMO PAC structures have more than one PAC tranche that are typically retired in sequence just as with the basic sequential pay structure described earlier.
 

 

Support Tranches The support tranches are the bonds that provide prepayment protection for the PAC tranches. Consequently, support tranches expose investors to the greatest level of prepayment risk. The support tranche typically is divided into different tranches. All the tranches we have discussed earlier are available, including sequential pay support tranches, floater and inverse floater support tranches, and accrual support tranches.
 

The support tranche can even be partitioned to create support tranches with a schedule of principal payments. That is, support tranches that are PAC tranches can be created. In a structure with a PAC tranche and a support tranche with a PAC schedule of principal payments, the former is called a PAC I tranche or Level I PAC tranche and the latter a PAC II tranche or Level II PAC tranche or scheduled tranche (often denoted SCH in a prospectus). While PAC II tranches have greater prepayment protection than the support tranches without a schedule of principal repayments, the prepayment protection is less than that provided PAC I tranches.
 

The support tranche without a principal repayment schedule can be used to create any type of tranche. In fact, a portion of the non-PAC II support tranche can be given a schedule of principal repayments. This tranche would be called a PAC III tranche or a Level III PAC tranche. While it provides protection against prepayments for the PAC I and PAC II tranches and is therefore subject to considerable prepayment risk, such a tranche has greater protection than the support tranche without a schedule of principal repayments.
 


Creation of a Nonagency CMO Using the Senior-Subordinated Structure

 

Nonagency securities can be either passthroughs or CMOs. In the agency market, CMOs are created from pools of passthrough securities. In the nonagency market, a CMO can be created from either a pool of passthroughs or unsecuritized mortgage loans. It is uncommon for nonconforming mortgage loans to be securitized as passthroughs and then carve up a pool of passthroughs to create a CMO. Instead, in the nonagency market a CMO is typically carved out of mortgage loans that have not been securitized as passthroughs.
 

In the United States, the residential MBS market categorizes deals based on the credit of the loans in the pool: prime and subprime. A prime loan is broadly defined as a loan to a borrower who has strong employment and credit histories, income sufficient to pay the loans without compromising the borrower’s creditworthiness, and substantial equity in the underlying property. Prime loans have historically experienced low incidences of delinquency and default. Loans of lower initial credit quality that are more likely to experience significantly higher levels of default are classified as subprime loans. Subprime loan underwriting often utilizes nontraditional measures to assess credit risk, as these borrowers often have lower income levels, fewer assets, and blemished credit histories. Prime loans that conform to the underwriting standards of the government agencies (i.e., conforming loans) are included in agency deals that we described earlier in the chapter. Prime loans that fail to quality for inclusion in agency deals are issued as private label deals that are referred to as prime deals. Subprime deals are backed by subprime loans.54
 

The major difference between agency and nonagency securities is due to guarantees. With a nonagency security there is no explicit or implicit government guarantee of payment of interest and principal as there is with an agency security. The absence of any such guarantee means that the investor in a nonagency security is exposed to credit risk. The nationally recognized statistical rating organizations rate nonagency securities.
 

Because of the credit risk, all nonagency securities are credit enhanced. Credit enhancement means that additional support against defaults must be obtained. The amount of credit enhancement needed is determined relative to a specific rating desired for a security from a rating agency. There are two general types of credit enhancement mechanisms: external and internal. External credit enhancements involve third party guarantees, such as a corporate guarantee, insurance, and letters of credit. Internal credit enhancements include excess servicing spread, reserve funds, overcollateralization, and senior-subordinated structures. The particular enhancements selected by the issuer to obtain the desired credit rating will depend on the relative cost of each enhancement.
 

Here our goal is simply to show how a nonagency CMO is created using the senior-subordinated structure. In this structure there is a senior tranche and at least one junior or subordinated tranche. For example, suppose a deal has $300 million of mortgage loans. The structure might look as follows:
 


 
	Senior tranche	$270 million
	Subordinated tranche	$30 million

 


 



This means that the first $30 million of losses are absorbed by the subordinated tranche.
 

There is no reason why there must be only one subordinated tranche. The structure can have more than one subordinated tranche. For example, the structure could be as follows:
 


 
	Senior tranche	$270 million
	Subordinated tranche 1	$22 million
	Subordinated tranche 2	$8 million

 


 



In this structure, the subordinate tranches 1 and 2 are called the nonsenior tranches. The senior tranche still has protection up to $30 million as in the previous structure with only one subordinated tranche. In the second structure, the first $8 million of losses is absorbed by the subordinated tranche 2. Hence, this tranche is referred to as the first loss tranche. Subordinated tranche 1 has protection of up to $8 million in losses, the protection provided by the first loss tranche.
 

The basic concern in the senior-subordinate structure is that while the subordinated tranches provide a certain level of credit protection for the senior tranche at the closing of the deal, the level of protection changes over time due to prepayments. The objective after the deal closes is to distribute any prepayments such that the credit protection for the senior tranche does not deteriorate over time.
 

There is a well-developed mechanism used to address this concern called the shifting interest mechanism. Here is how it works. The percentage of the mortgage balance of the subordinate tranche to that of the mortgage balance for the entire deal is called the level of subordination or the subordinate interest. The higher the percentage, the greater the level of protection for the senior tranches. The subordinate interest changes after the deal is closed due to prepayments. That is, the subordinate interest shifts (hence the term “shifting interest”). The purpose of a shifting interest mechanism is to allocate prepayments so that the subordinate interest is maintained at an acceptable level to protect the senior tranche. In effect, by paying down the senior tranche more quickly, the amount of subordination is maintained at the desired level.
 

The prospectus will provide the shifting interest percentage schedule for calculating the senior prepayment percentage (the percentage of prepayments paid to the senior tranche). For mortgage loans, a commonly used shifting interest percentage schedule is as follows:
 


 
	Year after Issuance
	Senior Prepayment Percentage

	1-5	100
	6	70
	7	60
	8	40
	9	20
	after year 9	0

 


 



So, for example, if prepayments in some month before the end of the fifth year is $2 million, the amount paid to the senior tranche is $2 million and no prepayments are made to the subordinated tranches. If prepayments in some month in the eighth year are $2 million, the senior tranche is paid $800,000 (40% × $2 million).
 

The shifting interest percentage schedule given in the prospectus is the “base” schedule. The set of shifting interest percentages can change over time depending on the performance of the collateral. If the performance is such that the credit protection for the senior tranche has deteriorated because credit losses have reduced the subordinate tranches, the base shifting interest percentages are overridden and a higher allocation of prepayments is made to the senior tranche.55
 

It is important to understand that the presence of a shifting interest mechanism results in a trade-off between credit risk and the risk that the senior tranche’s average life will shorten. The shifting interest mechanism reduces the credit risk to the senior tranche. However, because the senior tranche receives a larger share of any prepayments, it increases the risk that the average life will shorten.
 

In projecting the cash flow for a nonagency mortgage-backed security, it is necessary to project defaults and recoveries. We discuss the various measures used in the industry when we discuss the cash flow for amortizing asset-backed securities.
 



 Stripped Mortgage-Backed Securities

 

A mortgage passthrough security divides the cash flow from the underlying pool of mortgages on a pro rata basis to the certificate holders. A stripped mortgage-backed security is created by altering that distribution of principal and interest from a pro rata distribution to an unequal distribution. The result is that the securities created will have a price/yield relationship that is different from the price/yield relationship of the underlying passthrough security.
 

In the most common type of stripped mortgage-backed securities all the interest is allocated to one class (called the interest-only or IO class strip) and all the principal to the other class (called the principal-only or PO class strip). The IO class receives no principal payments. These securities are also referred to as mortgage strips. The POs are called principal-only mortgage strips and the IOs are called interest-only mortgage strips.
 

The cash flow for an PO and IO are projected based on some prepayment assumption. For example, for the passthrough whose cash flow is shown in Exhibit 8.5 (based on an assumed 100 PSA), the cash flow for the PO is shown in Column (9) (the column labeled “Total principal”) while the cash flow for the IO is shown in Column (6) (the column labeled “Net Interest”). The corresponding columns in Exhibit 8.6 show the cash flow for the PO and IO based on 165 PSA.
 





 AMORTIZING ASSET-BACKED SECURITIES

 

The collateral for an asset-backed security can be classified as either amortizing or nonamortizing assets. Amortizing assets are loans in which the borrower’s periodic payment consists of scheduled principal repayment and interest payments over the life of the loan. The schedule for the repayment of the principal is shown in the amortization table. The standard residential mortgage loan falls into this category (see, for example, Exhibit 8.1). Auto loans and certain types of home equity loans (specifically, closed-end home equity loans) are amortizing assets. Prepayments are any excess payment over the scheduled principal repayment. There are passthough and paythrough structures. The senior-subordinated structure is commonly used.
 

In contrast to amortizing assets, nonamortizing assets do not have a schedule for the periodic payments that the individual borrower must make. Instead, a nonamortizing asset is one in which the borrower must make a minimum periodic payment. If that payment is less than the interest on the outstanding loan balance, the shortfall is added to the outstanding loan balance. If the periodic payment is greater than the interest on the outstanding loan balance, then the difference is applied to the reduction of the outstanding loan balance. There is no schedule of principal repayments (i.e., no amortization schedule) for a nonamortizing asset. Consequently, the concept of a prepayment does not apply. Credit card receivables and certain types of home equity loans described later in this chapter are examples of nonamortizing assets.56
 

For an amortizing asset, projection of the cash flow requires projecting prepayments. One factor that may affect prepayments is the prevailing level of interest rates relative to the interest rate on the loan. In projecting prepayments it is critical to determine the extent to which borrowers take advantage of a decline in interest rates below the loan rate in order to refinance the loan. As we will see when we discuss valuation modeling for asset-backed securities in the next chapter, whether or not borrowers will take advantage of refinancing when rates decline will determine the valuation methodology.
 

As with nonagency mortgage-backed securities, modeling defaults for the collateral is critical in estimating the cash flows of an asset-backed security. Proceeds that are recovered in the event of a default of a loan prior to the scheduled principal repayment date of an amortizing asset represent a prepayment and are referred to as an involuntary prepayment. Projecting prepayments for amortizing assets requires an assumption of the default rate and the recovery rate. For a nonamortizing asset, while the concept of a prepayment does not exist, a projection of defaults is still necessary to project how much will be recovered and when.
 

The analysis of prepayments can be performed on a pool level or a loan level. In pool-level analysis it is assumed that all loans comprising the collateral are identical. For an amortizing asset, the amortization schedule is based on the gross weighted average coupon (GWAC) and weighted average maturity (WAM) for that single loan. Pool-level analysis is appropriate where the underlying loans are homogeneous. Loan-level analysis involves amortizing each loan (or group of homogeneous loans).
 



 Prepayment Measures

 

The most common measure that is used in the market for measuring prepayments for amortizing asset-backed securities is the conditional prepayment rate and the corresponding single mortality rate. A PPC is provided in the prospectus of most offerings.
 

The major amortizing asset-backed security type that does not use the CPR/SMM convention is auto loan-backed securities. Prepayments for these securities are measured in terms of the absolute prepayment speed (ABS). The ABS is the monthly prepayment expressed as a percentage of the original collateral amount. As explained in the previous chapter, the SMM (monthly CPR) expresses prepayments based on the prior month’s balance.
 

There is a mathematical relationship between the SMM and the ABS measures. Letting M denote the number of months after loan origination, the SMM rate can be calculated from the ABS rate using the following formula:[image: 249]

 where the ABS and SMM rates are expressed in decimal form.


For example, if the ABS rate is 1.5% (i.e., 0.015) at month 14 after origination, then the SMM rate is 1.86%, as shown below:[image: 250]
 




The ABS rate can be calculated from the SMM rate using the following formula:[image: 251]
 




For example, if the SMM rate at month 9 after origination is 1.3%, then the ABS rate is[image: 252]
 




Historically, when measured in terms of SMM rate, auto loans have experienced SMMs that increase as the loans season.
 



 Default and Loss Measures

 

In computing prepayments for a pool of loans, voluntary and involuntary prepayments are added. An involuntary prepayment is a result of a default by the borrower. When a borrower’s loan is classified as delinquent, the servicer will use its collection methods to obtain the delinquent contractual payments from the borrower. If these collection efforts fail, then after a specified number of days in the delinquency status, the loan is declared to be in default. If the loan is secured by an asset, the defaulted loan does not result in an immediate loss. Instead, the servicer will seek to repossess or foreclose on the asset for the loan and sell it at fair market value. It is when the asset is sold that a determination of the loss can be made based on the proceeds received from the sale after taking into consideration the fees and costs associated with liquidation.
 

In fact, a loan classified as a defaulted loan can be reclassified as a performing loan if the borrower makes good on all contractual payments. Moreover, a loan classified as in default can result in no loss if the proceeds received are greater than or equal to the loan balance. Thus, it is important to understand that there is a difference between a default and a loss. Consequently, there is a default rate and loss rate associated with a pool of loans. Unfortunately, oftentimes this distinction between default rates and loss rates is not made and the terms are used interchangeably.
 

It should also be understood that when computing the prepayment rate due to defaults, the entire defaulted loan balance is used as the amount of the prepayment. When computing losses for a pool, only the loss based on the liquidation value after considering the associated costs is used.
 

For loan pools a loss curve is projected. The construction of this loss curve depends on three factors: (1) the default rate, (2) the estimated time between a loan being classified in default and the receipt of liquidation proceeds (i.e., the liquidation timeline), and (3) the extent of the loss relative to the unpaid principal balance. The extent of the loss is measured in terms of the loss of severity, which is computed by dividing the liquidation proceeds after associated costs by the unpaid principal balance for the liquidated loan.
 


Conditional Default Rate

 

Despite the difference between defaults and losses, participants in the mortgage-backed and asset-backed securities market discuss involuntary prepayments in terms of a conditional default rate (CDR). The conditional default rate for a month is measured as follows:[image: 253]
 




Given the difference between defaults and losses, the CDR is effectively the rate at which defaulted loans are being removed from the loan pool. In practice, the CDR is assumed to ramp up and then plateau just as in the case of voluntary prepayments.
 


Default Rates

 

There are two commonly used measures of default rates for a pool of loans reported by issuers. For these measures, default is defined as an event (as determined by the servicer) when the borrower no longer makes contractual payments and remains in this status until the asset is liquidated. The first is the monthly loss. It is measured in terms of the remaining pool balance. Specifically, the monthly loss is computed as follows:[image: 254]
 




The above measure is then annualized.
 

The second measure is the cumulative default rate and it reflects the total defaults to date relative to the original principal balance. That is,[image: 255]
 










CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Collateral 
Securitized 
Real estate-backed asset-backed securities 
Amortization 
Scheduled principal repayment 
Amortization schedule 
Scheduled principal repayment 
Scheduled amortization 
Net interest (coupon) 
Servicing spread 
Prepayment 
Curtailment 
Involuntary prepayment 
Prepayment risk 
Lockout period 
Penalty period 
Passthrough coupon rate 
Weighted average coupon rate 
Weighted average maturity 
Pool factor 
Conditional prepayment rate 
Single-monthly mortality rate 
Public Securities Association (PSA) prepayment benchmark 
Prospectus prepayment curve 
Average life 
Weighted average life 
Tranches 
Collateralized mortgage obligation 
Paythrough security 
Agency CMOs 
Structuring the deal 
Principle pay down window 
Accrual tranche 
Planned amortization class (PAC) tranche 
Support tranche 
PAC I tranche 
Level I PAC tranche 
PAC II tranche 
Level II PAC tranche 
Scheduled tranche 
PAC III tranche 
Level III PAC tranche 
Prime loan 
Subprime loan 
Prime deal 
Subprime 
External credit enhancements 
Internal credit enhancements 
Nonsenior tranches 
First loss tranche 
Shifting interest mechanism 
Level of subordination 
Subordinate interest 
Stripped mortgage-backed security 
Interest-only (IO) strip 
Principal-only (PO) strip 
Mortgage strip 
Principal-only mortgage strip 
Interest-only mortgage strip 
Amortizing assets 
Nonamortizing assets 
Absolute prepayment speed 
Loss curve 
Loss severity 
Conditional default rate 
Monthly loss 
Cumulative default rate
 





QUESTIONS

 

1. Consider a 30-year $250,000 with a 5% mortgage rate. What is the monthly mortgage payment?

2. Explain what WAC and WAM measure.

3. What is meant by the the pool factor?

4. Using the PSA benchmark, complete the following table:[image: 256]





5. What is the Prospectus Prepayment Curve?

6. a. Build an Excel spreadsheet that calculates the fraction of a 360-month pool that prepays each month of the pool’s life for any PSA speed. Make sure that you are getting good calculations by checking several months for PSAs of 0, 100, and 400.

b. Calculate the scheduled amortization for the pool and the monthly interest payments.

c. Graph the total principal payments, total interest payments and their sum.




7. Explain why you agree or disagree with the following statement: “By creating a CMO, an issuer eliminates the prepayment risk associated with the underlying mortgages.”

8. How does a collateralized mortgage obligation alter the cash flow from mortgages so as to shift prepayment risk across various classes of bondholders?

9. Explain how an accrual or Z bond works.

10. Describe how floating rate tranches can be created from fixed rate collateral.

11. In a CMO structure with PAC bonds, explain the role of the support bonds.

12. Explain why a senior-subordinated structure is a form of internal credit enhancement.

13. What is meant by a subprime mortgage-backed security?

14. What is meant by a shifting interest mechanism?

15. Describe the process of interest-only and principal-only strips are created?

16. Explain why individual loans that are of a nonamortizing type are not subject to prepayment risk?

17. What does it mean that the collateral for an asset-backed security consists of amortizing assets?

18. What is meant by an absolute prepayment speed?

  




 CHAPTER 9
 

Valuation of Mortgage-Backed and Asset-Backed Securities
 

In this chapter, we show how to value mortgage-backed and asset-backed securities. We begin by reviewing the conventional framework—static cash flow yield analysis—and its limitations. Then we discuss a more advanced technology, the Monte Carlo valuation model and a byproduct of the model, the option-adjusted spread analysis. The static cash flow yield methodology is the simplest of the two valuation technologies to apply, although it may offer little insight into the relative value of a mortgage-backed or asset-backed security. The option-adjusted spread technology while far superior in valuation is based on assumptions that must be recognized by an investor and the sensitivity of the security’s value to changes in those assumptions must be tested.
 





STATIC CASH FLOW YIELD ANALYSIS

 

As explained in Chapter 1, the yield on any financial instrument is the interest rate that makes the present value of the expected cash flow equal to its market price plus accrued interest. For mortgage-backed and asset-backed securities, the yield calculated is called a cash flow yield. The problem in calculating the cash flow yield of a mortgage-backed and asset-backed security is that because of prepayments (voluntary and involuntary) the cash flow is unknown. Consequently, to determine a cash flow yield some assumption about the prepayment rate must be made.
 

The cash flow for a mortgage-backed and asset-backed security is typically monthly. The convention is to compare the yield on a mortgage-backed security to that of a Treasury coupon security by calculating the MBS’s bond-equivalent yield. As explained in Chapter 5, the bond-equivalent yield for a Treasury coupon security is found by doubling the semiannual yield. However, it is incorrect to follow that convention for mortgage-backed and asset-backed securities because the investor has the opportunity to generate greater interest by reinvesting the more frequent cash flows. The market practice/convention is to calculate a yield so as to make it comparable to the yield to maturity on a bond-equivalent yield basis. The formula for annualizing the monthly cash flow yield for a mortgage-backed security is as follows:Bond-equivalent yield = 2[(1 + iM)6 - 1]
 





 where iM is the monthly interest rate that will equate the present value of the projected monthly cash flow to the market price (plus accrued interest) of the security.

 

As we explained in Chapter 5, all yield measures suffer from problems that limit their use in assessing a security’s potential return. The yield to maturity has two major shortcomings as a measure of a bond’s potential return. To realize the stated yield to maturity, the investor must: (1) reinvest the coupon payments at a rate equal to the yield to maturity, and (2) hold the bond to the maturity date. The reinvestment of the coupon payments is critical and for long-term bonds can be as much as 80% of the bond’s return. The risk of having to reinvest the interest payments at less than the computed yield is called reinvestment risk. The risk associated with having to sell the security prior to the maturity date is called interest rate risk.
 

These shortcomings are equally applicable to the cash flow yield measure: (1) the projected cash flows are assumed to be reinvested at the cash flow yield, and (2) the mortgage-backed and asset-backed security is assumed to be held until the final payout based on some prepayment assumption. The importance of reinvestment risk, the risk that the cash flow will have to be reinvested at a rate lower than the cash flow yield, is particularly important for mortgage-backed and asset-backed securities because payments are monthly and both interest and principal (regularly scheduled repayments and prepayments) must be reinvested. Moreover, an additional assumption is that the projected cash flow is actually realized. If the prepayment experience is different from the prepayment rate assumed, the cash flow yield will not be realized.
 

Given the computed cash flow yield and the average life for a mortgage-backed or asset-backed security based on some prepayment assumption, the next step is to compare the yield to the yield for a comparable Treasury security. “Comparable” is typically defined as a Treasury security with the same maturity as the average life of the security. The difference between the cash flow yield and the yield on a comparable Treasury security is called a nominal spread. We described this measure in Chapter 5.
 

Unfortunately, it is the nominal spread that some investors will use as a measure of relative value. However, this spread masks the fact that a portion of the nominal spread is compensation for accepting prepayment risk. For example, CMO support tranches are offered at large nominal spreads. However, the spread embodies the substantial prepayment risk associated with support tranches. An investor who buys solely on the basis of nominal spread—dubbed a “yield hog”—fails to determine whether that nominal spread offers potential compensation given the substantial prepayment risk faced by the holder of a support tranche.
 

Instead of nominal spread, investors need a measure that indicates the potential compensation after adjusting for prepayment risk. This measure is called the option-adjusted spread (OAS). In Chapter 7, we demonstrated how this measure is computed within the context of the lattice model. In the following section, we explain how this measure is computed using the model employed for mortgage-backed securities and certain types of asset-backed securities.
 





 MONTE CARLO SIMULATION/OAS

 

In fixed income valuation modeling, there are two methodologies commonly used to value securities with embedded options—the lattice model and the Monte Carlo model. The lattice model was explained in Chapter 7. The Monte Carlo simulation model involves simulating a sufficiently large number of potential interest rate paths in order to assess the value of a security along these different paths. This model is the most flexible of the two valuation methodologies for valuing interest rate sensitive instruments where the history of interest rates is important. Mortgage-backed and some asset-backed securities are commonly valued using this model. As explained below, a byproduct of a valuation model is the OAS.
 



Interest Rate History and Path-Dependent Cash Flows

 

For some fixed income securities and derivative instruments, the periodic cash flows are path dependent. This means that the cash flow received in one period is determined not only by the current interest rate level, but also by the path that interest rates took to get to the current level.
 

In the case of mortgage passthrough securities (or simply, passthroughs), prepayments are path dependent because this month’s prepayment rate depends on whether there have been prior opportunities to refinance since the underlying mortgages were originated. Unlike passthroughs, the decision as to whether a corporate issuer will elect to refund an issue when the current rate is below the issue’s coupon rate is not dependent on how rates evolved over time to reach the current level.
 

Moreover, in the case of securities backed by adjustable rate mortgages (ARMs), prepayments are not only path dependent, but the periodic coupon rate depends on the history of the reference rate upon which the coupon rate is determined. This is because ARMs have periodic caps and floors as well as a lifetime cap and floor. For example, an ARM whose coupon rate resets annually could have the following restriction on the coupon rate: (1) the rate cannot change by more than 200 basis points each year and (2) the rate cannot be more than 500 basis points from the initial coupon rate.
 

Pools of passthroughs are used as collateral for the creation of collateralized mortgage obligations (CMOs) as discussed in the previous chapter. Consequently, for CMOs there are typically two sources of path dependency in a tranche’s cash flows. First, the collateral prepayments are path dependent as discussed previously. Second, the cash flow to be received in the current month by a tranche depends on the outstanding balances of the other tranches in the deal. Thus, we need the history of prepayments to calculate these balances.
 



 Valuing Mortgage-Backed Securities57

 

Conceptually, the valuation of passthroughs using the Monte Carlo method is simple. In practice, however, it is very complex. The simulation involves generating a set of cash flows based on simulated future mortgage refinancing rates, which in turn imply simulated prepayment rates.
 

Valuation modeling for CMOs is similar to valuation modeling for passthroughs, although the difficulties are amplified because the issuer has sliced and diced both the prepayment and interest rate risk into smaller pieces and distributed these risks among the tranches. The sensitivity of the passthroughs comprising the collateral to these two risks is not transmitted equally to every tranche. Some of the tranches wind up more sensitive to prepayment and interest rate risk than the collateral, while some of them are much less sensitive.
 


Using Simulation to Generate Interest Rate Paths and Cash Flows

 

The typical model that Wall Street firms and commercial vendors use to generate random interest rate paths takes as input today’s term structure of insterest rates and a volatility assumption. The term structure of interest rates is the theoretical spot rate (or zero-coupon) curve implied by today’s Treasury securities, which serve as a benchmark. The volatility assumption determines the dispersion of future interest rates in the simulation. The simulations should be calibrated to the market so that the average simulated price of a zero-coupon Treasury bond equals today’s actual price.
 

Each model has its own model of the evolution of future interest rates and its own volatility assumptions. Typically, there are no important differences in the interest rate models of dealer firms and vendors, although their volatility assumptions can be significantly different.
 

The random paths of interest rates should be generated from an arbitrage-free model of the future term structure of interest rates. By arbitrage-free it is meant that the model replicates today’s term structure of interest rates, an input of the model, and that for all future dates there is no possible arbitrage within the model.
 

The simulation works by generating many scenarios of future interest rate paths. In each month of the scenario, a monthly interest rate and a mortgage refinancing rate are generated. The monthly interest rates are used to discount the projected cash flows in the scenario. The mortgage refinancing rate is needed to determine the cash flow because it represents the opportunity cost the mortgagor is facing at that time.
 

If the refinancing rates are high relative to the mortgagor’s original coupon rate (i.e., the rate on the mortgagor’s loan), the mortgagor will have less incentive to refinance, or even a positive disincentive (i.e., the homeowner will avoid moving in order to avoid refinancing). If the refinancing rate is low relative to the mortgagor’s original coupon rate, the mortgagor has an incentive to refinance.
 

Prepayments (voluntary and involuntary) are projected by feeding the refinancing rate and loan characteristics, such as age, into a prepayment model. Given the projected prepayments, the cash flow along an interest rate path can be determined.
 

To make this process more concrete, consider a newly issued mortgage passthrough security with a maturity of 360 months. Exhibit 9.1 shows N simulated interest rate path scenarios. Each scenario consists of a path of 360 simulated 1-month future interest rates. Just how many paths should be generated is explained later. Exhibit 9.2 shows the paths of simulated mortgage refinancing rates corresponding to the scenarios shown in Exhibit 9.1. Assuming these mortgage refinancing rates, the cash flow for each scenario path is shown in Exhibit 9.3.
 


Calculating the Present Value for a Scenario Interest Rate Path

 

Given the cash flow on an interest rate path, its present value can be calculated. The discount rate for determining the present value is the simulated spot rate for each month on the interest rate path plus an appropriate spread. The spot rate on a path can be determined from the simulated future EXHIBIT 9.1 Simulated Paths of 1-Month Future Interest Rates
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EXHIBIT 9.2 Simulated Paths of Mortgage Refinancing Rates
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EXHIBIT 9.3 Simulated Cash Flow on Each of the Interest Rate Paths
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 monthly rates in Exhibit 9.1. The relationship that holds between the simulated spot rate for month T on path n and the simulated future 1-month rates is:58
zT (n) = {[1 + f1 (n)][1 + f2 (n)]…[1 + fT (n)]}1/T − 1
 





 wherezT(n) = simulated spot rate for month T on path n

fj(n) = simulated future 1-month rate for month j on path n
 




 




Consequently, the interest rate path for the simulated future 1-month rates can be converted to the interest rate path for the simulated monthly spot rates as shown in Exhibit 9.4.
 

Therefore, the present value of the cash flow for month T on interest rate path n discounted at the simulated spot rate for month T plus some spread is[image: 260]
 

EXHIBIT 9.4 Simulated Paths of Monthly Spot Rates
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 where


 
	PV[CT(n)]	= present value of cash flow for month T on path n

	CT(n)	= cash flow for month T on path n

	zT(n)	= spot rate for month T on path n

	K
	= spread

 


 



The present value for path n is the sum of the present values of the cash flows for each month on path n. That is,PV[Path(n)] = PV[C1(n)] + PV[C2(n)] + ... + PV[C360(n)]
 





 where PV[Path(n)] is the present value of interest rate path n.

 



Determining the Theoretical Value

 

The present value of a given interest rate path is the theoretical value of a passthrough if that path was actually realized. The theoretical value of the passthrough can be determined by calculating the average of the theoretical values of all the interest rate paths. That is,[image: 262]

 where N is the number of interest rate paths.


This procedure for valuing a passthrough is also followed for a CMO tranche. The cash flow for each month on each interest rate path is found according to the principal repayment and interest distribution rules of the deal. In order to do this, a model for reverse engineering a CMO deal is needed.
 



 Option-Adjusted Spread

 

In the Monte Carlo model, the option-adjusted spread (OAS) is the spread that, when added to all the spot rates on all interest rate paths, will make the average present value of the paths equal to the observed market price (plus accrued interest). Mathematically, OAS is the value for K (the spread) that will satisfy the following condition:[image: 263]
 




where N is the number of interest rate paths. The left-hand side of the above equation looks identical to that of the equation for the theoretical value. The difference is that the objective is to determine what spread, K, will make the model produce a theoretical value equal to the market price.
 

The procedure for determining the OAS is straightforward and involves the same search algorithm explained for the zero-volatility spread. The next question, then, is how to interpret the OAS. Basically, the OAS is used to reconcile value with market price. On the left-hand side of the previous equation is the market’s statement: the price of a structured product. The average present value over all the paths on the right-hand side of the equation is the model’s output, which we refer to as the theoretical value. Thus, OAS tells us the average adjustment that must be made to the set of future interest rates used for discounting the cash flows of a structured product to obtain its market price.
 



 Some Technical Issues

 

In the binomial method for valuing bonds, the interest rate tree is constructed so that it is arbitrage free. That is, if any on-the-run issue is valued, the value produced by the model is equal to the market price. This means that the tree is calibrated to the market. In contrast, in our discussion of the Monte Carlo method, there is no mechanism that we have described above that will assure that the valuation model will produce a value for an on-the-run Treasury security (the benchmark in the case of agency mortgage-backed securities) equal to the market price. In practice, this is accomplished by adding a drift term to the short-term return generating process (Exhibit 9.1) so that the value produced by the Monte Carlo method for all on-the-run Treasury securities is equal to their market price.59 A technical explanation of this process is beyond the scope of this chapter.60
 

There is also another adjustment made to the interest rate paths. Restrictions on interest rate movements must be built into the model to prevent interest rates from reaching levels that are believed to be unreasonable (e.g., an interest rate of zero or an interest rate of 30%). This is done by incorporating mean reversion into the model. By this it is meant that at some point, the interest rate is forced toward some estimated average (mean) value.
 

The specification of the relationship between short-term rates and refinancing rates is necessary. Empirical evidence on the relationship is also necessary. More specifically, the correlation between the short-term and long-term rates must be estimated.
 

The number of interest rate paths determines how “good” the estimate is, not relative to the truth but relative to the valuation model used. The more paths, the more the theoretical value tends to settle down. It is a statistical sampling problem. Most Monte Carlo models employ some form of variance-reduction method to cut down on the number of sample paths necessary to get a good statistical sample.61 Variance reduction techniques allow us to obtain value estimates within a tick. By this we mean that if the model is used to generate more scenarios, value estimates from the model will not change by more than a tick. So, for example, if 1,024 paths are used to obtain the estimate value for a tranche, there is little more information to be had from the OAS model by generating more than that number of paths. (For some very sensitive CMO tranches, more paths may be needed to estimate value within one tick.)
 

To reduce computational time, a statistical methodology has been used by vendors that involves the analysis of a small number of interest rate paths. Basically, the methodology is as follows. A large number of paths of interest rates are generated. Using a statistical technique, these paths can be reduced to a small representative number of interest rate paths. These interest rate paths are called representative paths. The security is then valued on each representative path. The value of the security is then the weighted average of the representative path values. The weight used for a representative path is determined by the percentage of the interest rate paths it represents. This approach is called the representative path method.
 

For example, suppose that 3,000 interest rate paths are generated and that these paths can be reduced to 10 representative paths. Suppose further that the percentage of the 3,000 interest rate paths for each representative path and the present value for each representative path for some CMO tranche is as follows:
 




 
	Representative Path
	Percentage Interest Rate Paths (%)
	Present Value

	1	20	85
	2	18	70
	3	12	60
	4	10	90
	5	10	80
	6	10	65
	7	5	95
	8	5	83
	9	5	60
	10	5	52

 


 
The theoretical value of this CMO tranche is 74.8, as shown below:85 (0.20) + 70 (0.18) + 60 (0.12) + 90 (0.10) + 80 (0.10) + 65 (0.10) + 95 (0.05) + 83 (0.05) + 60 (0.05) + 52 (0.05) = 74.8
 




 



 



 Distribution of Path Present Values

 

The Monte Carlo method is a commonly used management science tool in business. It is employed when the outcome of a business decision depends on the outcome of several random variables. The product of the simulation is the average value and the probability distribution of the possible outcomes.
 

Unfortunately, the use of Monte Carlo simulation to value fixed income securities has been limited to just the reporting of the average value, which is referred to as the theoretical value of the security. This means that all of the information about the distribution of the path’s present values is ignored. Yet, this information is quite valuable.
 

For example, consider a well-protected PAC bond. The distribution of the present value for the paths should be concentrated around the theoretical value. That is, the standard deviation should be small. In contrast, for a support tranche, the distribution of the present value for the paths could be wide, or equivalently, the standard deviation could be large.
 

Therefore, before using the theoretical value for a mortgage-backed security generated from the Monte Carlo method, a portfolio manager should ask for information about the distribution of the path’s present values.
 



 OAS versus the Benchmark

 

It is important to make sure that OAS is interpreted relative to the benchmark selected. While in our illustrations we have used the on-the-run Treasury rates as the benchmark, many funded investors will use LIBOR as the benchmark. As explained in Chapter 2, a spot rate curve can be created for LIBOR using bootstrapping.
 

To see the impact of the benchmark on the computed OAS, the table below shows the OAS computed in November 1999 for a 15-year 6.5% FNMA TBA passthrough (seasoned and unseasoned) and a 30-year 6.5% FNMA TBA using the on-the-run Treasuries and LIBOR:62
[image: 264]
 




As can be seen from the table, the selection of the benchmark has a dramatic impact on the computed OAS. It cannot be overemphasized that the user of an OAS number should make sure that the benchmark is known, as well as the volatility assumption.
 



 Illustrations

 

We will use two deals to show how CMOs can be analyzed using the Monte Carlo model/OAS procedure discussed above—a simple CMO structure and a PAC/support structure.63
 


Simple CMO Structure

 

The simple structure analyzed is Freddie Mac (FHLMC) 1915. It is a simple sequential-pay CMO bond structure. The structure includes eight tranches, A, B, C, D, E, F, G, and S. The focus of our analysis is on tranches A, B, and C. All three tranches were priced at a premium.
 

Exhibit 9.5(A) shows the OAS, the option cost, and effective duration64 for the collateral and the three tranches in the CMO structure. However, tranche A had the smallest effective duration and tranche C had the largest effective duration. The OAS for the collateral is 51 basis points. Since the option cost is 67 basis points, the zero-volatility spread is 118 basis points (51 basis points plus 67 basis points).
 

At the time this analysis was performed, March 10, 1998, the Treasury yield curve was not steep. As explained earlier, when the yield curve is relatively flat the zero-volatility spread will not differ significantly from the nominal spread. Thus, for the three tranches shown in Exhibit 9.5, the zero-volatility spread is 83 basis points for A, 115 basis points for B, and 116 basis points for C.
 

Notice that the tranches did not share the OAS equally. The same is true for the option cost. Both the Z-spread and the option cost increase as the effective duration increases. Whether or not any of these tranches were attractive investments requires a comparison to other tranches in the market with the same effective duration. While not presented here, all three tranches offered an OAS similar to other sequential-pay tranches with the same effective duration available in the market when the analysis was performed. On a relative basis (i.e., relative to the other tranches analyzed in the deal), the only tranche where there appears to be a bit of a bargain is tranche C. A portfolio manager contemplating the purchase of this last cash flow tranche can see that C offers a higher OAS than B and appears to bear less of the risk (i.e., has lower option cost), as measured by the option cost. The problem portfolio managers may face is that they might not be able to go out as long on the yield curve as tranche C because of effective duration, maturity, and average life constraints relative to their liabilities, for example.
 

Now let’s consider modeling risk. Examination of the sensitivity of the tranches to changes in prepayments and interest rate volatility will help us to understand the interaction of the tranches in the structure and who is bearing the risk. How the deal behaves under various scenarios should reinforce and be consistent with the valuation (i.e., a tranche may look “cheap” for a reason).
 

We begin with prepayments. Specifically, we keep the same interest rate paths as those used to get the OAS in the base case (Exhibit 9.5(A)), but reduce the prepayment rate on each interest rate path to 80% of the projected rate. As can be seen in Exhibit 9.5(B), slowing down prepayments increases the OAS and price for the collateral. The exhibit reports two results of the sensitivity analysis. First, it indicates the change in the OAS. Second, it indicates the change in the price, holding the OAS constant at the base case.
 

EXHIBIT 9.5 OAS Analysis of FHLMC 1915 Classes A, B, and C (As of 3/10/98) All three tranches were trading at a premium as of the date of the analysis.
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To see how a portfolio manager can use the information in Exhibit 9.5(B), consider tranche A. At 80% of the prepayment speed, the OAS for this tranche increases from 32 basis points to 40 basis points. If the OAS is held constant, Exhibit 9.5(B) indicates that the buyer of tranche A would gain $0.17 per $100 of par value.
 

Notice that for all of the tranches reported in Exhibit 9.5 there is a gain from a slowdown in prepayments. This is because all of the sequential tranches in this deal are priced over par. (An investor in a tranche priced at a premium benefits from a slowdown in prepayments because the investor receives the higher coupon for a longer period and postpones the capital loss resulting from a prepayment.) Also notice that while the changes in OAS are about the same for the different tranches, the changes in price are quite different. This arises because the shorter tranches have less duration. Therefore, their prices do not move as much from a change in OAS as a longer average life tranche. A portfolio manager who is willing to go to the long end of the yield curve, such as tranche C, would realize the most benefit from the slowdown in prepayments.
 

Also shown in Exhibit 9.5(B) is the second part of our experiment to test the sensitivity of prepayments: the prepayment rate is assumed to be 120% of the base case. The collateral loses money in this scenario because it is trading above par. This is reflected in the OAS of the collateral, which declines from 51 basis points to 40 basis points. Now look at the three tranches. They all lost money because the tranches were all at a premium and the speeding up of prepayments adversely affects the tranches.
 

Before looking at Exhibit 9.5(C), which shows the effect of a change in interest rate volatility on the OAS, let’s review the relationship between expected interest rate volatility and the value of a mortgage-backed security. Recall that the investor in a mortgage-backed security has sold an option to homeowners (borrowers). Thus, the investor is short an option and the value of an option depends on expected interest rate volatility. When expected interest rate volatility decreases, the value of the option embedded in a mortgage-backed security decreases and therefore the value of a mortgage-backed security increases. The opposite is true when expected interest rate volatility increases—the value of the embedded option increases and the value of a mortgage-backed security decreases.
 

Now let’s look at the sensitivity to the interest rate volatility assumption, 13% in the base case. Two experiments are performed: reducing the volatility assumption to 9% and increasing it to 17%. These results are reported in Exhibit 9.5(C).
 

Reducing the volatility to 9% increases the dollar price of the collateral by $1.03 and increases the OAS from 51 in the base case to 79 basis points. However, this $1.03 increase in the price of the collateral is not equally distributed among the three tranches. Most of the increase in value is realized by the longer tranches. The OAS gain for each of the tranches follows more or less the effective durations of those tranches. This makes sense, because the longer the duration, the greater the risk, and when volatility declines, the reward is greater for the accepted risk. At the higher level of assumed interest rate volatility of 17%, the collateral is severely affected. The longer the duration, the greater the loss. These results for a decrease and an increase in interest rate volatility are consistent with what we explained earlier.
 

Using the Monte Carlo simulation/OAS analysis, a fair conclusion that can be made about this simple structure is: what you see is what you get. The only surprise in this structure is the lower option cost in tranche C. In general, however, a portfolio manager willing to extend duration gets paid for that risk in this structure.
 


PAC/Support Tranche Structure

 

Now let’s look at how to apply the methodology to a more complicated CMO structure, FHLMC Series 1706. The collateral (i.e., pool of passthroughs) for this structure is Freddie Mac 7s (7% coupon rate). A partial summary of the deal is provided in Exhibit 9.6. That is, only the tranches discussed in this section are shown in the exhibit.
 

While this deal looks complicated, it is relatively simple compared to many deals that are issued. Nonetheless, it brings out all the key points about application of OAS analysis, specifically, the fact that most deals include cheap bonds, expensive bonds, and fairly priced bonds. The OAS analysis helps identify how a tranche should be classified. A more proper analysis would compare the OAS for each tranche to a similar duration tranche available in the market.
 

All of the tranches in Exhibit 9.6 were discussed in the last chapter. At issuance, there were 10 PAC tranches, three scheduled tranches, a floating rate support tranche, and an inverse floating rate support. Recall that the “scheduled tranches” are support tranches with a schedule, also referred to as “PAC II tranches.”
 

The first two PAC tranches in the deal, tranche A and tranche B, were paid off at the time of the analysis. The other PAC tranches were still available at the time of the analysis. The prepayment protection for the PAC tranches is provided by the support tranches. The support tranches in this deal that are shown in Exhibit 9.6 are tranches LA, LB, and M. There were other support tranches not shown in Exhibit 9.6. LA is the shortest average life support tranche (a scheduled (SCH) bond).
 

The collateral for this deal was trading at a premium. That is, the homeowners (borrowers) were paying a higher mortgage rate than available in the market at the time of the analysis. This meant that the value of the collateral would increase if prepayments slow down but would decrease if prepayments increase. What is important to note, however, is that a tranche could be trading at a discount, par, or premium even though the collateral is priced at a premium. For example, PAC C had a low coupon rate at the time of the analysis and therefore was trading at a discount. Thus, while the collateral (which was selling at a premium) loses value from an increase in prepayments, a discount tranche such as tranche C would increase in value if prepayments increase. (Recall that in the simple structure analyzed earlier, the collateral and all the tranches were trading at a premium.)
 

EXHIBIT 9.6 Summary of Federal Home Loan Mortgage Corporation—Multiclass Mortgage Participation Certificates (guaranteed), Series 1706
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Exhibit 9.7(A) shows the base case OAS, the option cost, and the effective duration for the collateral and tranches in Exhibit 9.6. The collateral OAS is 60 basis points, and the option cost is 44 basis points. The Z-spread of the collateral to the Treasury spot curve is 104 basis points.
 

The 60 basis points of OAS did not get equally distributed among the tranches—as was the case with the simple structure analyzed earlier. Tranche LB, the scheduled support, did not realize a good OAS allocation, only 29 basis points, and had an extremely high option cost. Given the prepayment uncertainty associated with this tranche, its OAS would be expected to be higher. The reason for the low OAS is that this tranche was priced so that its cash flow yield is high. Using the Z-spread as a proxy for the nominal spread (i.e., spread over the Treasury yield curve), the 103 basis point spread for tranche LB is high given that this appears to be a short average life tranche. Consequently, “yield buyers” (i.e., investors with a preference for high nominal yield, who may not be attentive to compensation for prepayment risk) probably bid aggressively for this tranche and thereby drove down its OAS, trading off “yield” for OAS. From a total return perspective, however, tranche LB should be avoided. It is a rich, or expensive, tranche. The other support tranche analyzed, tranche M, had an OAS of 72 basis points and at the time of this analysis was similar to that offered on comparable duration tranches available in the market.
 

EXHIBIT 9.7 OAS Analysis of FHLMC 1706 (as of 3/10/98)
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The analysis reported in Exhibit 9.7(A) helps us identify where the cheap tranches are in the deal. The long average life and effective duration tranches in the deal are the PAC tranches G, H, J, and K. These tranches have high OAS relative to the other tranches and low option cost. They appear to be the cheap tranches in the deal. These PAC tranches had well protected cash flows and exhibited positive convexity (i.e., these tranches lose less in an adverse scenario than they gain in a positive scenario).
 

Exhibit 9.7(B) and (C) show the sensitivity of the OAS and the price (holding OAS constant at the base case) to changes in the prepayment speed (80% and 120% of the base case) and to changes in volatility (9% and 17%). This analysis shows that the change in the prepayment speed does not affect the collateral significantly, while the change in the OAS (holding the price constant) and price (holding OAS constant) for each tranche can be significant.
 

Tranches C and D at the time of the analysis were priced at a discount with short average lives. The OAS and price of these two tranches were not affected by a slowing down or a speeding up of the prepayment model. Tranche H was a premium tranche with a medium-term average life at the time of the analysis. Because tranche H was trading at a premium, it benefits from a slowing in prepayments, as the bondholder will receive the coupon for a longer time. Faster prepayments represent an adverse scenario. The PAC tranches are quite well protected. The longer average life PACs will actually benefit from a reduced prepayment rate because they will be earning the higher coupon interest longer. So, on an OAS basis, the earlier conclusion that the long PACs were allocated a good part of the deal’s value holds up under our first stress test (i.e., changing prepayments).
 

The sensitivity of the collateral and the tranches to changes in volatility is shown in Exhibit 9.7(C). A lower volatility increases the value of the collateral, while a higher volatility reduces its value. The long average life PACs continue to be fairly well protected, whether the volatility is lower or higher. In the two volatility scenarios they continue to get a good OAS on a relative value basis, although not as much as in the base case if volatility is higher (but the OAS still looks like a reasonable value in this scenario). This reinforces the earlier conclusion concerning the investment merit of the long PACs in this deal. Note, however, that PAC tranches H, J, and K are more sensitive to the volatility assumption than tranches C, D, E, and G and therefore the investor is accepting greater volatility risk (i.e., the risk that volatility will change) with tranches H, J, and K relative to tranches C, D, E, and G.
 



 Special Considerations in Valuing Asset-Backed Securities

 

The model that should be used for valuing an asset-backed security (ABS) depends on the characteristic of the loans or receivables backing the deal. An ABS can have one of the following three characteristics:Characteristic 1: The ABS does not have a prepayment option.
 

 


 
Characteristic 2: The ABS has a prepayment option but borrowers do not exhibit a tendency to prepay when refinancing rates fall below the loan rate.
 

 

 
Characteristic 3: The ABS has a prepayment option and borrowers are expected to prepay when refinancing rates fall below the loan rate.
 








An example of a Characteristic 1 type ABS is a security backed by credit card receivables. An example of a Characteristic 2 type ABS is a security backed by automobile loans. A security backed by subprime mortgage loans (i.e., loans by borrowers with impaired credit histories) is an example of a Characteristic 3 type ABS.
 

There are two possible approaches to valuing an ABS. They are the:1. Zero-volatility spread (Z-spread) approach.

2. Option-adjusted spread (OAS) approach.



 

For the Z-spread approach (discussed in Chapter 5) the interest rates used to discount the cash flows are the spot rates plus the zero-volatility spread. The value of an ABS is then the present value of the cash flows based on these discount rates. The Z-spread approach does not consider the prepayment option. Consequently, the Z-spread approach should be used to value Characteristic 1 type ABS. (In terms of the relationship between the Z-spread, OAS, and option cost discussed earlier in this chapter, this means that the value of the option is zero and therefore the Z-spread is equal to the OAS.) Since the Z-spread is equal to the OAS, the Z-spread approach to valuation can be used.
 

The Z-spread approach can also be used to value Characteristic 2 type ABS because while the borrowers do have a prepayment option, the option is not typically exercised when rates decline below the loan rate. Thus, as with Characteristic 1 type ABS, the Z-spread is equal to the OAS.
 

The OAS approach—which is considerably more computationally extensive than the Z-spread approach—is used to value securities where there is an embedded option and there is an expectation that the option is expected to be exercised if it makes economic sense for the borrower to do so. Consequently, the OAS approach is used to value Characteristic 3 type ABS. The choice is then whether to use the lattice model or the Monte Carlo simulation model. Since typically the cash flow for an ABS with a prepayment option is interest rate path dependent—as with a mortgage-backed security—the Monte Carlo simulation model is used.
 

When the Monte Carlo model must be employed for an ABS, then there are some modifications to the model relative to its application for valuing agency mortgage-backed securities. First, instead of the mortgage refinancing rate, the appropriate rate is the borrowing rate for comparable loans of the underlying loan pool. Moreover, an assumption must be made about the relationship between the relevant borrowing rate and the Treasury rate. Second, given the refinancing rates, the collateral’s cash flows on each interest rate path can be generated. This requires a prepayment and default/recovery model to project involuntary prepayments.
 


Application

 

We will now illustrate the Monte Carlo/OAS methodology using Bloomberg screens with a home equity loan backed security (i.e., a subprime mortgage deal) issued from the Morgan Stanley Home Equity Loan Trust Series 2007-2. Exhibit 9.8 presents the Bloomberg security description screen for the issue. This particular tranche A4 is structured as a floater with monthly cash flows. The coupon formula is 1-month LIBOR plus 35 basis points with a floor of 35 basis points. Collateral for the deal consists of adjustable and fixed rate subprime residential first-lien and second-lien mortgage loans. The credit enhancement consists of subordination, a spread account, and overcollateralization.
 

Exhibit 9.9 presents the Bloomberg OAS1 screen for this tranche. The calculation of OAS on Bloomberg employs a Monte Carlo simulation to generate potential paths of short-term interest rates. Bloomberg uses a two-factor interest rate model and the model is calibrated to the swap curve as well as a set of at-the-money swaption volatilities. The default number of scenario interest rate paths is 256 but the program will handle up to 3,000. In this example, we use 1,000 potential paths. To limit the number of interest rate paths while maintaining precision, the program uses variance-reduction techniques as we discussed earlier in this chapter. After the scenario interest rate paths are generated, they are inputs into Bloomberg’s proprietary prepayment model that generates cash flows that correspond to each path. For each scenario interest rate path, cash flows are discounted to obtain present values. The theoretical price is the average present value across paths. OAS is the constant spread (in basis points) added to all short rates across all paths that produce a model price equal to the market price. The program produces an OAS of 3,997.3 basis points corresponding to price of 3617⁄32. This tranche is selling at a deep discount to par owing to its subprime collateral and the vestiges of the global financial crisis of 2007-2008.
 

EXHIBIT 9.8 Bloomberg Security Description Screen of Asset-Backed Security
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 9.9 Bloomberg OAS1 Screen
 

© 2010 Bloomberg Finance L.P. All rights reserved. Used with permission.
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CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Cash flow yield 
Reinvestment risk 
Interest rate risk 
Nominal spread 
Option-adjusted spread (OAS) 
Path dependent 
Drift term 
Mean reversion 
Variance-reduction method 
Representative paths 
Representative path method
 





 QUESTIONS

 

1. a. What is static cash flow yield analysis?

b. What are its shortcomings?




2. Why are prepayments path dependent?

3. What are the steps necessary in generating the scenario interest rate paths?

4. What is the relationship between the simulated one-month future interest rates and the simulated mortgage refinancing rates?

5. How is the present value of the cash flow for month T on interest rate path n determined?

6. In a Monte Carlo analysis, how is the theoretical or model price of a mortgage-backed security determined?

7. What is the option-adjusted spread?

8. What is the relationship between the value of an MBS and the assumed volatility?

9. Two portfolio managers are discussing the meaning of option-adjusted spread. Here is what each asserted:Manager 1: “The OAS is a measure of the value of the option embedded in the bond. That is, it is the compensation for accepting option risk.”
 

 


Manager 2: “The OAS is a measure of the spread relative to the Treasury on-the-run yield curve and reflects compensation for credit risk and liquidity risk.”
 

 

Comment on each manager’s interpretation of OAS
 




10. Does the valuation of an asset-backed security require the use of Monte Carlo simulation?

11. When is it appropriate to use the zero-volatility spread approach rather than the OAS approach when valuing an asset-backed security?

  




 CHAPTER 10
 

Analysis of Convertible Bonds
 

Corporations must fund their operations by selling claims to the expected future cash flows they generate. The two basic claims issued are debt and equity. Debt claims are fixed by contract; equity claims are residual. Between these two endpoints, there exists a continuum of securities that possess features of both debt and equity. Among the most prominent of these hybrid securities is convertible bonds. A convertible bond is a combination of an option-free bond and the option to convert the bond into a given number of shares of the issuer’s common stock. Convertible bonds are typically callable and may be putable. Depending on the performance of the underlying stock, a convertible bond may behave more like a common stock or more like an option-free bond.
 

In its most basic form, a convertible bond represents a combination of an option-free bond and call option on the underlying common stock. Specifically, a convertible bond is a security that gives the investor the option to convert into a specified number of shares (adjusted for stock splits/stock dividends) of the issuer’s common stock. This differs from an exchangeable bond, which gives investors the option to exchange their bond for the common stock of a firm other than the issuer. Valuation of convertibles presents some challenges to the analyst. For example, the exercise price for the conversion option is surrendering a bond whose price changes. Moreover, convertible bonds issued today typically possess more than one embedded option. As noted above, these bonds can be callable and/or putable. Accordingly, the valuation of convertible bonds is more involved because the bond’s value will depend on: (1) how interest rate changes impact the bond’s expected future cash flows via call and/or put options and (2) how stock price changes impact the value of the conversion feature.
 





GENERAL CHARACTERISTICS OF CONVERTIBLE BONDS

 

In this section, we introduce the defining characteristics of a convertible bond with an example. Consider a convertible bond issued by Sonic Automotive in November 2005. Exhibit 10.1 presents the Bloomberg security description screen for this convertible bond. The convertible bond has a maturity value of $1,000 and carries a 4.25% coupon rate to November 2010 and steps up to 4.75% thereafter. The investor also has the right to exercise the conversion option that extends until the maturity date of November 30, 2015. The conversion provision grants the security holder the right but not the obligation to convert the bond into a predetermined number of shares of the issuer’s common stock. The predetermined number of shares is called the conversion ratio. For the Sonic Automotive convertible bond, the conversion ratio is 41.4185 shares. Accordingly, at a time of the security holder’s choosing, the $1,000 maturity value bond may be surrendered for 41.4185 shares of Sonic Automotive common stock. This issue possesses two additional embedded options in the form of discrete call/put options. By discrete, it means simply that the options may only be exercised only on a specific date or dates. For this convertible bond, the issue is both callable by the issuer and putable by the investor at par on November 15, 2010.
 

EXHIBIT 10.1 Bloomberg Security Description Screen
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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If the investor buys the common stock via the convertible bond, a premium over the market price per share must be paid. After all, options are valuable. A convertible bond must be worth at least the value of the shares into which the bond can be converted. This quantity is called the conversion value, which is simply the product of the conversion ratio and the current market share price. Simply put, the conversion value reflects the value of the security if it is converted immediately.
 

Appealing to no arbitrage principles, it is possible to put some structure to the valuation of a convertible. The minimum price of a convertible bond is the greater of the conversion value and the straight value. A convertible bond’s straight value is what it would be worth ignoring the conversion option; that is, the convertible bond’s value based on the cash flows if not converted. Arbitrage opportunities are present if the convertible bond does not sell for the greater of these two values. To illustrate this point, consider two scenarios. Suppose, for example, the conversion value is greater than its straight value and the convertible’s market value equals its straight value. An arbitrage profit can be realized by an investor by buying the convertible and converting it in the common stock. The arbitrage profit would then be the difference between the conversion value and the straight value. Alternatively, suppose, the straight value exceeds the bond’s conversion value and the convertible’s market value equals its conversion value. To exploit this opportunity, the investor would take a long position in the convertible that offers a higher expected return than an otherwise similar straight bond.
 

If a common stock is purchased via the convertible, the implicit price paid for the common stock is called the market conversion price, It is as follows:[image: 272]
 




The market conversion price can be thought as breakeven price. To see this, suppose the market share price rises above the market conversion price. Once this occurs, any further share price appreciation is reflected in the convertible bond’s value.
 

If one chooses to buy a convertible rather than the underlying common stock, a premium is paid over the current market share price. The reason is that the investor in the convertible gets to participate in the upside potential of the common stock and has downside protection, which is the bond’s straight value. We define the market conversion premium per share as the difference between the market conversion price and the current market share price.
 

For the Sonic Automotive convertible, suppose the convertible bond’s market price is $417.50 and recall the conversion ratio is 41.4185. Using these numbers, the market conversion price is computed as follows: [image: 273]
 




Suppose further the current market share price is $4.01. Subtracting this amount from the market conversion price of $10.08 gives the market conversion premium per share of $6.07.
 





TOOLS FOR ANALYZING CONVERTIBLES

 

We introduce some tools often used by market participants when analyzing convertible bonds using a Bloomberg yield analysis screen. Consider Exhibit 10.2, which is a YA screen for a Sonic Automotive convertible bond previously discussed. The first step is to locate the current price of the convertible bond and the underlying common stock. This information is located in a box on the upper left side of the screen. We note the convertible is priced at 41.75 and the market price of the common stock is $4.01 per share. Next, we want to calculate the parity price and is computed with the following expression:[image: 274]
 




The parity price is the convertible bond price that generates a zero payoff (ignoring transaction costs) when one buys the convertible, converts it upon settlement, and sells the stock immediately at the prevailing market price. The parity price serves as lower bound for the price of a convertible bond courtesy of no arbitrage. If the convertible bond’s price were lower than the parity price, an investor buy the bond and covert it for a sure profit from the mispricing.
 

The parity price for the Sonic Automotive convertible is[image: 275]
 




As noted, when one buys the common stock by way of a convertible bond, a premium is paid for the downside protection the bond supplies. Premium points is a measure of how much the bondholder pays for this protection and is computed as follows:Premium points = Current bond price − Parity price
 




 



 

EXHIBIT 10.2 Bloomberg Yield Analysis Screen
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Returning to our illustration in Exhibit 10.2, inserting the values from the screen for the bond price and the parity price into the expression:Premium points = $41.75 − $16.61 = $25.14
 




 



 

This value is located in the lower right-hand corner of the screen. This premium is often expressed as a percentage to enable comparisons across bonds. Percent premium is computed with the expression below:Percent premium = (Premium points/Parity price) × 100
 




 



 

Inserting the appropriate numbers from Exhibit 10.2, we obtain the following:Percent premium = ($25.14/$16.61) × 100 = 151.37%
 




 



 

This value agrees with the reported value for percent premium in the bottom right-hand corner of the screen.
 

The percent premium is an indicator of the likely investment characteristics of the convertible bond. If percent premium is relatively large, then the bond’s straight value of is considerably higher than the conversion value. As a result, the convertible bond will behave more a straight bond and will likely have a greater sensitivity to interest rates. Conversely, if percent premium is relatively small, then the conversion value is considerably higher than the straight value. In this case, the convertible bond will behave less like bond and more like an equity claim.
 

Along with the downside protection the convertible bond affords, often there is an income advantage from holding the convertible bond rather than converting to acquire the dividends paid by the common stock. In the lower left-hand corner of the screen in Exhibit 10.2, the bond’s current yield is reported 10.18%. The next number reported is the dividend yield of the underlying common stock 8.98%. Advantage is simply the difference between the bond’s current yield and the stock’s dividend yield or 1.202%. The higher the yield advantage, all other things equal, the faster the premium paid for the downside protection pays for itself. Simply put, holding the convertible bond has a positive cost of carry.
 

In addition to knowing whether the yield advantage is positive, analysts often want to assess the size of the yield advantage relative to the size of the premium. Breakeven yield advantage is the time period it takes for the positive yield advantage to recover the premium paid for the convertible’s downside protection ignoring the time value of money. Breakeven yield advantage is computed with as follows[image: 277]
 




For the Sonic Automotive convertible,[image: 278]
 




This number indicates that, ignoring the time value of money, it will take about 50 years to recover the premium paid for the convertible bond.
 





CALL AND PUT FEATURES

 

As noted, convertibles are commonly issued with a call feature and may also have a put feature. These option features can be either exercised continuously (exercisable at any time after specified call protection periods) or discretely (exercisable on certain specified dates). Call protection is categorized as being “hard” or “soft” depending on the degree of protection afforded the bondholder. Hard calls have longer call protection periods in which the call option is not active. Longer call protection has a beneficial impact in both the conversion option and put option if present. Soft calls offer protection places with fewer limitations on the issuer’s ability to exercise the call feature.
 

The call feature allows the issuer to force the bondholders to either convert their shares to common stock or redeem their shares for cash. The effective call price is the sum of the nominal call price applicable at the time of the call plus any accrued interest. If a convertible issue is called, the bondholder’s decision is relatively straightforward. If the effective call price is greater than the conversion value, the bondholder surrenders the bonds in exchange for its redemption value. If the conversion value is greater than the effective call price, the bondholder will convert the bonds into common stock. Issuers usually call convertible bonds when they are “in-the-money” (i.e., the conversion value exceeds the call price). A call of an “in-the-money” convertible bond is known as a “conversion-forcing-call.”
 

By contrast, the put feature, which benefits the bondholder, gives the bondholder the right to sell the bond back to the issuer at a price usually at par or at a premium to par value. Exhibits 10.3 and 10.4 present a Bloomberg security description screen of a putable convertible bond issued by CSX. The bond carries a 7.25% coupon and matures on May 1, 2027. This bond carries a one-time discrete put that was exercisable on May 1, 2005 with an exercise price of 100.
 





CONVERTIBLE BOND ARBITRAGE

 

The valuation of convertible bonds is driven by four fundamental factors:1. The term structure of interest rates.

2. The term structure of credit spreads.

3. The level of the underlying stock price.

4. The volatility of the underlying stock price.



 

Convertible bond arbitrage entails the identification of a mispriced factor and taking a position in the convertible to exploit it. Generally, as one gains exposure to the perceived mispriced factor, to the extent possible the exposure to all other relevant factors is hedged.
 

Suppose, for example, that after detailed analysis, a fixed income analyst identifies a convertible bond that appears to be undervalued. She makes a purchase recommendation to a portfolio manager. Suppose further that the portfolio manager concurs with the analyst’s recommendation and takes a long position in the convertible bond. Convertible bond arbitrage is not arbitrage in the true sense of the term because the investor is exposed to risk. Still, the term is prevalent in the financial markets and we use the term in our discussion acknowledging the imprecision. This position is exposed to at least three significant risks. First, the analyst could be wrong. This possibility is present with any active investment strategy. Second, the position is exposed to adverse movements in the underlying stock price. In this instance, since there is a long position in the convertible bond, falling stock prices are the concern. The portfolio manager can hedge this risk exposure by establishing a short position in the underlying common stock as explained shortly.
 

EXHIBIT 10.3 Bloomberg Security Description Screen Page 1
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 10.4 Bloomberg Security Description Screen Page 2
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Adverse movements in interest rates comprise the third risk exposure. This risk can be measured and controlled. For example, we could calculate the effective dollar duration, which measures the dollar price change in the bond position resulting from a parallel shift in the benchmark yield curve. Assuming a long position in the convertible bond, the portfolio manager hedges this risk by taking a short position in Treasuries or a short position in an interest rate futures contract. The effective dollar duration is used to compute the hedge ratio as follows:[image: 281]
 




The yield beta is the relationship between a change in yield for the bond to be hedged and a change in yield for the hedging vehicle. This relationship is estimated using regression analysis.
 

The convertible bond strategy generates both cash inflows and outflows. One source of cash inflows is the coupon payments from the convertible bond. Zero-coupon convertibles (e.g., LYONs, Liquid Yield Option Notes) are therefore not as desirable for convertible bond arbitrage. Another source of cash inflows is the rebate on the cash collateral provided for the shares borrowed to establish a short position in the underlying stock. In order to borrow shares using a securities lending agreement, the security lender usually demands some collateral. The collateral could take the form of cash or marketable securities. In order to encourage cash collateral, which the security lender can reinvest, the security lender promises to rebate a portion of the reinvestment income at a specified rate. The rebate rate is usually a few basis points below the federal funds rate. One source of cash outflows is cash dividends on the shares that are shorted. Under a securities lending agreement, the security borrower is responsible for the payment of any cash dividends until the shares are returned to the security lender. This is why nondividend paying stocks are the vehicle of choice for convertible bond arbitrage.
 



 Hedging Stock Price Risk

 

One of the risks noted above for a convertible bond arbitrage is the risk associated with a decline in the value of the underlying common stock. The portfolio manager can hedge this risk exposure by establishing a short position in the underlying common stock. How is this position constructed?
 

The goal is to construct a portfolio such that the combination of the long position in the convertible bond and short position in the underlying common stock is invariant to changes in the stock price. To achieve this outcome, the analyst must be able to measure the sensitivity of changes in the convertible bond’s value in response to changes in the underlying stock’s price. This measure of price sensitivity is called delta. Formally, delta tells the analyst for a $1 change in the bond’s conversion value what is the corresponding change in the convertible bond’s value. Delta always takes on values between 0 and 1. A delta of zero indicates for $1 change in the conversion value there is no response in the convertible bond’s value. A delta of one indicates for a $1 change in the conversion value would result in an approximately $1 change in convertible bond’s value for every share into which it is convertible. Simply put, the change in convertible bond’s value equals the conversion ratio. Values closer to 1 signify a high sensitivity of the convertible to changes in the underlying stock’s value and are associated with a high probability of conversion.
 

As an illustration, consider a callable, convertible bond issued by Sonic Automotive that carries a 4.25% coupon until November 30, 2010 and 4.75% thereafter until the maturity of November 30, 2015. This is the same convertible we analyzed earlier in the chapter. Exhibit 10.5 presents a Bloomberg Convertible Bond Valuation (OVCV) screen for this issue. The bond is convertible into 41.4185 shares of Sonic Automotive common stock. The delta of this bond is 0.85. This number is located in the middle of the screen and is labeled “Delta_s.” An analyst interprets this number as indicating that for a $1 change in the stock price of Sonic Automotive, there is approximately a $35.21 (0.85 × $41.4185) increase in the value of the convertible bond’s value per $1,000 of par value.
 

The term delta neutral refers to a position constructed where long and short positions are combined in proportions such that the position remains unchanged in response to movements in the underlying stock’s price. The hedge ratio is the bond’s delta. If a long position in the Sonic Automotive convertible is established, the bond’s delta multiplied by the conversion ratio tells the analyst how many shares of Sonic Automotive common stock should be shorted for every convertible bond purchased. In this case, the hedge ratio is 35.27 (0.85 × $41.4185). Given market prices, a delta-neutral position would be for each Sonic Automotive convertible purchased short 35.27 shares of common stock. The value of this position should remain unchanged in response to small changes in the stock price.
 

EXHIBIT 10.5 Bloomberg Convertible Bond Valuation Screen
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 282]





OTHER TYPES OF CONVERTIBLES

 

Two variants of the traditional conversion feature appear with some frequency in the market—mandatory convertibles and reverse convertibles. We discuss these two types of convertibles here.
 



 Mandatory Convertibles

 

While there are variations among them, mandatory convertibles share three common elements. First, conversion to common stock is mandatory at maturity. This feature is unlike the traditional where the conversion decision is made at the behest of security holder. Second, mandatory convertibles limit the investor’s upside participation but are still exposed to the full downside risk of the underlying common stock. Third, the mandatory convertible’s dividend yield is usually higher than common stock’s dividend yield.
 

EXHIBIT 10.6 Payoff of a Mandatory Convertible at Maturity
 

[image: 283]

A distinguishing feature of mandatory convertibles is the number of shares into which the security can be converted is determined by the share price of the underlying stock. Consider the graph in Exhibit 10.6. The horizontal axis represents the price of the underlying stock price. P1 is the lower exercise price and P2 is the higher exercise price. The vertical axis represents the price of a mandatory convertible bond price. At maturity, if the stock price is below P1, convertible investors receive a fixed lower conversion ratio. If the stock price is between P1 and P2, the conversion ratio is a variable ratio that is determined by dividing the convertible’s par value by the stock price at maturity. If the stock price is above P2 at maturity, investors receive a fixed higher conversion ratio.
 



Reverse Convertibles

 

A reverse convertible bond is a combination of a long position in an option-free bond and a short position in a put option on some underlying common stock. The issuer owns the put option. Each put option gives the issuer the right to convert the bond’s principal into common stock before some specified date. Put options are more valuable when the price of the underlying common stock into which the shares can be converted falls below the exercise price. If the reverse conversion feature is exercised, the bondholders receive common stock rather than the principal payment and any remaining coupon payments. The common stock in question need not be that of the issuer. Maturities are typically short, usually two years or less. Due to the relatively high risk exposure, coupon rates are typically higher than their convertible counterparts. For example, J.P. Morgan issued a reverse convertible that matures on April 30, 2010. The coupon rate was 10.5% and is paid monthly. Each reverse convertible bond is convertible into common stock at an exercise price of $25.88.
 







CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Convertible bond 
Exchangeable bond 
Conversion ratio 
Conversion value 
Straight value 
Market conversion price 
Market conversion premium per share 
Parity price 
Premium points 
Percent premium 
Advantage 
Breakeven yield advantage 
Hard calls 
Soft calls 
Effective call price 
Convertible bond arbitrage 
Yield beta 
Delta 
Delta neutral 
Mandatory convertible 
Reverse convertible
 





 QUESTIONS

 

1. What is the difference between a convertible bond and an exchangeable bond?

2. Explain why the minimum price of a convertible bond is greater of the conversion value and the straight value?

3. Consider the following convertible bond: Maturity = 10 years
 

Coupon rate = 7%
 

Conversion ratio = 50
 

Maturity value = $1,000
 

Moreover, the following information has been gathered about the bond and the common stock:
 

Bond price = $950
 

Stock price = $17
 

Annual dividend per share = $1
 

Compute the following:a. Market conversion price

b. Parity price

c. Premium points

d. Percent premium



 




4. The valuation of convertible bonds is driven by what four fundamental factors?

5. Suppose that a bond issued by XXX Corporation is convertible into 30 shares of common stock. The delta of this bond is 0.77. Explain how to create a long position in the XXX convertible bond that is delta neutral.

6. What is the difference between a hard and soft call in a convertible bond issue?

7. What three elements do mandatory convertible bonds have in common?

8. Describe how a reverse convertible bond works.

9. What information can an analyst glean from breakeven yield advantage?

10. In March 2010, Bakrieland Development, an Indonesian property developer, issued $150 million in convertible bonds. The bonds had a 5-year maturity that granted the bondholder to put the bond back to the issuer on the third anniversary at par. The bonds were also callable by the issuer after three years subject to a 130% trigger. What is meant by a “130% trigger”?

  




 CHAPTER 11
 

Total Return
 

An investor who purchases a bond can expect to receive a dollar return from one or more of the following sources: (1) the coupon interest payments made by the issuer; (2) any price appreciation/depreciation when the bond matures, is called, is put, is refunded, or is sold; and (3) income from reinvestment of the coupon interest payments (i.e., interest on interest). Any measure of the potential return from holding a bond over some investment horizon should consider these three sources of dollar return. In Chapter 5, we explained why yield measures are limited with respect to assessing the potential performance over some investment horizon. In this chapter, we set forth a framework to assess the potential performance of a bond or bond strategy—total return.
 





COMPUTING THE TOTAL RETURN

 

The total return considers all three sources of potential dollar return over the investor’s investment horizon. It is the return (interest rate) that will make the proceeds (i.e., price plus accrued interest) invested grow to the projected total dollar return at the end of the investment horizon.65 The total return requires the investor to specify:• An investment horizon.

• A reinvestment rate.

• A price for the bond at the end of the investment horizon.



 

More formally, the steps for computing a total return over some investment horizon are as follows:
 

 

Step 1: Compute the total coupon payments plus the reinvestment income based on an assumed reinvestment rate. The reinvestment rate is one-half the annual interest rate that the investor assumes can be earned on the reinvestment of coupon interest payments.66
 

 

Step 2: Determine the projected sale price at the end of the investment horizon. We refer to this as the horizon price. In Chapter 2 we explained how the price of a bond is computed based on the term structure of default-free interest rates (i.e., the Treasury spot rate curve) and the term structure of credit spreads. Moreover, for bonds with embedded options, the price will depend on the option-adjusted spread (OAS). So, to determine the horizon price in the total return analysis it is necessary to use at the horizon date an assumed benchmark spot rate curve, term structure of credit spreads, and OAS. Obviously, the assumed values reflect changes in interest rates and spreads from the beginning to the end of the investment horizon. We shall refer to these rates as the structure of rates at the horizon date.
 

However, in the illustrations to follow, we will assume a single yield to price a security at the horizon date to simplify the analysis. This yield would reflect the Treasury rate plus a spread and we will refer to it as the horizon yield.
 

 

Step 3: Add the values computed in Steps 1 and 2. Reduce this value by any borrowing cost to obtain the total future dollars that will be received from the investment given the assumed reinvestment rate and projected structure of rates at the horizon date (or horizon yield in our illustrations to follow).
 

 

Step 4: Compute the semiannual total return using the following formula:[image: 284]

 where the full price is the price plus accrued interest and h is the number of semiannual periods in the investment horizon.


 

Step 5: For semiannual-pay bonds, double the interest rate found in Step 4. The resulting interest rate is the total return expressed on a bond equivalent basis. Instead, the total return can be expressed on an effective rate basis by using the following formula:(1 + Semiannual total return)66 - 1
 




 



 

A graphical depiction of the total return calculation is presented in Exhibit 11.1.
 

EXHIBIT 11.1 Graphical Depiction of Total Return Calculation
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The decision as to whether to calculate the total return on a bond equivalent basis or an effective rate basis depends on the situation. If the total return is being compared to a benchmark index that is calculated on a bond equivalent basis, then the total return should be calculated in that way. However, if the bond is being used to satisfy liabilities that are calculated on an effective rate basis, then the total return should be calculated in that way.
 

To illustrate the computation of the total return, suppose that an investor with a 1-year investment horizon is considering the purchase of a 20-year 6% corporate bond. The issue is selling for $86.4365 for a yield of 7.3%. The issue will be purchased for cash (i.e., no funds will be borrowed). Assume that the yield curve is flat (i.e., the yield for all maturities is the same) and the yield for the on-the-run 20-year Treasury issue is 6.5%. This means that the yield spread over the on-the-Treasury issue for this corporate bond is 80 basis points. The investor expects that:1. He or she can reinvest the coupon payments (there will be two of them over the 1-year investment horizon) at 6%.

2. The Treasury yield curve will shift down by 25 basis points and remains flat at the end of 1 year, so that the yield for the 19-year Treasury issue is 6.25% (6.5% minus 25 basis points).

3. The yield spread to the 19-year Treasury issue is unchanged at 80 basis points so the horizon yield is 7.05% (6.25% plus 80 basis points).



 

The calculations are as shown below.
 

Step 1: Compute the total coupon payments plus the reinvestment income assuming an annual reinvestment rate of 6% or 3% every six months. The semiannual coupon payments are $3. The future value of an annuity can be used or because the investment horizon is only one year, it can be computed as follows:
 


 
	First coupon payment reinvested for six months = $3 (1.03)	= $3.09
	Second coupon payment not reinvested since at horizon date	= $3.00

	Total	= $6.09

 


 



 

Step 2: The horizon price at the end of the 1-year investment horizon is determined as follows. The horizon yield is 7.05% by assumption. The 6% coupon 20-year corporate bond now has 19 years to maturity. The price of this bond when discounted at a flat 7.05% yield (the yield curve is assumed to be flat) is $89.0992.
 

 

Step 3: Adding the amounts in Steps 2 and 3 gives the total future dollars of $95.1892.
 

 

Step 4: Compute the following (h is 2 in our illustration):[image: 286]
 




Step 5: The total return on a bond equivalent basis and on an effective rate basis are shown below:2 × 4.94% = 9.88% (bond equivalent-yield)
 

(1.0494)2 - 1 = 10.13% (effective rate basis)
 




 



 





 OAS-TOTAL RETURN

 

In Chapter 7, the option-adjusted spread (OAS) is described. The OAS can be incorporated into a total return analysis to determine the horizon price. This requires a valuation model. At the end of the investment horizon, it is necessary to specify how the OAS is expected to change. The horizon price can then be “backed out” of a valuation model. This technique can be extended to the total return framework by making assumptions about the required variables at the horizon date.
 

Assumptions about the OAS value at the end of the investment horizon reflect the expectations of the portfolio manager. It is common to assume that the OAS at the horizon date will be the same as the OAS at the time of purchase. A total return calculated using this assumption is sometimes referred to as a constant-OAS total return. Alternatively, active total return managers will make bets on how the OAS will change—either widening or tightening. The total return framework can be used to assess how sensitive the performance of a bond with an embedded option is to changes in the OAS.
 





TOTAL RETURN TO MATURITY

 

In our discussion and illustration, we focused on the total return over some investment horizon shorter than the maturity date. It is useful to calculate a total return to the maturity date to see the relative importance of each source of return. The calculation of the semiannual total return to maturity is calculated as follows:[image: 287]

 where m is the number of semiannual periods to maturity.


To illustrate this, consider a 4% 25-year bond selling for $50.594 per $100 par value. The yield to maturity for this bond is 9%. The total coupon payments per $100 par value is $100 ($4 per year times 25 years). The capital gain at the maturity date is $49.406 ($100 - $50.594). To calculate the reinvestment income, a reinvestment rate must be assumed. If a 6% reinvestment rate (3% semiannually) is assumed, it can be demonstrated that the reinvestment income is $125.5937.
 

The total future dollars is $325.5937, which is the sum of the total coupon payments ($100), the reinvestment income ($125.5937), and the maturity value ($100). The semiannual total return to maturity is found as follows:[image: 288]
 




The bond equivalent yield is 7.59% and the total return on an effective rate basis is 7.73%.
 

Thus, if an investor purchases this bond, holds it to maturity, and can reinvest the coupon payments at a 6% yield, the total return to maturity would be 7.59% on a bond equivalent basis. This is less than the 9% yield to maturity.
 

The relative importance of each source of return for this bond is summarized below. From the relative contributions, it can be seen how critical the reinvestment rate is.
 


 
	Sources of Return
	Dollars
	Percent

	Total coupon	100.0000	36.36
	Reinvestment income	125.5937	45.67
	Price change	49.406	17.97
	Total	274.9997	100.00

 


 



Let’s calculate another total return for a bond held to maturity with two added twists. First, what happens if a bond is purchased between coupon payment dates such that remaining number of periods until maturity is not a whole number (e.g., 15.25)? Second, what if the assumed reinvestment rate for the total return calculation is the bond’s yield to maturity? To illustrate this calculation, consider a 4.25% coupon, 10-year U.S. Treasury note that matures on November 15, 2017. Exhibit 11.2 presents the Bloomberg Security Description screen for this issue. This note pays coupon interest on May 15 and November 15.
 

EXHIBIT 11.2 Bloomberg Security Description Screen for a 10-Year U.S. Treasury Note
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
 

[image: 289]

EXHIBIT 11.3 Bloomberg Yield Analysis Screen for a 10-Year U.S. Treasury Note
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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We will assume this bond is purchased with a settlement date of December 28, 2007 and is held to maturity. Exhibit 11.3 presents the Bloomberg Yield Analysis (YA) screen for this security. We will calculate the total return to maturity using information presented on this screen. Since the settlement date is between coupon payment dates, we use the security’s full price in our calculation. Assuming a $1 million par value position, the full price is $1,008,145.60 (the flat price plus 43 days accrued interest), which is located under the heading “PAYMENT INVOICE” on the left-hand side of the screen and is labeled “TOTAL.”
 

The total futures dollars generated is located under “INCOME,” which is also located on the left-hand side of the screen. The redemption value at maturity is $1,000,000. There are 20 coupon payments remaining so the total coupon interest over the bond’s life is $425,000 (20 × $21,250). The reinvestment income assuming a reinvestment rate of 4.211% (the yield to maturity) is $96,765.57.67 Summing these three components gives us the total future dollars of $1,521,765.57 and this is labeled “TOTAL.”
 

The only input that remains is the number of periods until maturity. Since the settlement date is between coupon payment dates, the number of periods until maturity is not a whole number. The settlement date is December 28, 2007 and the next coupon payment date is May 15, 2008. Since corporate securities use a 30/360 day count convention as discussed in Chapter 3, a semiannual coupon period is assumed to have 180 days and there are 137 days from the settlement date until the next coupon date. Accordingly, the fraction of a coupon period remaining is 0.76115(137/180). As of November 15, 2007, there are 10 years remaining to maturity on December 28, 2007. Accordingly, if the bond is purchased with a settlement date of December 28, 2007, and held to maturity, there are 19.7611 semiannual coupon periods remaining until maturity.
 

We now have all the inputs necessary to calculate the total return to maturity. The semiannual total return to maturity is found as follows:[image: 291]
 




The bond equivalent yield is 4.22%, which is the same as the yield to maturity. Thus, if the assumed reinvestment rate is the yield to maturity, the total return to maturity is equal to the yield to maturity.
 

The computation of total return is the product of assumptions about how the future is going to unfold. These assumptions include the interest rates at the end of the investment horizon, spreads at the end of the investment horizon, and reinvestment rates available during the course of the investment horizon. Later in the chapter when we discuss scenario analysis, we will determine what happens to total return given different packages of assumptions. For now, let us turn our attention to the marginal impact of changing the investment horizon for a given set of assumptions.
 

To perform this task, we employ Bloomberg’s total return analysis (TRA) screen. Consider the 4.25% coupon 10-year Treasury note from Exhibit 11.2. First, we analyze the total rate of return using a relatively short investment horizon of say six months. Exhibit 11.4 presents Bloomberg total return analysis screen with an investment horizon that starts December 28, 2007, and ends on June 28, 2008. Notice over on the left-hand side of the screen, total return is computed assuming seven possible yield curves over the investment horizon namely unchanged, ±50 basis points, ±100 basis points, and ±150 basis points. Yield curves are assumed to be flat and shift in parallel. Specifically, the yield curve is assumed to shift the instant after the security is purchased and remain unchanged the entire investment horizon. As such, the post-shift yield will serve as both the reinvestment rate available during the period and the horizon yield. In the box denoted as “Total Return” on right-hand side of the screen, we see the pattern of total returns we expect. As yield fall, total returns are positive and as yields rise total returns are negative. Moreover, for equal size downward and upward shifts, total returns are higher in absolute value for downward shifts in yields than the total returns for upward shifts in yields. This pattern is courtesy of positive convexity of an option-free bond. We can conclude for short investment horizons, total return is almost exclusively driven by changes in the bond’s price due to changes in the level of the yield. The contribution of reinvestment income to the note’s total return is negligible over such a short investment horizon.
 

EXHIBIT 11.4 Bloomberg Total Return Analysis for a 10-Year Treasury Note
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Now let us consider the opposite case for the same yield curve shifts. Suppose we consider holding the note until maturity. Regardless of the level of the yield, the note will be worth its par value so the contribution of the change in price to total return is trivial. Exhibit 11.5 presents the Bloomberg total rate of return screen when the investment horizon is to maturity. The pattern of total returns across the yield curve shifts is opposite of the short investment horizon case. Total returns are higher when the yield curve shifts up and lower when the yield curve shifts down. For long investment horizons, the total return is largely a function of reinvestment income, which is higher when rates rise. One often hears that rising interest rates are bad for bond investors. The previous two exhibits demonstrate such a statement is simplistic at best. Whether rising rates are deleterious to bond investors depends on their investment horizons. Recall our discussion earlier in the book about how interest rate risk and reinvestment rate tend to oppose each other. Generally speaking, for short-term investors interest rate risk dominates reinvestment risk. For long-term investors, the opposite is true.
 

EXHIBIT 11.5 Bloomberg Total Return Analysis for a 10-Year Treasury Note
 

© 2007 Bloomberg Finance L.P. All rights reserved. Used with permission.
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 After-Tax Total Return to Maturity

 

Thus far, we have ignored the impact of taxes on the total return of a bond if it is held to maturity. There are taxes on interest income and any capital gain. There may or may not be a preferential tax treatment for the capital gain. Incorporating tax consequences into the total return calculation is fairly straightforward.
 


Effect of Taxes on Total Dollar Contributions

 

Taxation of coupon income has three adverse effects. First it reduces the amount of the coupon income by the tax rate. That is, the after-tax semiannual coupon is equal to Par value × (1 - Tax rate on interest income) × (Coupon rate/2)
 




 



 

The total coupon income over the life of the bond is also reduced.
 

For example, consider a 30-year bond with a coupon rate of 4.2%. Suppose that the tax rate on interest income is 35%. The pretax semiannual coupon is $2.1 per $100 par value. The after-tax semiannual coupon is$100 × (1 - 0.35) × (0.042/2) = $1.365
 




 



 

The total pretax coupon payments are $126 per $100 par value; the total after-tax coupon payments are $81.90.
 

The second adverse effect of taxation of the coupon income is that there are less dollars to reinvest each period. Consequently, the reinvestment income is reduced. The third adverse effect is that the interest earned on the interest income is reduced since it is taxed.
 

The total after-tax income from coupon interest and reinvestment income is equal to[image: 294]

 where m is the number of semiannual periods to maturity.


For example, consider once again the 4.2% 30-year bond. If the reinvestment rate is assumed to be 6% and the tax rate is 35%, then the total after-tax income from coupon interest and reinvestment income is[image: 295]
 




Since the total after-tax coupon payments is $81.90, this means that the after-tax reinvestment income is $71.1139 ($153.0139 - $81.90).
 

The effect of taxes on coupon income and reinvestment income for a 4.2% 30-year bond selling at par is shown below:
 


 
	Source
	Taxes Not Considered
	35% Tax Rate

	Total coupon payments	$126.0000	$81.9000
	Interest on interest	216.4132	71.1139
	Total	$342.4132	$153.0139

 


 



Notice that while the total coupon payments are reduced proportionately by the tax rate, the reinvestment income is reduced more than proportionately. That is, the total coupon payments after consideration of a 35% tax rate is reduced by 35%. This is not so for the reinvestment income. Reinvestment income after taxes declines by 67%.
 

To calculate the total after-tax return to maturity for a bond, the effect of taxes on the capital gain must be considered. To illustrate how to incorporate the tax treatment of the capital gain, suppose that a 30-year 4.2% coupon bond is purchased at $75 per $100 of par and that the $25 gain is taxed at a preferential tax treatment of 20%. Then at the maturity date, the amount after the 20% capital gains tax rate will be $20. The total return to maturity for this bond assuming a reinvestment rate of 6% and that coupon income is taxed at 35% is as follows:[image: 296]
 




Notice that the relative importance of each source has changed once taxes are considered.
 


Calculation of After-Tax Total Return to Maturity

 

Given the total future dollars at maturity after accounting for taxes, the after-tax total return to maturity (on a semiannual basis) can be calculated as follows:[image: 297]

 where m is the number of semiannual periods to maturity. The semiannual rate can then be annualized on a bond equivalent basis or on an effective rate basis.


For the 4.2% 30-year bond selling at $75, based on a 35% tax rate on coupon income, 20% capital gains tax rate, and 6% reinvestment rate the total future dollars after taxes are $253.0139, consisting of
 


 
	Total coupon payments	= $81.9000
	Reinvestment income	= $71.1139
	Maturity value	= $100.0000

 


 



The semiannual total after-tax return to maturity is[image: 298]
 




The bond equivalent after-tax total return to maturity is 4.09%. On an effective rate basis, the after-tax total return to maturity is 4.14%.
 

The after-tax yield to maturity for this bond is the interest rate that will make the present value of the after-tax cash flow equal to the proceeds invested. For our hypothetical bond it is 4.1%. This yield assumes that the after-tax cash flow can be reinvested at 4.1%.
 

The after-tax total return to maturity is a more appropriate measure for comparing the potential return from holding a taxable bond and the same maturity municipal bond to the maturity date. For a municipal bond, the coupon payments will not be taxed; however, the capital gain will be.
 





 TOTAL RETURN FOR A MORTGAGE-BACKED SECURITY

 

In calculating total return of mortgage-backed securities, the total future dollars will depend on (1) the projected principal repayment (scheduled plus projected prepayments) and (2) the interest earned on reinvestment of the projected interest payments and the projected principal payments. To obtain the total future dollars, a prepayment rate over the investment horizon must be assumed.
 

For a monthly-pay mortgage-backed security, the monthly total return is then found using the formula:[image: 299]
 




The monthly total return can be annualized on a bond equivalent yield basis as follows:Bond equivalent annual return = 2[(1 + Monthly total return)6 - 1]
 





 or, by computing the effective annual return as follows:Effective annual return = (1 + Monthly total return)12 - 1
 




 



 

To illustrate the calculation of total return for a mortgage-backed security, suppose a portfolio manager is considering investing in a passthrough with a 9% passthrough (coupon) rate, 360 months remaining to maturity, and an original mortgage balance of $100,000. The price of this passthrough is $94,521. The cash flow yield assuming 100% PSA is 10.21%. The portfolio manager has a 6-month investment horizon and believes the following:1. For the next six months the prepayment rate will be 100% PSA.

2. The projected cash flow can be reinvested at 0.5% per month.

3. The passthrough will sell to yield 7.62% at the end of the investment horizon.68


4. The projected PSA prepayment rate at the end of the investment horizon is 185% PSA.



 

Based on the first assumption, the projected interest, scheduled principal, and prepayments (PIPP) for the first six months is:
 


 
	End of Month
	Projected PIPP

	1	$816
	2	832
	3	849
	4	865
	5	881
	6	897

 


 



 

The projected PIPP plus interest from reinvesting the cash flow at 0.5% per month is shown below:
 


 
	End of Month
	Projected PIPP
	Projected PIPP plus Reinvestment Income

	1	$816	$837
	2	832	849
	3	849	862
	4	865	874
	5	881	885
	6	897	897
		Total	$5,204

 


 



 

At the end of the investment horizon, this passthrough would have a remaining mortgage balance of $99,181 and remaining maturity of 355 months. Assuming an horizon yield of 7.62% and a prepayment rate of 185% PSA, the projected price of this passthrough would be $106,210.
 

The total future dollars is then:
 


 
	Projected PIPP plus reinvestment income	= $5,204
	Projected price at horizon	= 106,210

	Total future dollars	= $111,414

 


 



The total monthly return is[image: 300]
 




On a bond equivalent basis, the total return is2[(1.02778)6 - 1] = 0.3574 = 35.74%
 




 



 

On an effective rate basis, the total return is(1.02778)12 - 1 = 0.3893 = 38.93%
 




 



 





 PORTFOLIO TOTAL RETURN

 

The appropriate measure for assessing the potential performance of a portfolio is its total return. This is determined by first calculating the total future dollars of each bond in the portfolio under a given scenario considering horizon yields, reinvestment rates, spreads, and, if applicable, prepayment rates. The sum of all the total future dollars for each bond in the portfolio is then calculated. The portfolio total return is then found as explained earlier for a given bond: It is the interest rate that will make the market value of the portfolio today grow to the portfolio’s total future dollars.
 

As explained below, by using scenario analysis a portfolio manager, an investment (or asset/ liability) committee, or a board can assess the potential performance of the portfolio or the surplus of a financial institution. Corrective action can be taken to rebalance a portfolio if a scenario that is expected to occur will be detrimental to the performance of the portfolio or financial institution. The portfolio yield measures often calculated provide no such warning.
 





TOTAL RETURN ANALYSIS FOR MULTIPLE SCENARIOS

 

The obvious problem with total return as presented thus far is that it is based on one set of underlying assumptions regarding the factors that affect return over some investment horizon. To test the sensitivity of the total return to the underlying assumptions, a technique called scenario analysis is used. This technique involves evaluating the total return under different scenarios defined by the manager. Regulators also require certain institutions to perform scenario analysis based on assumptions specified by regulations.
 

Scenario analysis is referred to by some broker/dealers, vendors of analytical systems, and regulators as “simulation.” As we see later, they are not the same techniques. Simulation is a more powerful tool that takes into consideration the dynamics of interactions among the factors.
 

As an illustration of scenario analysis for a single security, FHLMC (Freddie Mac) 1407-PF was analyzed on 8/31/1998 using the analytics of Capital Management Sciences. The tranche was a busted PAC trading at 99.697. The OAS was 75 basis points and the average life was 0.67 years.
 

Exhibit 11.6 shows the total return based on the assumptions shown in the exhibit. Note the assumption regarding the reinvestment rate (4.618%). The investment horizon is three months. The assumed change in yield is shown in the first column and the corresponding 3-month total return is reported in the second column. The price at the investment horizon is shown in the third column. Notice that the price is based on the PSA assumption shown in the fourth column. The base case (i.e., zero yield change) is 500 PSA. Prepayments are assumed to be faster when rates decline and slower when rates increase. The bottom of Exhibit 11.6 shows a graph of the total return.
 

Exhibit 11.7 shows the results of a total return analysis for a scenario in which the Treasury rates decrease and the spread on mortgages and CMOs widens. Specifically, the top panel of the exhibit shows the Treasury yield curve at the beginning of the horizon and the assumed curve at the end of the horizon, three months later. The spread on the collateral and the spread on the PAC tranche are assumed to increase by 15 basis points at the end of the horizon. The 3-month total return shown in the exhibit is 0.79%. The lower panel of the exhibit shows the composition of the total return for the assumed scenario. The major source of return is the interest income (0.96). The total return was reduced by rolling down the yield curve (“yield curve roll”), which resulted in a reduction of 22 basis points.
 



 Using Scenario Analysis to Evaluate Potential Trades

 

Scenario analysis can be used to assess potential trades. For each scenario, one or more trades can be assessed relative to each other or some other benchmark (such as a funding cost or a market index). We will look at two actual trade recommendations and see how total return analysis is used to evaluate them. The first is the potential to enhance return by capitalizing on a view that a maturity sector of the yield curve is cheap. This trade is referred to as a “butterfly trade.” The second trade seeks to enhance return by creating a “barbell” position in the MBS market.
 

EXHIBIT 11.6 Total Return for a FHLMC 1407 PF (Busted PAC): Pricing Date 8/31/1998
 

Source: Illustration provided by Capital Management Sciences.
 

[image: 301]

EXHIBIT 11.7 Scenario Analysis for FHLMC 1407-PF Assuming a Downward Shift in the Yield Curve and an Increase in Spread
 

Source: Illustration provided by Capital Management Sciences, Inc.
 




 
	Scenario assumptions:
	3-month investment horizon
	4.618% reinvestment rate
	Treasury yield curve shift:
	Maturity
	Initial yield
	Horizon Yield

	6 months	4.595%	4.095%
	1 year	4.595	4.102
	2 years	5.532	4.052
	3 years	5.539	4.073
	5 years	4.555	4.116
	7 years	4.570	4.158
	10 years	4.578	4.207
	20 years	5.279	5.043
	30 years	5.246	5.146
	Change in spread of agency collateral to Treasuries: 15 basis points
 Change in spread of PACs: 15 basis points
	Total return analysis: 3-month return = 0.79%
	Composition of return:
	Income	0.96%	
	Price change due to:		
	Change in parallel rates	-0.03%	
	Change in slope	0.08%	
	Yield curve roll	-0.21%	
	Change in mortgage spreads	-0.01%	

 


 

Butterfly Trade

 

There are several types of trades that are employed by practitioners to capitalize on perceived cheapness in a maturity sector of the yield curve. One such trade is the butterfly trade. This trade involves three securities, which we refer to as follows:• Short maturity issue. the issue with the shortest maturity from among the three issues.

• Long maturity issue. the issue with the longest maturity from among the three issues.

• Intermediate maturity issue. the issue between the shortest maturity issue and longest maturity issue.



 

The “body” or center of the butterfly is the intermediate maturity issue. The wings of the butterfly in this trade are the long maturity issue and the short maturity issue.
 

The trade is structured so that the interest rate risk exposure to small parallel shifts in the level of rates is neutralized by creating a position so that the change in the market value of the center of the butterfly is equal to the change in the total market value of the wings. In Chapter 12, we see that “duration” is a measure of the percentage price change of a security to a small parallel shift in interest rates and “dollar duration” is a measure of the change in the market value of the position to a small parallel shift in interest rates. Consequently, this butterfly trade is called a duration and cash neutral trade. Since there is no cash in this trade, the investor is fully invested in the bond market. The duration and cash neutral trade has a different dollar duration in each wing.
 

With this background, let’s look at a trade recommended by Douglas Johnston and Andrew Sparks of Lehman Brothers (now Barclays Capital). In April 1998, their view was that the 2-year sector of the yield curve was cheap relative to the intermediate term sector of the yield curve (i.e., the 5-year sector).69 The reason for their recommendation is beyond the scope of this chapter but is based on the concept of “convexity” discussed in Chapter 12. Their suggested trade was to buy the U.S. Treasury 6.875% of 3/3/00. This is the short maturity issue in the butterfly trade. It is one of the wings of the butterfly and is purchased because it is believed to be undervalued relative to the 5-year sector. The intermediate maturity issue is the U.S. Treasury 5.75% of 10/31/02. This security is shorted. The proceeds from the short sale are used to purchase the issues in the two wings of the butterfly. Johnston and Sparks suggest several possible candidates for the long maturity issue. These are listed in the first column of Exhibit 11.6. There are Treasury issues, Treasury coupon strip (identified by TINT), and a Treasury principal strip (identified by PRIN).
 

The top panel of Exhibit 11.8 shows the 3-month total return for each candidate for the long maturity issue assuming no change in rates three months from the date of the analysis, a ±50 basis point parallel shift in rates, and ±100 basis point parallel shift in rates. In the second panel, the outcome is shown assuming different twists in the yield curve.70 The information in these two panels can be used to (1) assess the outcome of the trade under these parallel shift scenarios and yield curve twist scenarios and (2) select the best long maturity issue. It is clear that the trade is adversely affected by a steepening of the yield curve and favorably impacted by a flattening of the yield curve.71
 


PAC Barbell versus Collateral Trade

 

In our second trade we will look at a proposed trade involving PACs versus collateral (i.e., passthroughs). This trade was recommended in December 1998. Typically, the OAS on PACs is positively sloped. That is, the OAS for short PACs trade tighter to the collateral than intermediate PACs, and intermediate PACs trade tighter than long PACs. In December 1998, the shape of the OAS for PACs became U-shaped such that short PACs offered a higher OAS than intermediate PACs.72
 

To benefit from this suspected anomaly in the OASs, a manager could create a “PAC barbell” as a substitute for collateral. A PAC barbell involves buying a combination of short and long PACs. The PaineWebber Mortgage Group (acquired by UBS in 2000) assessed this strategy using scenario analysis. Exhibit 11.9 shows the analysis for a barbell created from 71% FHR 2105 PA and 29% from FHR 2105 PE. The comparison is to a 6% coupon FNMA passthrough. The OAS for the portfolio is 70 basis points, which is 12 basis points greater than the collateral (OAS of 58 basis points).
 

Exhibit 11.9(B) shows the total return for different scenarios. It is only in the scenario where rates are unchanged that the collateral outperformed the PAC barbell and the underperformance is slight (only 2 basis points). EXHIBIT 11.8 Three-Month Total Returns for the Butterfly Trade
 

Source: Adapted from Figure 1, Global Relative Value, Lehman Brothers, Fixed Income Research, April 6, 1998, GOV-2.
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EXHIBIT 11.9 Analysis of PAC Barbell versus 6.0% Collateral
 

Source: Table 3 in “PAC Barbells: The Way to Go,” PaineWebber Mortgage Strategist, December 15, 1998, p.11.
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EXHIBIT 11.10 Illustration of Scenario Analysis for Risk Assessment
 

Source: Wall Street Analytics, Inc.’s Portfolio Management Workstation.
 




 
	Portfolio

	Freddie Mac Fixed Rate CMOs
	Weighted Average Coupon:	5.67%
	Weighted Average Life:	1.9 years
	Average Price:	99-13
	Prepayment Assumption:	Andrew Davidson Prepayment Modela

	Return Horizon:	6 months
	Reinvestment Rate:	4.62%
	Total Return Profile (6-Month Horizon)
	Shift (bps)
	Portfolio

	-200	7.07
	-150	7.18
	-100	7.26
	0	5.62
	+100	2.67
	+150	1.07
	+200	-0.58
	aProprietary prepayment model of the firm Andrew Davidson & Co.

 



Moreover, the analysis underestimates the relative performance of the PAC barbell because it does not allow for the OAS to tighten for the short PAC.73




 Scenario Analysis to Measure Risk Exposure

 

Now we look at how scenario analysis can be used to measure risk exposure. In order to demonstrate this, we use a portfolio of Freddie Mac fixed rate CMOs. Exhibit 11.10 provides the characteristics of the portfolio.74 To determine the portfolio’s exposure to changes in interest rates, scenario analysis can be performed and then the total return under each scenario can be assessed. These scenarios consist of various upward and downward shifts in the yield curve. The horizon assumed in the analysis was six months, the reinvestment rate was 4.62%, and a proprietary prepayment model (the Andrew Davidson Prepayment Model) was used to generate the cash flows for the CMOs under each of the yield curve scenarios. The results of the scenario analysis were then analyzed to determine where the portfolio was exposed to yield curve shocks. Once a portfolio manager determines where there is exposure, a series of scenarios can be run to find a hedging position that stabilizes total return across all the scenarios.
 

Exhibit 11.10 shows the total return of the portfolio for seven scenarios. The analysis begins with a base case (0 shift) and then the curve was shifted up 100 basis points (bps), up 150 bps, up 200 bps, down 100 bps, down 150 bps, and down 200 bps. The total return for the Freddie Mac fixed rate CMOs is listed in the second panel of the exhibit under the column labeled “Portfolio.” Notice that under the base case (0 shift), the total return is 5.62%. The total return increases significantly in the -100 bps scenario. The total return remains above 7.0% in the -150 bps and -200 bps scenarios (the slight decrease from the -100 bps scenario is due to significantly increased prepayments). The portfolio begins performing very poorly in the upward shift scenarios—2.67% at +100 bps, 1.07% at +150 bps, and -0.58% at +200 bps.
 

The results of the scenario analysis indicate that the portfolio does well in decreasing yield curve environments, but is adversely affected by increasing yield curve environments. The next step is to devise a hedging position that enhances the portfolio’s performance in the increasing yield curve environments without diminishing the performance in the decreasing yield curve environments. This involves running scenario analysis to determine how the portfolio’s exposure to interest rates is affected by adding certain hedging instruments to the portfolio.
 



 Scenario Analysis to Measure Performance versus a Bond Index

 

A manager may make several bets. The only way to assess these bets is to examine how the portfolio will perform relative to the benchmark index under various scenarios in terms of total return.
 

To illustrate how this is done, consider the hypothetical portfolio shown in Exhibit 11.11. The exhibit shows the market value of each issuing sector held. Also shown is the percentage distribution of the portfolio and the corresponding percentage distribution for the Lehman Aggregate Bond Index (now Barclays Capital Aggregate Bond Index) at the time of the analysis (9/29/95). The Compare System of Capital Management Sciences permits the assessment of the relative returns under various scenarios. Exhibit 11.12 shows the Treasury yield curve as of the date of the analysis. The last five columns show the following scenarios examined for the portfolio and the index: (1) 100 basis point parallel increase in the yield curve, (2) 50 basis point parallel decrease in the yield curve, (3) a flattening of the yield curve, (4) no change in the yield curve, and (5) a steepening of the yield curve. Also shown in Exhibit 11.12 are assumptions as to how the corporate spreads and mortgage spreads change for each yield curve scenario. The assumed spread change between triple B and long-term Treasuries represents the corporate spread change. The assumed spread change between 8% mortgages and 10-year Treasuries represents the mortgage spread change. The probability of each yield curve scenario occurring is shown.
 

EXHIBIT 11.11 Portfolio Holding versus the Lehman Aggregate Bond Indexa (9/29/1995)
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Exhibit 11.13 shows the 1-year return (i.e., total return) for each scenario for the portfolio and the index. The return is shown for each factor that affects the return. This consists of coupon income and price change due to (1) change in parallel rates, (2) change in the slope of the yield curve, (3) rolling down the yield curve, (4) change in corporate spreads, and (5) change in mortgage spreads. The last panel of Exhibit 11.13 indicates that in all but the flattening yield curve scenario will the portfolio underperform the index. Even in this case, the portfolio only outperforms by one basis point.
 

EXHIBIT 11.12 Current Yield Curve (9/29/1995) and Five Yield Curve Scenarios One Year Later (9/29/1996)
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Based on the probabilities of each yield curve scenario, the expected return (i.e., probability-weighted return) for the portfolio and the index can be calculated. The expected return for the portfolio is 4.97% versus 5.22% for the index. Therefore, the expected return difference is -25 basis points. The analysis strongly suggests that if the manager expects to outperform the index and the scenarios analyzed are those that are likely to occur, then this is not likely to happen with the current portfolio. A manager should then rebalance the portfolio so that the expected return difference is positive.
 

EXHIBIT 11.13 One-Year Total Return for Current Portfolio and Lehman Aggregate Bond Index for Five Yield Curve Scenarios
 

Source: Analysis based on Capital Management Sciences Compare System. Copyright 1995. Capital Management Sciences.
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 CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Total return 
Horizon price 
Horizon yield 
Bond equivalent basis 
Effective rate basis 
Constant-OAS total return 
After-tax total return to maturity 
After-tax yield to maturity 
Butterfly trade 
Duration and cash neutral trade
 





 QUESTIONS

 

1. Suppose an investor can purchase a 5-year, 9% coupon bond that pays interest semiannually and the price of this bond is $108.32. The yield to maturity for this bond is 7% on a bond equivalent basis. Assume the investor can reinvest the coupon payments at 5% compounded semiannually. What is the total return on this bond if it held to maturity?

2. Define horizon yield. Why is it unnecessary to make an assumption about horizon yield if the bond is held to maturity?

3. Why is the yield to maturity a special case of total return analysis?

4. Explain why the total return from holding a bond to maturity will be between the yield to maturity and the reinvestment rate?

5. Explain how scenario analysis works?

6. An investor is considering the purchase of an option-free corporate bond with a coupon rate of 6.625% and 20 years remaining to maturity. The bond’s price is 102.833 and the yield to maturity is 6.372%. Assume that the Treasury yield curve is flat at 4% and the credit spread for this issuer is 237 basis points for all maturities. Compute the 1-year total return on both a bond equivalent basis and an effective rate basis assuming the following facts in evidence:a. The reinvestment rate is 4.5%.

b. The Treasury yield curve is flat at the horizon date at 4.5%.

c. The credit spread for this issuer is 300 basis points for all maturities at the horizon date.




7. a. What do portfolio total return measures tell us that portfolio yield measures do not?

b. Why is it important to conduct scenario analysis when assessing a portfolio’s potential performance?




8. Suppose that a portfolio manager is considering investing in a passthrough with 6.5% coupon rate, 290 months remaining to maturity, and an original mortgage balance of $1,000,000. The cash flow yield is 4.413%. The portfolio manager has a 6-month investment horizon and has the following beliefs:a. for the next six months the prepayment speed will be 200 PSA.

b. the projected cash flow can be reinvested at 40 basis points per month.

c. the passthrough will trade at a yield of 5% at the end of the investment horizon.

d. the projected PSA speed at the end of the investment horizon is 175.

Compute the 6-month total return on both a bond equivalent basis and an effective rate basis.
 




  




 CHAPTER 12
 

 Measuring Interest Rate Risk
 

A general principle of valuation is the present value of an expected future cash flow changes in the opposite direction from changes in the interest rate used to discount the cash flows. We observed this principle at work when we discussed the price/yield relationship for option-free bonds in Chapter 4. This inverse relationship lies at the heart of the major risk faced by fixed income investors—interest rate risk. Interest rate risk involves the possibility that the value of a bond position or a bond portfolio’s value will decline due to an adverse interest rate movement. Specifically, a long bond position’s value will decline if interest rates rise, resulting in a loss. Conversely, for a short bond position, a loss will be realized if interest rates fall. To effectively control interest rate risk, a portfolio manager must be able to quantify the portfolio’s interest rate risk exposure. The purpose of this chapter is to understand the dimensions of interest rate risk and explain how it is measured.
 

We will discuss two approaches for assessing the interest rate risk exposure of a bond or a portfolio. The first approach is the full valuation approach that involves selecting possible interest rate scenarios for how interest rates and yield spreads may change and revaluing the bond position. The second approach entails the computation of measures that approximate how a bond’s price or the portfolio’s value will change when interest rates change. The most commonly used measures are duration and convexity. We will discuss duration/convexity measures for option-free bonds, bonds with embedded options, and bond portfolios. In addition, we will present other widely used interest rate risk measures—price value of a basis point and yield value of a price change.
 





 THE FULL VALUATION APPROACH

 

The most obvious way to measure the interest rate risk exposure of a bond position or a portfolio is to revalue it when interest rates change. The analysis is performed for a given scenario with respect to interest rate changes. For example, a manager may want to measure the interest rate exposure to a 50 basis point, 100 basis point, and 200 basis point instantaneous change in interest rates. This approach requires the revaluation of a bond or bond portfolio for a given interest rate change scenario and is referred to as the full valuation approach. It is sometimes referred to as scenario analysis because it involves assessing the exposure to interest rate change scenarios.
 

To illustrate this approach, suppose that a manager has a $50 million par value position in a U.S. Treasury principal strip (i.e., zero-coupon) that matures on May 15, 2038. Exhibit 12.1 presents Bloomberg’s Yield Analysis (YA) screen for this security. With a settlement date of September 2, 2008, the price is 27.049557 for a yield (i.e., yield to maturity) of 5.828%. The market value of the position is $13,524,778.50 (27.049557% × $50,000,000). Since the manager has a long position in this issue, she is concerned with a rise in yield since this will decrease the position’s market value. To assess the portfolio’s exposure to a rise in market yields, the manager decides to examine how the bond’s value will change if yields change instantaneously for the following four scenarios: (1) 50 basis point increase, (2) 100 basis point increase, (3) 150 basis point increase, and (4) 200 basis point increase. In other words, the manager wants to assess the consequences to the portfolio’s value if the bond’s yield increases from its current level at 4.451% to (1) 4.951%, (2) 5.451%, (3) 5.951%, and (4) 6.451%. Because this zero-coupon bond is option-free, valuation is straightforward. The bond’s price per $100 of par value and the market value of the $50 million par position is shown in Exhibit 12.2. Also presented are the change in the market value and the percentage change.
 

EXHIBIT 12.1 Bloomberg Yield Analysis Screen for a Principal Strip
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 12.2 Illustration of Full Valuation Approach to Assess the Interest Rate Risk of a Bond Position for Four Scenarios
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In the case of a portfolio, each included bond is valued and the portfolio’s total value is computed for a given scenario. For example, suppose that a manager has a portfolio that consists of the following two Treasury securities: (1) a 2.625% coupon Treasury note that matures on May 15, 2010, and (2) a 4.50% coupon Treasury bond that matures on May 15, 2038. Exhibits 12.3 and 12.4 present Bloomberg’s Yield Analysis (YA) screens for these two securities. For the 2-year note, $10 million of par value is owned and with a settlement date of September 2, 2008, the note’s full price is 101.139268 for a yield of 2.35%. For the 30-year bond, $20 million of par value is owned and with a settlement date of September 2, 2008, the full price is 103.188477 for a yield of 4.388%. Suppose that the manager wants to assess the portfolio’s interest rate risk for a 50, 100, 150, and 200 basis point increases in interest rates, assuming both the 2-year yield and the 30-year yield change by the same number of basis points. Exhibit 12.5 shows the exposure. Panel A of the exhibit shows the market value of the 2-year note for the four scenarios. Panel B does the same for the 30-year bond. Panel C shows the total market value of the portfolio and the percentage change in the market value for the four outcomes.
 

EXHIBIT 12.3 Bloomberg Yield Analysis Screen for a 2-Year Treasury Note
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 12.4 Bloomberg Yield Analysis Screen for a 30-Year Treasury Bond
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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In the illustration in Exhibit 12.5, it is assumed that both the 2-year note and the 30-year bond yields changed by the same number of basis points. The full valuation approach can also handle scenarios where the yield curve does not change in a parallel fashion. Exhibit 12.6 illustrates this for our portfolio that includes the 2-year notes and 30-year bonds. The scenario analyzed is a yield curve shift combined with shifts in the level of yields. In the illustration in Exhibit 12.6, the following yield changes are assumed for the 2-year and 30-year Treasury yields:
 


 
	Scenario
	Change in the 2-Year Rate (bps)
	Change in the 30-Year Rate (bps)

	1	40	20
	2	80	40
	3	120	60
	4	160	80

 


 



 

Exhibit 12.6(C) shows how the portfolio’s market value changes for each scenario.
 

A common question that often arises when using the full valuation approach is which scenarios should be evaluated to assess interest rate risk exposure. For some regulated entities, there are specified scenarios established by regulators. For example, it is common for regulators of depository institutions to require entities to determine the impact on the value of their bond portfolio for a 100, 200, and 300 basis point instantaneous change in interest rates (up and down). (Regulators tend to refer to this as “simulating” interest rate scenarios rather than scenario analysis.) Risk managers and highly leveraged investors such as hedge funds tend to look at extreme shocks to assess exposure to interest rate changes. This practice is referred to as stress testing.
 

Of course, in assessing how changes in the yield curve can affect the exposure of a portfolio, there are an infinite number of scenarios that can be evaluated. The state-of-the-art technology involves using a complex statistical procedure75 to determine a likely set of yield curve shift scenarios from historical data.
 

In summary, we can use the full valuation approach to assess the exposure of a bond or portfolio to interest rate shocks, assuming—and this cannot be stressed enough—that the manager has a good valuation model to estimate what the price of the bond will be in each interest rate scenario. Moreover, we recommend use of the full valuation approach for assessing the position of a single bond or a portfolio of a few bonds. For a portfolio with a large number of bonds and/or the bonds containing embedded options, the full valuation process may be too time consuming. In its stead, managers want a single measure that they can employ to estimate how a portfolio or even a single bond will change if interest rates change in a parallel fashion rather than having to revalue an entire portfolio to obtain that answer. Duration is such a measure and we will discuss it as well as a supplementary measure called convexity later in the chapter. We describe the basic price volatility characteristics of bonds in the next section. It should come as no surprise that there are limitations of using one or two measures to describe the interest rate exposure of a position or portfolio. Nevertheless, these measures provide us with some important intuition about assessing interest rate risk.
 

EXHIBIT 12.5 Illustration of Full Valuation Approach to Assess the Interest Rate Risk of a Bond Portfolio for Four Scenarios Assuming a Parallel Shift in the Yield Curve Two bond portfolio (both bonds are option-free)
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EXHIBIT 12.6 Illustration of Full Valuation Approach to Assess the Interest Rate Risk of a Bond Portfolio for Four Scenarios Assuming a Nonparallel Shift in the Yield Curve Two bond portfolio (both bonds are option-free)
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 PRICE VOLATILITY CHARACTERISTICS OF BONDS

 

There are four characteristics of a bond that affect its price volatility: (1) term to maturity, (2) coupon rate, (3) the level of yields, and (4) the presence of embedded options. In this section, we examine each of these price volatility characteristics.
 



 Price Volatility Characteristics of Option-Free Bonds

 

Let’s begin by focusing on option-free bonds (i.e., bonds that do not have embedded options). A fundamental characteristic of an option-free bond is that the price of the bond changes in the opposite direction from a change in the bond’s required yield. Exhibit 12.7 illustrates this property for four hypothetical bonds assuming a par value of $100.
 

When the price/yield relationship for any hypothetical option-free bond is graphed, it exhibits the basic shape shown in Exhibit 12.8. Notice that as the required yield decreases, the price of an option-free bond increases. Conversely, as the required yield decreases, the price of an option-free bond increases. In other words, the price/yield relationship is negatively sloped. In addition, the price/yield relationship is not linear (i.e., not a straight line) for reasons mentioned in Chapter 4. The shape of the price/yield relationship for any option-free bond is referred to as convex. The price/yield relationship is for an instantaneous change in the required yield.
 

The price sensitivity of a bond to changes in the required yield can be measured in terms of the dollar price change or the percentage price change. Exhibit 12.9 uses the four hypothetical bonds in Exhibit 12.7 to show the percentage change in each bond’s price for various changes in yield, assuming that the initial yield for all four bonds is 7%. An examination of Exhibit EXHIBIT 12.7 Price/Yield Relationship for Four Hypothetical Option-Free Bonds
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EXHIBIT 12.8 Price/Yield Relationship for a Hypothetical Option-Free Bond
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EXHIBIT 12.9 Instantaneous Percentage Price Change for Four Hypothetical Bonds (initial yield for all four bonds is 7%)
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 12.9 reveals the following properties concerning the price volatility of an option-free bond:Property 1: Although the price moves in the opposite direction from the change in required yield, the percentage price change is not the same for all bonds.
 

 


 
Property 2: For small changes in the required yield, the percentage price change for a given bond is roughly the same, whether the required yield increases or decreases.
 

 

Property 3: For large changes in required yield, the percentage price change is not the same for an increase in required yield as it is for a decrease in required yield.
 

 

Property 4: For a given large change in basis points in the required yield, the percentage price increase is greater than the percentage price decrease.
 








While the properties are expressed in terms of percentage price change, they also hold for dollar price changes.
 

EXHIBIT 12.10 Graphical Illustration of Properties 3 and 4 for an Option-Free Bond
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An explanation for these two properties of bond price volatility lies in the convex shape of the price/yield relationship. Exhibit 12.10 illustrates this. The following notation is used in the exhibitY = initial yield 
Y1 = lower yield 
Y2 = higher yield 
P = initial price 
P1 = price at lower yield Y1

P2 = price at higher yield Y2
 




 



 

What was done in the exhibit was to change the initial yield (Y) up and down by the same number of basis points. That is, in Exhibit 12.10, the yield is decreased from Y to Y1 and increased from Y to Y2 such that the magnitude of the change is the same:Y - Y1 = Y2 - Y
 




 



 

Also, the amount of the change in yield is a large number of basis points.
 

The vertical distance from the horizontal axis (the yield) to the intercept on the graph shows the price. The change in the initial price (P) when the yield declines from Y to Y1 is equal to the difference between the new price (P1) and the initial price. That is,Change in price when yield decreases = P1 - P
 




 



 

The change in the initial price (P) when the yield increases from Y to Y2 is equal to the difference between the new price (P2) and the initial price. That is,Change in price when yield increases = P - P2
 




 



 

As can be seen in the exhibit, the change in price when yield decreases is not equal to the change in price when yield increases by the same number of basis points. That is,P1 - P ≠ P - P2
 




 



 

This is what Property 3 states. Moreover, a comparison of the price change shows that the change in price when yield decreases is greater than the change in price when yield increases. That is,P1 - P > P - P2
 




 



 

This is Property 4.
 

The implication of Property 4 is that if an investor is long a bond, the price appreciation that will be realized if the required yield decreases is greater than the capital loss that will be realized if the required yield increases by the same number of basis points. For an investor who is short a bond, the reverse is true: the potential capital loss is greater than the potential capital gain if the yield changes by a given number of basis points.
 

To see how the convexity of the price/yield relationship impacts Property 4, look at Exhibits 12.11 and 12.12. Exhibit 12.11 shows a less convex price/yield relationship than Exhibit 12.10. That is, the price/yield relationship in Exhibit 12.11 is less bowed than the price/yield relationship in Exhibit 12.10. Because of the difference in the convexities, look at what happens when the yield increases and decreases by the same number of basis points and the yield change is a large number of basis points. We use the same notation in Exhibits 12.11 and 12.12 as in Exhibit 12.10. Notice that while the price gain when the required yield decreases is greater than the price decline when the required yield increases, the gain is not much greater than the loss. In contrast, Exhibit 12.12 has much greater convexity than the bonds in Exhibits 12.10 and 12.11 and the price gain is significantly greater than the loss for the bonds depicted in Exhibits 12.10 and 12.11.
 



 Price Volatility Characteristics of Bonds with Embedded Options

 

Now let’s turn to the price volatility characteristics of bonds with embedded options. As explained in previous chapters, the price of a bond with an embedded option is comprised of two components. The first is the value of the same bond if it had no embedded option. That is, the price if the bond is option free. The second component is the value of the embedded option.
 

EXHIBIT 12.11 Impact of Convexity on Property 4: Less Convex Bond
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EXHIBIT 12.12 Impact of Convexity on Property 4: Highly Convex Bond
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The two most common types of embedded options are call (or prepay) options and put options. As interest rates in the market decline, the issuer may call or prepay the debt obligation prior to the scheduled principal repayment date. The other type of option is a put option. This option gives the investor the right to require the issuer to purchase the bond at a specified price. Below we will examine the price/yield relationship for bonds with both types of embedded options (calls and puts) and implications for price volatility.
 


Bonds with Call and Prepay Options

 

In the discussion below, we will refer to a bond that may be called or is prepayable as a callable bond. Exhibit 12.13 shows the price/yield relationship for an option-free bond and a callable bond. The convex curve given by a—a’ is the price/yield relationship for an option-free bond. The unusual shaped curve denoted by a—b in the exhibit is the price/yield relationship for the callable bond.
 

The reason for the price/yield relationship for a callable bond is as follows. When the prevailing market yield for comparable bonds is higher than the coupon rate on the callable bond, it is unlikely that the issuer will call the issue. For example, if the coupon rate on a bond is 7% and the prevailing market yield on comparable bonds is 12%, it is highly unlikely that the issuer will call a 7% coupon bond so that it can issue a 12% coupon bond. Since the bond is unlikely to be called, the callable bond will have a similar price/yield relationship as an otherwise comparable option-free bond. Consequently, the callable bond is going to be valued as if it is an option-free bond. However, since there is still some value to the call option, the bond will not trade exactly like an option-free bond.
 

As yields in the market decline, the concern is that the issuer will call the bond. The issuer will not necessarily exercise the call option as soon as the market yield drops below the coupon rate. Yet, the value of the embedded call option increases as yields approach the coupon rate from higher yield levels. For example, if the coupon rate on a bond is 7% and the market yield declines to 7.5%, the issuer will most likely not call the issue. However, market yields are at a level at which the investor is concerned that the issue may eventually be called if market yields decline further. Cast in terms of the value of the embedded call option, that option becomes more valuable to the issuer and therefore it reduces the price relative to an otherwise com-parable option-free bond.76 In Exhibit 12.13, the value of the embedded call option at a given yield can be measured by the difference between the price of an option-free bond (the price shown on the curve a—a’) and the price on the curve a—b. Notice that at low yield levels (below y* on the horizontal axis), the value of the embedded call option is high.
 

EXHIBIT 12.13 Price/Yield Relationship for a Callable Bond and an Option-Free Bond
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Let’s look at the difference in the price volatility properties relative to an option-free bond given the price/yield relationship for a callable bond shown in Exhibit 12.13. Exhibit 12.14 blows up the portion of the price/ yield relationship for the callable bond where the two curves in Exhibit 12.13 depart (segment b—b’ in Exhibit 12.13). We know from our discussion of the price/yield relationship that for a large change in yield of a given number of basis points, the price of an option-free bond increases by more than it decreases (Property 4 above). Is that what happens for a callable bond in the region of the price/yield relationship shown in Exhibit 12.14? No, it is not. In fact, as can be seen in the exhibit, the opposite is true! That is, for a given large change in yield, the price appreciation is less than the price decline.
 

EXHIBIT 12.14 Negative Convexity Region of the Price/Yield Relationship for a Callable Bond
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The price volatility characteristic of a callable bond is important to understand. The characteristic of a callable bond—that its price appreciation is less than its price decline when rates change by a large number of basis points—is referred to as negative convexity.77 But notice from Exhibit 12.13 that callable bonds do not exhibit this characteristic at every yield level. When yields are high (relative to the issue’s coupon rate), the bond exhibits the same price/yield relationship as an option-free bond and, therefore, at high yield levels it also has the characteristic that the gain is greater than the loss. Because market participants have referred to the shape of the price/yield relationship shown in Exhibit 12.14 as negative convexity, market participants refer to the relationship for an option-free bond as positive convexity. Consequently, a callable bond exhibits negative convexity at low yield levels and positive convexity at high yield levels. This is depicted in Exhibit 12.15.
 

As can be seen from the exhibits, when a bond exhibits negative convexity, the bond compresses in price as rates decline. That is, at a certain yield level there is very little price appreciation when rates decline. When a bond enters this region, the bond is said to exhibit “price compression.”
 

EXHIBIT 12.15 Negative and Positive Convexity Exhibited by a Callable Bond
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EXHIBIT 12.16 Price/Yield Relationship for a Putable Bond and an Option-Free Bond
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Bonds with Embedded Put Options

 

Putable bonds may be redeemed by the bondholder on the dates and at the put price specified in the indenture. Typically, the put price is par value. The advantage to the investor is that if yields rise such that the bond’s value falls below the put price, the investor will exercise the put option. If the put price is par value, this means that if market yields rise above the coupon rate, the bond’s value will fall below par and the investor will then exercise the put option.
 

The value of a putable bond is equal to the value of an option-free bond plus the value of the put option. Thus, the difference between the value of a putable bond and the value of an otherwise comparable option-free bond is the value of the embedded put option. This can be seen in Exhibit 12.16, which shows the price/yield relationship for a putable bond (the curve a—b) and an option-free bond (the curve a—a’).
 

At low yield levels (low relative to the issue’s coupon rate), the price of the putable bond is basically the same as the price of the option-free bond because the value of the put option is small. As rates rise, the price of the putable bond declines, but the price decline is less than that for an option-free bond. The divergence in the price of the putable bond and an otherwise comparable option-free bond at a given yield level is the value of the put option. When yields rise to a level where the bond’s price would fall below the put price, the price at these levels is the put price.
 





 DURATION

 

Given the background about a bond’s price volatility characteristics, we can now turn our attention to an alternate approach to full valuation: the duration/ convexity approach. Simply put, duration is a measure of the approximate sensitivity of a bond’s value to rate changes. More specifically, duration is the approximate percentage change in value for a 100 basis point change in rates. We will see in this section that duration is the first approximation (i.e., linear) of the percentage price change. To improve the estimate obtained using duration, a measure called “convexity” can be used. Hence, using duration and convexity together to estimate a bond’s percentage price change resulting from interest rate changes is called the duration/convexity approach.
 



 Calculating Duration

 

The duration of a bond is estimated as follows:[image: 323]
 




If we letΔy = change in yield in decimal 
V0 = initial price 
V- = price if yields decline by Δy

V+ = price if yields increase by Δy
 





 then duration can be expressed as(12.1)
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For example, consider the 4.5% coupon, 30-year Treasury discussed earlier (Exhibit 12.4) that matures on May 15, 2038, and on a settlement date of September 2, 2008, is priced to yield 4.388% with a full price of 103.1885 since it is between coupon payment dates. Let’s change (i.e., shock) the yield down and up by 20 basis points and determine what the new prices will be in the numerator of equation (12.1). If yield were decreased by 20 basis points from 4.388% to 4.188%, the bond’s full price would increase to 106.6141. If the yield increases by 20 basis points, the full price would decrease to 99.9195. Thus,Δy = 0.002 
V0 = 103.1885 
V- = 106.6141 
V+ = 99.9195
 




 



 

Then,[image: 325]
 




Note that our calculation for duration of 16.219 agrees (within rounding error) with Bloomberg’s calculation in Exhibit 12.4. Bloomberg’s duration measures are located in a box titled “SENSITIVITY ANALYSIS” in the lower left-hand corner of the screen. The duration measure we just calculated is labeled “ADJ/MOD DURATION,” which stands for adjusted/modified duration.
 

Duration is interpreted as the approximate percentage change in price for a 100 basis point change in rates. Consequently, a duration of 16.219 means that the approximate change in price for this bond is 16.219% for a 100 basis point change in rates. A common question raised about this interpretation is the consistency between the yield change that is used to compute duration using equation (12.1) and the interpretation of duration. For example, recall that in computing the duration of the 30-year Treasury bond, we used a 20 basis point yield change to obtain the two prices to use in the numerator of equation (12.1). Yet, we interpret the duration computed as the approximate percentage price change for a 100 basis point change in yield. The reason is that regardless of the yield change used to estimate duration in equation (12.1), the interpretation is unchanged. If we used a 30 basis point change in yield to compute the prices used in the numerator of equation (12.1), the resulting duration measure is interpreted as the approximate percentage price change for a 100 basis point change in yield. Shortly, we will use different changes in yield to illustrate the sensitivity of the computed duration using equation (12.1).
 



 Approximating the Percentage Price Change Using Duration

 

In order to approximate the percentage price change for a given change in yield and a given duration, we employ the following formula:(12.2)
 

[image: 326]
 




The reason for the negative sign on the right-hand side of equation (12.2) is due to the inverse relationship between price change and yield change.
 

For example, consider the 4.50% coupon, 30-year U.S. Treasury bond trading at a full price of 103.1885 whose duration we just showed is 16.219. The approximate percentage price change for a 10 basis point increase in yield (i.e., Δy = +0.001) isApproximate percentage price change = -16.219 × (+0.001) × 100 = -1.6219%
 




 



 

How good is this approximation? The actual percentage price change is -1.6% (= (101.5349 - 103.1885)/103.1885) × 100). Duration, in this case, did an excellent job of estimating the percentage price change. We would come to the same conclusion if we used duration to estimate the percentage price change if the yield declined by 10 basis points (i.e., Δy = +0.001). In this case, the approximate percentage price change would be +1.6% (i.e., the direction of the estimated price change is the reverse but the magnitude of the change is the same.)
 

In terms of estimating the new price, let’s see how duration performed. The initial full price is 103.1885. For a 10 basis point increase in yield, duration estimates that the price will decline by -1.6%. Thus, the full price will decline to 101.5149 (found by multiplying 103.1885 by one minus 0.016219). The actual price if the yield increases by 10 basis points is 101.5349. Thus, the price estimated using duration is very close to the actual price. For a 10 basis point decrease in yield, the actual full price is 104.8812 and the estimated price using duration is 104.8621 (a price increase of 1.6219%).
 

Now let us examine how well duration does in estimating the percentage price change when the yield increases by 200 basis points instead of 10 basis points. In this case, Δy is equal to +0.02. Substituting into equation (2) we have[image: 327]
 




How good is this estimate? The actual percentage price change when the yield increases by 200 basis points (4.388% to 6.388%) is -26.01%. Thus, the estimate is not as accurate as when we used duration to approximate the percentage price change for a change in yield of only 10 basis points. If we use duration to approximate the percentage price change when the yield decreases by 200 basis points, the approximate percentage price change in this scenario is +32.438. The actual percentage price change is +41.57%.
 

As before, let’s examine the use of duration in terms of estimating the new price. Since the initial full price is 108.6034 and a 200 basis point increase in yield will decrease the price by -32.438, the estimated new price using duration is 69.7162 (found by multiplying 103.1885 by one minus 0.32438). The actual full price if the yield rises by 200 basis points (4.388% to 6.388%) is 76.3472. Consequently, the estimate is not as accurate as the estimate for a 10 basis point change in yield. The estimated new price using duration for a 200 basis point decrease in yield is 136.7041 compared to the actual price of 146.0867. Once again, the estimation of the price using duration is not as accurate as for a 10 basis point change. Notice that whether the yield is increased or decreased by 200 basis points, duration underestimates what the new price will be. We discover why shortly. Exhibit 12.17 summarizes what we found in our application to approximate the 30-year U.S. Treasury bond’s percentage price change.
 

This result should come as no surprise to careful readers of the last section on price volatility characteristics of bonds. Specifically equation (12.2) is somewhat at odds with the properties of the price/yield relationship.
 



 Graphical Depiction of Using Duration to Estimate Price Changes

 

Earlier we used the graph of the price/yield relationship to demonstrate the price volatility properties of bonds. We can use graphs to illustrate what we observed in our examples about how duration estimates the percentage price change, as well as some other noteworthy points.
 

EXHIBIT 12.17 Application of Duration to Approximate the Percentage Price Change
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EXHIBIT 12.18 Log of Price/Yield Relationship for an Option-Free Bond with a Tangent Line
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The shape of the log of price/yield relationship for an option-free bond is convex. Exhibit 12.18 shows this relationship. In the exhibit a tangent line is drawn to the log of price/yield relationship at yield y*. (For those unfamiliar with the concept of a tangent line, it is a straight line that just touches a curve at one point within a relevant (local) range. In Exhibit 12.18, the tangent line touches the curve at the point where the yield is equal to y* and the log of price is equal to p*.) The tangent line is used to estimate the new price if the yield changes. If we draw a vertical line from any yield (on the horizontal axis), as in Exhibit 12.18, the distance between the horizontal axis and the tangent line represents the price approximated by using duration starting with the initial yield y*.
 

Now how is the tangent line, used to approximate what the new log of price will be if yields change, related to duration? This helps us understand why duration did an effective job of estimating the percentage price change, or equivalently the new log of price, when the yield changes by a small number of basis points. Look at Exhibit 12.19. Notice that for a small change in yield, the tangent line does not depart much from the log of price/yield relationship. Hence, when the yield changes up or down by 10 basis points, the tangent line does a good job of estimating the new log of price, as we found in our earlier numerical illustration.
 

Exhibit 12.19 also shows what happens to the estimate using the tangent line when the yield changes by a large number of basis points. Notice that the error in the estimate gets larger the further one moves from the initial yield. The estimate is less accurate the more convex the bond. This is illustrated in Exhibit 12.20.
 

EXHIBIT 12.19 Estimating the New Log of Price Using a Tangent Line
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EXHIBIT 12.20 Estimating the New Log of Price for a Large Yield Change for Bonds with Different Convexities
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Also note that regardless of the magnitude of the yield change, the tangent line always underestimates what the new log of price will be for an option-free bond because the tangent line is below the log of price/yield relationship. This explains why we found in our illustration that when using duration we underestimated what the actual log of price will be.
 



 Rate Shocks and Duration Estimate

 

In calculating duration using equation (1), it is necessary to shock interest rates (yields) up and down by the same number of basis points to obtain the values for V- and V+. In our illustration, 20 basis points was arbitrarily selected. But how large should the shock be? That is, how many basis points should be used to shock the rate? Looking at equation (12.1) it is relatively easy to discern why the size of the interest rate shock should not matter too much. Specifically, the choice of Δy has two effects on equation (12.1). In the numerator, the choice of Δy affects the spread between V- and V+ in that the larger the interest rate shock, the larger the spread between the two prices. In the denominator, the choice of Δy appears directly and the denominator is larger for larger values of Δy. The two effects should largely neutralize each other, unless the price/yield relationship is highly convex (i.e., curved).
 

EXHIBIT 12.21 Duration Estimates for Different Rate Shocks
 

Assumptions: All of these bonds are priced with a settlement date of 09/02/2008. The initial yields for the note, bond and principal strip are 2.35%, 4.388%, and 4.451% respectively.
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In Exhibit 12.21, the duration estimate for our three U.S. Treasury securities from Exhibits 12.1, 12.3, and 12.4 using equation (12.1) for rate shocks of 1 basis point to 100 basis points is reported.78 The duration estimates for the 2-year note are unaffected by the size of the shock. The duration estimates for the 30-year bond are affected only slightly even though a 30-year bond will have higher positive convexity (i.e., a price/yield relationship that is more curved) than a 2-year note. Lastly, if the duration estimates are ever going to be affected by the size of the interest rate shock, this should be evident when this exercise is performed on a 30-year principal strip from Exhibit 12.1, which has very large positive convexity (i.e., a price/ yield relationship that is very curved). However, even in this case, the duration estimates are affected only marginally. It would appear that the size of the interest rate shock is unimportant for approximating the duration of option-free bonds using equation (12.1).
 

When we deal with more complicated securities, small rate shocks that do not reflect the types of rate changes that may occur in the market do not permit the determination of how prices can change because expected cash flows may change when dealing with bonds with embedded options. In comparison, if large rate shocks are used, we encounter the asymmetry caused by convexity. Moreover, large rate shocks may cause dramatic changes in the expected cash flows for bonds with embedded options that may be far different from how the expected cash flows will change for smaller rate shocks.
 

There is another potential problem with using small rate shocks for complicated securities. The prices that are inserted into the duration formula as given by equation (12.1) are derived from a valuation model. These valuation models and their underlying assumptions are discussed in Chapters 7 and 9. The duration measure depends crucially on a valuation model. If the rate shock is small and the valuation model used to obtain the prices for equation (12.1) is poor, dividing poor price estimates by a small shock in rates in the denominator will have a significant affect on the duration estimate.
 

What is done in practice by dealers and vendors of analytical systems? Each system developer uses rate shocks that they have found to be realistic based on historical rate changes.
 



 Modified Duration versus Effective Duration

 

One form of duration that is cited by practitioners is modified duration. Modified duration is the approximate percentage change in a bond’s price for a 100 basis point change in yield assuming that the bond’s expected cash flows do not change when the yield changes. What this means is that in calculating the values of V- and V+ in equation (1), the same cash flows used to calculate V0 are used. Therefore, the change in the bond’s price when the yield is changed is due solely to discounting cash flows at the new yield level.
 

The assumption that the cash flows will not change when the yield is changed makes sense for option-free bonds such as noncallable Treasury securities. This is because the payments made by the U.S. Department of the Treasury to holders of its obligations do not change when interest rates change. However, the same cannot be said for bonds with embedded options (i.e., callable and putable bonds and mortgage-backed securities). For these securities, a change in yield may significantly alter the expected cash flows.
 

Earlier in the chapter, we presented the price/yield relationship for callable and prepayable bonds. Failure to recognize how changes in yield can alter the expected cash flows will produce two values used in the numerator of equation (1) that are not good estimates of how the price will actually change. The duration is then not a good number to use to estimate how the price will change.
 

When we discussed valuation models for bonds with embedded options, we learned how these models (lattice models and Monte Carlo simulation) take into account how changes in yield will affect the expected cash flows. Thus, when V- and V+ are the values produced from these valuation models, the resulting duration takes into account both the discounting at different interest rates and how the expected cash flows may change. When duration is calculated in this manner, it is referred to as effective duration or option-adjusted duration or OAS duration. Below we explain how effective duration is calculated based on the lattice model and the Monte Carlo model.
 


Calculating the Effective Duration Using the Lattice Model

 

In Chapter 7, we explained how the lattice model is used to value bonds with embedded options. In our illustrations we used one form of the lattice model, the binomial model. The procedure for calculating the values to be substituted into the duration formula, equation (12.1), using the binomial model is described below.
 

V+ is determined as follows:Step 1: Calculate the option-adjusted spread (OAS) for the issue.
 

 


 
Step 2: Shift the on-the-run yield curve up by a small number of basis points.
 

 

 
Step 3: Construct a binomial interest rate tree based on the new yield curve in Step 2.
 

 

Step 4: To each of the short rates in the binomial interest rate tree, add the OAS to obtain an “adjusted tree.”
 

 

Step 5: Use the adjusted tree found in Step 4 to determine the value of the bond, which is V+.
 








To determine the value of V-, the same five steps are followed except that in Step 2, the on-the-run yield curve is shifted down by a small number of basis points.
 

Notice that in the calculation of V+ and V- the yield for each maturity is changed by the same number of basis points. This assumption is called the parallel yield curve shift assumption.
 

To illustrate how V+ and V- are determined in order to calculate effective duration, we will use the same on-the-run yield curve that we used in Chapter 7 assuming a volatility of 10%. The 4-year callable bond with a coupon rate of 6.5% and callable at par selling at 102.218 will be used in this illustration. We showed that the OAS for this issue is 35 basis points.
 

Exhibit 12.22(A) shows the adjusted tree by shifting the yield curve up by an arbitrarily small number of basis points, 25 basis points, and then adding 35 basis points (the OAS) to each 1-year rate. The adjusted tree is then used to value the bond. The resulting value, V+, is 101.621. Exhibit 12.22b shows the adjusted tree by shifting the yield curve down by 25 basis points and then adding 35 basis points to each 1-year rate. The resulting value, V-, is 102.765.
 

EXHIBIT 12.22 Calculating Effective Duration and Convexity Using the Binomial Model
 

[image: 333]

The results are summarized below:Δy = 0.0025 V+ = 101.621 V- = 102.765 V0 = 102.218
 




 



 

Therefore,[image: 334]
 




This procedure is the one used by Bloomberg to calculate effective duration.
 

As an illustration of the difference between modified and effective duration, let’s consider a callable bond issued by the Freddie Mac. Bloomberg’s Security Description screen (DES) for this issue is presented in Exhibit 12.23. Note that this bond matures on June 10, 2039, but is callable at par beginning on June 10, 2010. Bloomberg’s Yield & Spread Analysis (YAS) screen shown in Exhibit 12.24 gives the modified duration and effective duration (OAS duration is the term used by Bloomberg) for this callable bond in the upper right-hand portion of the screen in the section labeled “RISK & HEDGE RATIOS.” Based on a settlement date of October 9, 2009, the modified duration is 13.917 (shown in the first row under “Mod Dur”) and OAS duration is 7.849 (shown in the second row under “Mod Dur”).
 

EXHIBIT 12.23 Bloomberg Security Description Screen for a Freddie Mac Medium-Term Note
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 12.24 Bloomberg Yield and Spread Analysis Screen for a Freddie Mac Medium-Term Note
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Calculating the Effective Duration Using the Monte Carlo Model

 

The same procedure is used to calculate the effective duration for a security valued using the Monte Carlo model. The short-term rates are used to value the cash flow on each interest rate path. To obtain the two values to substitute into the duration formula, the OAS is calculated first. The short-term rates are then shifted up a small number of basis points, obtaining new refinancing rates and cash flows. V+ is then calculated by discounting the cash flow on an interest rate path using the new short-term rates plus the OAS. V- is then calculated in the same manner by shifting the short-term rates down by a small number of basis points. Again, since all rates are shifted by the same number of basis points, the resulting duration assumes a parallel shift in the yield curve.
 



 Macaulay Duration and Modified Duration

 

It is worth comparing the relationship between modified duration to another duration measure. Modified duration can also be written as79
(12.3)
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 where


 
	k
	= number of periods, or payments, per year (e.g., k = 2 for semi- annual-pay bonds and k = 12 for monthly-pay bonds)
	n
	= number of periods until maturity (i.e., number of years to maturity times k)
	yield	= yield to maturity of the bond
	PVCFt
	= present value of the cash flow in period t discounted at the yield to maturity where t = 1, 2, ..., n


 


 



The expression in the brackets of the modified duration formula given by equation (12.3) is a measure formulated in 1938 by Frederick Macaulay.80 This measure is popularly referred to as Macaulay duration. Thus, modified duration is commonly expressed as[image: 338]
 




Bloomberg reports Macaulay duration on its YA (yield analysis) screen in the Sensitivity Analysis box in the lower left-hand corner of Exhibits 12.1, 12.3, and 12.4. Macaulay duration is labeled “CNV DURATION (YEARS)” where the CNV stands for “conventional.”
 

The general formulation for duration as given by equation (12.1) provides a short-cut procedure for determining a bond’s modified duration. Because it is easier to calculate the modified duration using the short-cut procedure, most vendors of analytical software will use equation (12.1) rather than equation (12.3) to reduce computation time.
 

However, it must be clearly understood that modified duration is a flawed measure of a bond’s price sensitivity to interest rate changes for a bond with an embedded option and therefore so is Macaulay duration. The use of the formula for duration given by equation (12.3) misleads the user because it masks the fact that changes in the expected cash flows must be recognized for bonds with embedded options. Although equation (12.3) will give the same estimate of percent price change for an option-free bond as equation (12.1), equation (12.1) is still better because it acknowledges that cash flows and thus value can change due to yield changes.
 



 Portfolio Duration

 

A portfolio duration can be obtained by calculating the weighted average of the duration of the bonds in the portfolio. The weight is the proportion of the portfolio that a security comprises. Mathematically, a portfolio duration can be calculated asw1D1 + w2D2 + w3D3 + … + wKDK
 





 wherewi = market value of bond i/market value of the portfolio 
Di = duration of bond i

K = number of bonds in the portfolio
 




 



 

To illustrate the calculation, consider the following 3-bond portfolio in which all three bonds are U.S. Treasuries. Exhibit 12.25 presents the full price per $100 of par value for each bond, its yield, the par amount owned, the market value, and its duration.
 

In this illustration, the 2-year note and the 30-year bond are priced with a settlement date between coupon payments dates so the market prices reported are full prices. The market value for the portfolio is $9,723,961. Since each bond is option-free, modified duration can be used.
 

In this illustration, K is equal to 3 andw1 = $4,999,875/9,668,407 = 0.517 D1 = 1.936
 




 



 

EXHIBIT 12.25 Summary of a 3-Treasury Bond Portfolio
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	w2 = $4,127,540/9,668,407	= 0.426	D2 = 16.213
	w3 = $540,992/9,668,407	= 0.056	D3 = 29.055

 


 
The portfolio duration is0.517(1.936) + 0.426(16.213) + 0.056(29.055) = 9.535
 




 



 

A portfolio duration of 9.535 means that for a 100 basis point change in the yield for each of the three bonds, the portfolio’s market value will change by approximately 9.535%. It is paramount to keep in mind that it is assumed that the yield for each of the three bonds must change by 100 basis points. This is a critical assumption and its importance cannot be overemphasized. Portfolio managers will find it necessary to be able to measure a portfolio’s exposure to shifts in the yield curve. We examine one popular method for doing this later in the chapter when we discuss key rate duration.
 

An alternative procedure for calculating a portfolio duration is to calculate the dollar price change for a given number of basis points for each security in the portfolio and then add up all the changes in market value. Dividing the total of the changes in market value by the portfolio’s initial market value produces a percentage change in market value that can be adjusted to obtain the portfolio’s duration.
 

For example, consider the 3-bond portfolio given in Exhibit 12.25. Suppose that we calculate the dollar change in market value for each bond in the portfolio based on its respective duration for a 50 basis point change in yield. We would then have:[image: 340]
 




Thus, a 50 basis point change in all rates changes the market value of the 3-bond portfolio by $461,586. Since the market value of the portfolio is $9,668,407, a 50 basis point change produced a change in value of 4.77% (461,586/9,608,407). Since duration is the approximate percentage change for a 100 basis point change in rates, this means that the portfolio duration is 9.55 (found by doubling 4.77). This is virtually the same value for the portfolio’s duration as found earlier.
 



 Contribution to Portfolio Duration

 

Some portfolio managers view their exposure to a particular issue or to a sector in terms of the percentage of that issue or sector in the portfolio. A better measure of exposure of an individual issue or sector to changes in interest rates is in terms of its contribution to portfolio duration. Contribution to portfolio duration is computed by multiplying the percentage that the individual issues comprises of the portfolio by the duration of the individual issue or sector. Specifically,[image: 341]
 




This exposure can also be cast in terms of dollar exposure. To accomplish this, the dollar duration of the issue or sector is used instead of the duration of the issue or sector.
 

A portfolio manager who desires to determine the contribution to a portfolio of a sector relative to the contribution of the same sector in a broad-based market index can compute the difference between these two contributions.
 





 OTHER DURATION MEASURES

 

Numerous duration measures are routinely employed by fixed income practitioners that relate to both fixed rate and floating rate securities. Furthermore, there are more sophisticated duration measures that allow for nonparallel yield curve shifts. We discuss these measures in this section.
 



 Spread Duration for Fixed Rate Bonds

 

As we have seen, duration is a measure of the change in a bond’s value when interest rates change. The interest rate that is assumed to shift is the Treasury rate, which serves as the benchmark interest rate. However, for non-Treasury instruments, the yield is equal to the Treasury yield plus a spread to the Treasury yield curve. This is why non-Treasury securities are often called “spread products.” Of course, the price of a bond exposed to credit risk can change even though Treasury yields are unchanged because the spread required by the market changes. A measure of how a non-Treasury security’s price will change if the spread sought by the market changes is called spread duration.
 

The problem is, what spread is assumed to change? There are three measures that are commonly used for fixed rate bonds: nominal spread, zero-volatility spread, and option-adjusted spread. Each of these spread measures were defined earlier in the book.
 

The nominal spread is the traditional spread measure. The nominal spread is simply the difference between the yield on a non-Treasury issue and the yield on a comparable maturity Treasury. When the spread is taken to be the nominal spread, spread duration indicates the approximate percentage change in price for a 100 basis point change in the nominal spread holding the Treasury yield constant.
 

The zero-volatility or static spread is the spread that when added to the Treasury spot rate curve will make the present value of the cash flows equal to the bond’s price plus accrued interest. When spread is defined in this way, spread duration is the approximate percentage change in price for a 100 basis point change in the zero-volatility spread holding the Treasury spot rate curve constant.
 

Finally, the option-adjusted spread (OAS) is the constant spread that, when added to all the rates on the interest rate tree, will make the theoretical value equal to the market price. Spread duration based on OAS can be interpreted as the approximate percentage change in price of a non-Treasury for a 100 basis point change in the OAS, holding the Treasury rate constant.
 

A sensible question arises: how do you know whether a spread duration for a fixed rate bond is a spread based on the nominal spread, zero-volatility spread or the OAS? The simple answer is you do not know! You must ask the broker/dealer or vendor of the analytical system. To add further to the confusion surrounding spread duration, consider “OAS duration” that is referred to by some market participants. What does it mean? On the one hand, it could mean simply the spread duration that we just described. On the other hand, many market participants use “OAS duration” interchangeably with the term “effective duration.” Once again, the only way to know what OAS duration is measuring is to ask the broker/dealer or vendor.
 



 Spread Duration for Floaters

 

Two measures have been developed to estimate the sensitivity of a floater to each component of the coupon reset formula: the index (i.e., reference rate) and the spread (i.e., quoted margin). Index duration is a measure of the price sensitivity of a floater to changes in the reference rate holding the spread constant. The term spread duration that we used above is also used to measure a floater’s price sensitivity to a change in the spread assuming that the reference rate is unchanged.
 



 Key Rate Durations

 

Duration measures the sensitivity of a bond’s price to a given change in yield. The traditional formulation is derived under the assumption that the reference yield curve is flat and moves in parallel shifts. Simply put, all bond yields are the same regardless of when the cash flows are delivered across time and changes in yields are perfectly correlated. Several recent attempts have been made to address this inadequacy and develop interest rate risk measures that allow for more realistic changes in the yield curve’s shape.81
 

One approach to measuring the sensitivity of a bond to changes in the shape of the yield curve is to change the yield for a particular maturity of the yield curve and determine the sensitivity of a security or portfolio to this change holding all other yields constant. The sensitivity of the bond’s value to a particular change in yield is called rate duration. There is a rate duration for every point on the yield curve. Consequently, there is not one rate duration but a vector of rate durations representing each maturity on the yield curve. The total change in value if all rates move by the same number of basis points is simply the duration of a security or portfolio to a parallel shift in rates.
 

The most popular version of this approach was developed by Thomas Ho in 1992.82 This approach examines how changes in Treasury yields at different points on the spot curve affect the value of a bond portfolio. Ho’s methodology has three basic steps. The first step is to select several key maturities or “key rates” of the spot rate curve. Ho’s approach focuses on 11 key maturities on the spot rate curve. These rate durations are called key rate durations. The specific maturities on the spot rate curve for which a key rate duration is measured are three months, one year, two years, three years, five years, seven years, 10 years, 15 years, 20 years, 25 years, and 30 years. However, in order to illustrate Ho’s methodology, we will select only three key rates: one year, 10 years, and 30 years.
 

The next step is to specify how other rates on the spot curve change in response to key rate changes. Ho’s rule is that a key rate’s effect on neighboring rates declines linearly and reaches zero at the adjacent key rates. For example, suppose the 10-year key rate increases by 40 basis points. All spot rates between 10 years and 30 years will increase but the amount each changes will be different and the magnitude of the change diminishes linearly. Specifically, there are 40 semiannual periods between 10 and 30 years. Each spot rate starting with 10.5 years increases by 1 basis point less than the spot rate to its immediate left (i.e., 39 basis points) and so forth. The 30-year rate, which is the adjacent key rate is assumed to be unchanged. Thus, only one key rate changes at a time. Spot rates between one year and 10 years change in an analogous manner such that all rates change but by differing amounts. Changes in the 1-year key rate affect spot rates between one and 10 years while spot rates 10 years and beyond are assumed to be unaffected by changes in the 1-year spot rate. In a similar vein, changes in the 30-year key rate affect all spot rates between 30 years and 10 years while spot rates shorter than 10 years are assumed to be unaffected by the change in the 30-year rate. This process is illustrated in Exhibit 12.26. Note that if we add the three rate changes together we obtain a parallel yield curve shift of 40 basis points.
 

The third and final step is to calculate the percentage change in the bond’s portfolio value when each key rate and neighboring spot rates are changed. There will be as many key rate durations as there are preselected key rates. Let’s illustrate this process by calculating the key rate duration for a coupon bond. Our hypothetical 6% coupon bond has a maturity value of $100 and matures in five years. The bond delivers coupon payments semiannually. Valuation is accomplished by discounting each cash flow using the appropriate spot rate. The bond’s current value is $107.32 and the process is illustrated in Exhibit 12.27. The initial hypothetical (and short) spot curve is contained in column (3).83 The present values of each of the bond’s cash flows is presented in the last column.
 

EXHIBIT 12.26 Graph of How Spot Rates Change when Key Rates Change
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EXHIBIT 12.27 Valuation of 5-Year 6% Coupon Bond Using Spot Rates
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To compute the key rate duration of the 5-year bond, we must select some key rates. We assume the key rates are 0.5, three, and five years. To compute the 0.5-year key rate duration, we shift the 0.5-year rate upwards by 20 basis points and adjust the neighboring spot rates between 0.5 and three years as described earlier. (The choice of 20 basis points is arbitrary.) Exhibit 12.28 is a graph of the initial spot curve and the spot curve after the 0.5-year key rate and neighboring rates are shifted. The next step is to compute the bond’s new value as a result of the shift. This calculation is shown in Exhibit 12.29. The bond’s value subsequent to the shift is $107.30. To estimate the 0.5-year key rate duration, we divide the percentage change in the bond’s price as a result of the shift in the spot curve by the change in the 0.5-year key rate. Accordingly, we employ the following formula: EXHIBIT 12.28 Graph of the Initial Spot Curve and the Spot Curve After the 0.5-Year Key Rate Shift
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EXHIBIT 12.29 Valuation of the 5-Year 6% Coupon Bond After 0.5 Year Key Rate and Neighboring Spot Rates Change
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 whereP1 = the bond’s value after the shift in the spot curve 
P0 = the bond’s value using the initial spot curve 
Δy = shift in the key rate (in decimal)
 




 




Substituting in numbers from our illustration presented above, we can compute the 0.5-year key rate duration as follows:[image: 347]
 




To compute the 3-year key rate duration, we repeat this process. We shift the 3-year rate by 20 basis points and adjust the neighboring spot rates as described earlier. Exhibit 12.30 shows a graph of the initial spotEXHIBIT 12.30 Graph of the Initial Spot Curve and the Spot Curve After the 3-Year Key Rate Shift
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EXHIBIT 12.31 Valuation of the 5-Year 6% Coupon Bond After 3-Year Key Rate and Neighboring Spot Rates Change
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 curve and the spot curve after the 3-year key rate and neighboring rates are shifted. Note that in this case the only two spot rates that do not change are the 0.5-year and the 5-year key rates. Then, we compute the bond’s new value as a result of the shift. The bond’s post-shift value is $107.25 and the calculation appears in Exhibit 12.31. Accordingly, the 3-year key rate duration is computed as follows:[image: 350]




The final step is to compute the 5-year key duration. We shift the 5-year rate by 20 basis points and adjust the neighboring spot rates. Exhibit 12.32 presents a graph of the initial spot curve and the spot curve after the 5-year key rate and neighboring rates are shifted. The bond’s post-shift value is $106.48 and the calculation appears in Exhibit 12.33. Accordingly, the 5-year key rate duration is computed as follows:[image: 351]
 




What information can be gleaned from these key rate durations? Each key rate duration by itself means relatively little. However, the distribution of the bond’s key rate durations helps us assess its exposure to yield curve risk. Intuitively, the sum of the key rate durations is approximately equal to a bond’s duration.84 As a result, it is useful to think of a set of key rate durations as a decomposition of duration into sensitivities to various portions of the yield curve. In our illustration, it is not surprising that the lion’s share of the yield curve risk exposure of the coupon bond in our illustration is due to the bond’s terminal cash flow, so the 5-year key rate duration is the largest of the three. Simply put, the 5-years bond’s value is more sensitive to movements in longer spot rates and less sensitive to movements in shorter spot rates.
 

EXHIBIT 12.32 Graph of the Initial Spot Curve and the Spot Curve After the 5-Year Key Rate Shift
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EXHIBIT 12.33 Valuation of the 5-Year 6% Coupon Bond After 5-Year Key Rate and Neighboring Spot Rates Change
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EXHIBIT 12.34 BondEdge Key Rate Duration Screen
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Key rate durations are most useful when comparing two (or more) bond portfolios that have approximately the same duration. If the spot curve is flat and experiences a parallel shift, these two bond portfolios can be expected to experience approximately the same percentage change in value. However, the performance of the two portfolios will generally not be the same for a nonparallel shift in the spot curve. The key rate duration profile of each portfolio will give the portfolio manager some clues about the relative performance of the two portfolios when the yield curve changes shape and slope.
 

As an illustration, we present in Exhibit 12.34 a screenshot prepared by BondEdge of two portfolios A and B that have approximately the same effective duration.85 Given a parallel shift in the yield curve, the price response of the two portfolios should be similar. The key rate duration profile reveals that portfolio A has the highest sensitivity to shocks at the intermediate points on the curve (5 yr, 7 yr, 10 yr) but has a lesser sensitivity to shocks at the long end of the curve (20 yr, 30 yr).
 





 CONVEXITY

 

The duration measure indicates that regardless of whether interest rates increase or decrease, the approximate percentage price change is the same. However, as we noted earlier, this is not consistent with Property 3 of a bond’s price volatility. Specifically, while for small changes in yield the percentage price change will be the same for an increase or decrease in yield, for large changes in yield this is not true. This suggests that duration is only a good approximation of the percentage price change for small changes in yield.
 

We demonstrated this property earlier using a 4.5% 30-year Treasury bond priced to yield 4.388% with a duration of 16.213. For a 10 basis point change in yield, the estimate was accurate for both an increase and decrease in yield. However, for a 200 basis point change in yield the approximate percentage price change was off considerably.
 

The reason for this result is that duration is in fact a first (linear) approximation for a small change in yield. The approximation can be improved by using a second approximation. This approximation is referred to as “convexity.” The use of this term in the industry is unfortunate since the term convexity is also used to describe the shape or curvature of the price/yield relationship. The convexity measure of a security can be used to approximate the change in price that is not explained by duration.
 



 Convexity Measure

 

The convexity measure of a bond is approximated using the following formula:(12.4)
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 where the notation is the same as used earlier for duration as given by equation (12.4).


For the 4.5%, 30-year Treasury bond priced to yield 4.388% with a settlement date of September 2, 2008, we know that for a 20 basis point change in yield (Δy = 0.002): V0 = 103.1885, V- = 106.6141, and V+ = 99.9195
 




 



 

Note once again because the settlement date is not a coupon payment date (see Exhibit 12.4) that we use full prices in the calculation. Substituting these values into the convexity measure given by equation (12.4):[image: 356]
 




We see how to use this convexity measure shortly. Before doing so, there are three points that should be noted. First, there is no simple interpretation of the convexity measure as there is for duration. Second, it is more common for market participants to refer to the value computed in equation (12.4) as the “convexity of a bond” rather than the “convexity measure of a bond.” Finally, the convexity measure reported by dealers and vendors will differ for an option-free bond. The reason is that the value obtained from equation (12.4) is often scaled for the reason explained after we demonstrate how to use the convexity measure.
 



 Convexity Adjustment to Percentage Price Change

 

Given the convexity measure, the approximate percentage price change adjustment due to the bond’s convexity (i.e., the percentage price change not explained by duration) is:Convexity adjustment to percentage price change 
= Convexity measure × (Δy)2 × 100
 




 



 

For example, for the 4.5% 30-year Treasury bond, the convexity adjustment to the percentage price change based on duration if the yield increases from 4.388% to 6.388% is189.7014 × (0.02)2 × 100 = 7.5881%
 




 



 

If the yield decreases from 4.388% to 2.388%, the convexity adjustment to the approximate percentage price change based on duration would also be 7.5881%.
 

The approximate percentage price change based on duration and the convexity adjustment is found by summing the two estimates. So, for example, if yields change from 4.388% to 6.388%, the estimated percentage price change would be: 
 


 
	Estimated change using duration alone	= -32.438
	Convexity adjustment	= 7.5881
	Total estimated percentage price change	= -24.8499%

 


 



The actual percentage price change is -26.36.
 

For a decrease of 200 basis points, from 4.388% to 2.388%, the approximate percentage price change would be as follows:
 


 
	Estimated change using duration alone	= +32.438
	Convexity adjustment	= +7.5881
	Total estimated percentage price change	= +40.0261

 


 



The actual percentage price change is +41.57%. Thus, duration combined with the convexity adjustment does a much better job of estimating the sensitivity of a bond’s price to large changes in yield.
 

Notice that when the convexity measure is positive, we have the situation described earlier that the gain is greater than the loss for a given large change in rates. That is, the bond exhibits positive convexity. We can see this in the example above. However, if the convexity measure is negative, we have the situation where the loss will be greater than the gain. For example, suppose that a callable bond has an effective duration of 4 and a convexity measure of -30. This means that the approximate percentage price change for a 200 basis point change is 8%. The convexity adjustment for a 200 basis point change in rates is then-30 × (0.02)2 × 100 = -1.2
 




 



 

The convexity adjustment is -1.2% and therefore the bond exhibits the negative convexity property illustrated in Exhibit 12.17. The approximate percentage price change after adjusting for convexity is:
 


 
	Estimated change using duration	= -8.0%
	Convexity adjustment	= -1.2%
	Total estimated percentage price change	= -9.2%

 


 



For a decrease of 200 basis points, the approximate percentage price change would be as follows:
 


 
	Estimated change using duration	= +8.0%
	Convexity adjustment	= -1.2%
	Total estimated percentage price change	= +6.8%

 



 Notice that the loss is greater than the gain—a property called negative convexity that we discussed earlier and illustrated in Exhibit 12.17.




 Scaling the Convexity Measure

 

The convexity measure as given by equation (12.4) means nothing in isolation. It is the substitution of the computed convexity measure into equation (12.5) that provides the estimated adjustment for convexity that is meaningful. Therefore, it is possible to scale the convexity measure in any way as long as the same convexity adjustment is obtained.
 

For example, in some books the convexity measure is defined as follows:(12.6)
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Equation (12.6) differs from equation (12.4) since it does not include 2 in the denominator. Thus, the convexity measure computed using equation (12.6) will be double the convexity measure using equation (12.4). So, for our earlier illustration, since the convexity measure using equation (12.4) is 189.7014, the convexity measure using equation (12.6) would be 379.40.
 

Which is correct, 189.7014 or 379.40? The answer is both. The reason is that the corresponding equation for computing the convexity adjustment would not be given by equation (12.5) if the convexity measure is obtained from equation (12.6). Instead, the corresponding convexity adjustment formula would be(12.7)
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Equation (12.7) differs from equation (12.5) in that the convexity measure is divided by 2. Thus, the convexity adjustment will be the same whether one uses equation (12.4) to get the convexity measure and equation (12.5) to get the convexity adjustment or one uses equation (12.6) to compute the convexity measure and equation (12.7) to determine the convexity adjustment.
 

Some dealers and vendors scale convexity in a different way. One can also compute the convexity measure as follows:(12.8)
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Equation (12.8) differs from equation (12.4) by the inclusion of 100 in the denominator. In our illustration, the convexity measure would be 1.8970 rather than 189.7014 using equation (12.4). The convexity adjustment formula corresponding to the convexity measure given by equation (12.8) is then(12.9)
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Similarly, one can express the convexity measure as shown in equation (12.10):(12.10)
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For the 30-year Treasury bond we have been using in our illustrations, the convexity measure is 3.7940. The corresponding convexity adjustment is:(12.11)
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Consequently, the convexity measures (or just simply “convexity” as it is referred to by some market participants) that could be reported for this option-free bond are 189.7014, 379.40, 1.8970, or 3.7940. All of these values are correct, but they mean nothing in isolation. To use them to obtain the convexity adjustment to the price change estimated by duration requires knowing how they are computed so that the correct convexity adjustment formula is used. It is the convexity adjustment that is important—not the convexity measure in isolation.
 

It is also important to understand this when comparing the convexity measures reported by dealers and vendors. For example, if one dealer shows a manager Bond A with a duration of 4 and a convexity measure of 50, and a second dealer shows the manager Bond B with a duration of 4 and a convexity measure of 80, which bond has the greater percentage price change response to changes in interest rates? Since the duration of the two bonds is identical, the bond with the larger convexity measure will change more when rates decline. However, not knowing how the two dealers computed the convexity measure means that the manager does not know which bond will have the greater convexity adjustment. If the first dealer used equation (12.4) while the second dealer used equation (12.6), then the convexity measures must be adjusted in terms of either equation. For example, the convexity measure of 80 computed using equation (12.6) is equal to a convexity measure of 40 based on equation (12.4).
 

Let’s return to Exhibit 12.4, which is the Bloomberg Yield Analysis screen for the 30-year Treasury bond in our illustration. Bloomberg’s convexity measure is displayed in the Sensitivity Analysis box in the lower left-hand corner of the screen. Specifically, the convexity measure reported is 3.794, which is the same number we calculated using equation (12.10). This means that equation (12.11) should be employed to obtain the convexity adjustment when using the convexity measure reported by Bloomberg.
 



 Modified Convexity and Effective Convexity

 

The prices used in equation (12.4) to calculate convexity can be obtained by either assuming that when the yield changes the expected cash flows either do not change or they do change. In the former case, the resulting convexity is referred to as modified convexity. (Actually, in the industry, convexity is not qualified by the adjective “modified.”) In contrast, effective convexity assumes that the cash flows do change when yields change. This is the same distinction made for duration.
 

As with duration, there is little difference between modified convexity and effective convexity for option-free bonds. However, for bonds with embedded options there can be quite a difference between the calculated modified convexity and effective convexity measures. In fact, for all option-free bonds, either convexity measure will have a positive value. For bonds with embedded options, the calculated effective convexity measure can be negative when the calculated modified convexity measure is positive.
 





 PRICE VALUE OF A BASIS POINT

 

Some managers use another measure of the price volatility of a bond to quantify interest rate risk—the price value of a basis point (PVBP). This measure, also called the dollar value of an 01 (DV01), is the absolute value of the change in the price of a bond for a 1 basis point change in yield. That is,PVBP = |Initial price - Price if yield is changed by 1 basis point|
 




 



 

Does it make a difference if the yield is increased or decreased by 1 basis point? It does not because of Property 2—the change will be about the same for a small change in basis points.
 

To illustrate the computation, let’s examine a 4% coupon, 10-year U.S. Treasury note that matures on August 15, 2018. Bloomberg’s YA (Yield Analysis) Screen is presented in Exhibit 12.35. If the bond is priced to yield 3.63% on a settlement date of September 11, 2008, we can compute the PVBP by using the prices for either the yield at 3.62 or 3.64. The bond’s initial full price at 5.778% is 100.6739. If the yield is decreased by 1 basis point to 3.62%, the PVBP is 0.0842 (|103.4365 - 103.3522|). If the yield is increased by 1 basis point to 3.64%, the PVBP is 0.0842 (|103.268 - 103.3522|). Note that our PVBP calculation agrees with Bloomberg’s calculation labeled “DOLLAR VALUE OF A 0.01” that is presented in the Sensitivity Analysis box located in the lower left-hand corner of the screen.
 

EXHIBIT 12.35 Bloomberg Yield Analysis Screen for a 10-Year Treasury Note
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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The PVBP is related to duration. In fact, PVBP is simply a special case of a measure called dollar duration. Dollar duration is the approximate dollar price change for a 100 basis point change in yield. We know that a bond’s duration is the approximate percentage price change for a 100 basis point change in interest rates. We also know how to compute the approximate percentage price change for any number of basis points given a bond’s duration using equation (2). Given the initial price and the approximate percentage price change for 1 basis point, we can compute the change in price for a 1 basis point change in rates.
 

For example, consider the 4% coupon, 10-year Treasury note. From Exhibit 12.36, the duration is 8.148. Using equation (2), the approximate percentage price change for a 1 basis point increase in interest rates (i.e., Δy = 0.0001) ignoring the negative sign in equation (2) is8.148 × (0.0001) × 100 = 0.08148%
 




 



 

Given the initial full price of 103.3522, the dollar price change estimated using duration is0.08148% × 103.3522 = $0.0842
 




 



 

This is the same price change as shown above for a PVBP for this bond.86
 



 Yield Value of Price Change

 

Another common measure of interest rate risk is called the yield value of a price change. The price change is the tick (e.g., [image: 364] for Treasuries or 1/8 for corporates) for the particular bond being examined. Suppose we are examining a Treasury so a tick is [image: 365]. The yield value of a price change for a Treasury is the change in yield for a [image: 366] change in price. The yield value of a price change is determined by calculating the difference between the yield to maturity at the current price and the yield to maturity if the bond price’s was increased/decreased by [image: 367]. In other words, how much does the current yield to maturity have to change to either increase or decrease the current price by [image: 368] (i.e., one tick)? The smaller the yield value of a price change, the greater the dollar price volatility.
 

To illustrate, let’s return to the 10-year Treasury note in Exhibit 12.35. On a settlement date of September 11, 2008, the bond is yielding 3.63% with a full price of 103.3520. The yield value of a [image: 369], reported by Bloomberg in the Sensitivity Analysis box in the lower left-hand corner of the screen, is 0.00371. This number tells us how the yield must fall/rise to increase/decrease the bond’s price by one tick (i.e., [image: 370]). If we reprice the bond at 3.6337% - 3.63% = 0.00371%, the full price is 103.3210. The difference between these two prices is 0.03125, which is the dollar value of [image: 371] when par is $100.
 





 THE IMPORTANCE OF YIELD VOLATILITY

 

What we have not considered thus far is the volatility of interest rates. For example, as we explained earlier, all other factors equal, the higher the coupon rate, the lower the price volatility of a bond to changes in interest rates. In addition, the higher the level of yields, the lower the price volatility of a bond to changes in interest rates. This is illustrated in Exhibit 12.35, which shows the price/yield relationship for an option-free bond. When the yield level is high (YH in the exhibit) a change in interest rates does not produce a large change in the initial price (PH in the exhibit). However, when the yield level is low (YL in the exhibit) a change in interest rates of the same number of basis points as shown when the yield is high does produce a large change in the initial price (PL in the exhibit).
 

EXHIBIT 12.35 The Effect of Yield Level on Price Volatility
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This can also be cast in terms of duration properties: the higher the coupon, the lower the duration; and the higher the yield level the lower the duration. Given these two properties, a 10-year noninvestment grade bond has a lower duration than a current coupon 10-year Treasury note since the former has a higher coupon rate and trades at a higher yield level. Does this mean that a 10-year noninvestment grade bond has less interest rate risk than a current coupon 10-year Treasury note? The missing link is the relative volatility of rates, which we shall refer to as yield volatility or interest rate volatility.
 

The greater the expected yield volatility, the greater the interest rate risk for a given duration and current value of a position. In the case of noninvestment grade bonds, while their durations are less than current coupon Treasuries of the same maturity, the yield volatility is greater than that of current coupon Treasuries.
 

Consequently, to measure the exposure of a portfolio or position to rate changes, it is necessary to measure yield volatility. This requires an understanding of the fundamental principles of probability distributions. The measure of yield volatility is the standard deviation of yield changes. In Chapter 13, we show how to estimate yield volatility. As we will see, depending on the underlying assumptions, there could be a wide range for the yield volatility estimate.
 

A framework that ties together the price sensitivity of a bond position to rate changes and yield volatility is the value-at-risk (VaR) framework, the subject of Chapter 13.
 







 CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Interest rate risk 
Full valuation approach 
Duration 
Convexity 
Full valuation approach 
Scenario analysis 
Stress testing 
Convex 
Negative convexity 
Positive convexity 
Duration 
Duration/convexity approach 
Modified duration 
Effective duration 
Option-adjusted duration (OAS duration) 
Parallel yield curve shift assumption 
Macaulay duration 
Portfolio duration 
Contribution to portfolio duration 
Spread duration 
Index duration 
Rate duration 
Key rate durations 
Convexity measure 
Negative convexity 
Modified convexity 
Effective convexity 
Price value of a basis point (PVBP) 
Dollar value of an 01 (DV01) 
Dollar duration 
Yield value of a price change 
Yield volatility 
Interest rate volatility
 





 QUESTIONS

 

1. What the advantages and disadvantages of the full valuation approach to assessing the interest rate risk exposure of a bond or a portfolio of bonds?

2. Which set of conditions will result in a bond whose price has greatest sensitivity to changes in interest rates? Explain your choice.a. A low coupon and a short maturity.

b. A high coupon and a long maturity.

c. A low coupon and a long maturity.

d. A high coupon and a short maturity.




3. a. What does the duration of a bond measure?

b. What does a bond’s convexity measure?

c. Is convexity a superior measure to duration?




4. Consider an option-free Bond A with the following information (assume the bond’s coupon interest is paid semiannually):Coupon rate = 8%
 

Yield to maturity on a bond equivalent basis = 8%
 

Maturity in years = 2
 

Par value = $1,000
 

Market price = $1,000
 

a. What is the price value of a basis point for Bond A?

b. What is the yield value of [image: 373]?




5. Suppose a bond has a modified duration of 4. By approximately how much will the bond’s value change if interest ratesa. increase by 50 basis points

b. decrease by 150 basis points

c. increase by 10 basis points




6. “Duration is only an accurate measure for very small changes in yield and assumes the yield shifts in parallel.” Critically evaluate this statement.

7. Consider a 6% coupon 20-year option-free bond selling at 89.32. If the yield is decreased by 20 basis points from 7.0% to 6.8%, the price would increase to 91.32. If the yield increases by 20 basis points, the price would decrease to 87.38. Given this information, answer the following questions.a. Using the formula for duration in the chapter, calculate the duration for this bond.

b. What is the approximate percentage price change if interest rates increase by 300 basis points?

c. How good is the approximation in (b) compared to the actual price change?




8. Dean Corso, a portfolio manager at Ninth Gate Investments, is making a presentation to a group of investors. He states ”If two portfolios have the same modified duration, they have the same interest rate risk. Specifically, for a given change in yields, these two portfolios will respond in the same way.” Do you agree or disagree with this statement?

9. Consider a callable corporate bond with an 8% coupon currently trading at 102. You are asked by management to measure the interest rate risk exposure. How would you proceed?

10. What does it mean when a bond exhibits negative convexity?

11. On a graph, draw the price/yield relationship of a callable bond and an option-free bond. Explain why they differ. Now draw the price-yield relationship of a putable bond. Explain how it differs.

12. a. How is contribution to portfolio duration computed?

b. How is the result interpreted?




13. Consider the following three bond portfolio:[image: 374]


a. Compute the portfolio duration.

b. Compute the contribution to portfolio duration of each bond.

c. Suppose interest rates change by 50 basis points, what is the approximate percentage change in the portfolio’s value?

d. What assumption does one making in answering question c?




14. What dimension of a floater’s price sensitivity do index duration and spread duration measure?

15. You are working as an analyst for a major dealer firm. You are having dinner with a fixed income portfolio manager. She remarks “The differences between the key rate durations of our portfolio and the benchmark tend to be positive on the short-end and negative in the long-end.” She asks you to assess her portfolio’s exposure to a reshaping of the yield curve. What is your response?

16. Consider a 4% coupon, 10-year Treasury note whose full price 103.3521 and is yielding 3.62%. The dollar value of a 1 basis point change in yield is 0.08421. What is the dollar duration for a 100 basis point change in yield?

17. What role does expected yield volatility play in making an assessment of interest rate risk?

  




 CHAPTER 13
 

 Value-at-Risk Measure and Extensions
 

As financial markets increase in complexity, portfolio managers anguish over how to accurately communicate their portfolio’s risk exposure to investors. Value-at-Risk
(VaR) is a widely-used methodology for quantifying risk (e.g., interest rate and credit risk). Following its introduction in October 1994 when J.P. Morgan launched RiskMetrics™, its adoption by bank regulators is an indicator of its acceptance as a risk management tool. The application of VaR extends beyond its initial use in investment banks to commercial banks and corporations. Despite its popularity, however, there are problems with the use of VaR as a measure of risk. In this chapter, we explain the concept of VaR and its limitations. Then we describe another measure, Conditional Value-at-Risk
(CVaR) that overcomes the problems associated with VaR.
 





 VALUE-AT-RISK

 

The basic idea of VaR is a simple one.VaR is a measure of the worst expected loss that a portfolio may suffer over a period of time that has been specified by the user, under normal market conditions and a specified level of confidence. Specifically, VaR is a portfolio’s expected loss over a specified time period for a set (i.e., prespecified) level of probability. For example, suppose a daily VaR is stated as $2 million for a 95% level of confidence. This means there is a only a 5% chance that the loss the next day will be greater than $2 million. Stated another way, we expect this portfolio to lose more than $2 million in one out of twenty days. Note this language emphasizes that VaR should not be intrepreted as the maximum loss that will occur. Rather, we expect the actual loss to be greater than the VaR a certain percentage of the time—in this case, 5%.
 

EXHIBIT 13.1 Graphical Depiction of VaR
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VaR can be exhibited graphically assuming a normal probability distribution along with an expected value and standard deviation. Exhibit 13.1 presents a normal probability distribution for the change in the value of a portfolio over the next T days. The VaR is the loss of $A where the probability to the right of that value is Y%. Correspondingly, the VaR is where the probability to the left of that value (i.e., the probability in the tail) is equal to 1 − Y%.
 

To measure the VaR of a portfolio, all of a portfolio’s positions data must be gathered into one centralized database. The overall risk calculated by aggregating the risks from individual instruments across the entire portfolio. The potential move in each instrument (that is, each risk factor) is inferred from past daily price movements over a given observation period (e.g., one year).
 

There is no unique VaR number for a given portfolio. Different methodologies used for calculating VaR produce different results. Moreover, the VaR number captures only those risks that can be measured in quantitative terms; it does not capture risk exposures such as operational risk, liquidity risk, regulatory risk or sovereign risk. It is paramount to recognize precisely what VaR attempts to capture and what it does not. Moreover, using such a tool in no way compensates for inadequate procedures and rules in the management of a portfolio.
 



 Methoding for Calculating VaR

 

There are three different methods for calculating VaR. They are:• The variance/covariance

• Historical simulation

• Monte Carlo simulation



 

We describe each method in this section.
 


Variance-Covariance or Parametric Method

 

The variance-covariance method or parametric method assumes the returns on risk factors are normally distributed, the correlations between risk factors are constant and the delta (or price sensitivity to changes in a risk factor) of each portfolio constituent is constant. Since our focus in this chapter is using VaR to measure interest rate risk, delta would be an interest rate sensitivity measure (e.g., duration). The volatility of each risk factor is extracted from the historical observation period. Historical data on security returns is therefore required. The potential effect of each component of the portfolio on the overall portfolio value is then worked out from the component’s delta (with respect to a particular risk factor) and that risk factor’s volatility.
 

To calculate the VaR for a single asset with the variance-covariance method, the first step is to calculate the standard deviation of its returns using its historical volatility. If a 95% confidence level is required, meaning we wish to have 5% of the observations in the extreme left-hand tail of the normal distribution, this means that the observations in that area are at least 1.645 standard deviations below the mean.
 

 

Calculating the VaR of Single Bond Suppose on February 8, 2008, we want to calculate the daily VaR for $100,000 face value position in U.S. Treasury principal strip that matures on May 15, 2037. The market value of the position is $28,903. Exhibit 13.2 presents a Bloomberg Historical Return Histogram screen for a time series of the strip’s daily returns from the period August 10, 2007, to February 7, 2008. The daily standard deviation of these daily returns over this period is 2.0233%. Suppose a 95% confidence level is required. Accordingly, the extreme loss tail is 1.645 standard deviations below the mean as noted. When computing VaR using daily returns, the mean is commonly assumed to be zero. In this example, the extreme loss tail is 1.645 standard deviations below the mean, which is calculated as follows: 1.645 × 2.0233 = 3.328. This number indicates that there is only a 5% percent chance of getting a daily return of −3.328% or lower over the next day. Exhibit 13.3 presents the relationship among the specified degree of confidence, the number of standard deviations below the mean. The last step is to convert the extreme loss tail into a dollar value by multiplying by the market value of the position as follows: 0.03328 × $28,903 = $961.89. This number tells over the next day there is a only a 5% chance that the loss on the long position in the principal strip will be greater than $961.89.
 

EXHIBIT 13.2 Bloomberg Historical Return Histogram Screen: Daily Returns for Strips from August 10, 2007, to February 7, 2008
 

© 2008 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 13.3 The Relationship Between Degree of Confidence and the Extreme Loss Tail
 




 
	Mean =0	Std dev =2.0233	
	Confidence Level
	Number of Std Dev
	Left Tail

	99%	2.3263	-4.7068
	98%	2.0537	-4.1552
	97%	1.8808	-3.8054
	96%	1.7507	-3.5422
	95%	1.6450	-3.3283
	90%	1.2816	-2.5931

 


 
While this method for computing historical volatility is the most straightforward approach, the effects of a large one-time market move can significantly distort estimated volatilities over the required forecasting period. For example if using 30-day historic volatility, a market shock will stay in the volatility figure for 30 days until it drops out of the sample range and correspondingly causes a sharp drop in (historic) volatility 30 days after the event. This is because each past observation is equally weighted in the volatility calculation.
 

An alternative method is to weight past observations unequally. The logic of this approach is to give more weight to recent observations so that large jumps in volatility are not caused by events that occurred some time ago. One method is to use exponentially weighted moving averages. The weights should be assigned so that the forecasted volatility is influenced more by a recent market movements. Moreover, as time goes by, the influence of a given market movement should decline gradually. One approach is an exponential moving average. The formula for the weight Wt in an exponential moving average is given byWt = (1 - β)βt
 





 where β is a value between 0 and 1. The observations are arrayed so that the most recent observation is t = 1, the second most recent is t = 2 and so on.

 

The parameter β measures how quickly the information impunded in past observations “decays” and is referred to as a “decay factor.” The smaller the β, the faster the decay. The choice of the decay factor depends on how fast the mean value of the random variable (e.g., daily yields) changes over time. A discussion of the choice of decay factor is beyond the scope of this book.
 

 

Calculating the VaR of a Bond Portfolio As we increase the number of assets in the portfolio, the volatility used in the VaR calculation requires the variances of the individual asset returns as while as the correlation between asset returns. In a two-asset portfolio, when calculating the undiversified VaR, the portfolio’s volatility is simply the weighted average of the individual standard deviations. This method assumes that all asset returns in the portfolio are perfectly positively correlated. Conversely, the diversified VaR, takes into account the correlation between the assets and uses the portfolio’s standard deviation in the calculation. The standard deviation of a two-asset portfolio will be less than the weighted average of the individual standard deviations unless the returns of the two assets are perfectly positively correlated. So, in general, the diversified VaR will be lower than the undiversified VaR. In practice, financial institutions will calculate both diversified and undiversified VaR. Specifically, they use the diversified VaR measure to set trading limits, while the larger undiversified VaR measure is used to gauge an idea of the financial institution’s risk exposure in the event of a significant correction or market crash. Undiversified VaR is more reflective of the financial institution’s risk exposure because during a market dislocation liquidity dries up as market participants all attempt to rebalance their portfolios at once. If this occurs, the correlation between securities will increase and the portfolios’ risk will increase, as all assets tend to move in the same direction.
 

As an illustration for calculating portfolio VaR, consider a portfolio of five U.S. Treasury securities displayed in the Bloomberg screen presented in Exhibit 13.4. The maturity dates and positions in each security are listed in the first and third columns labelled “Security” and “Position” respectively. The market price of each security is listed in the fourth column.
 

Let’s employ Bloomberg’s Portfolio Value-at-Risk function (PVAR) to compute the VaR for the portfolio of Treasuries. Two important choices are the probability of loss and the horizon date. The probability of loss is percentage used to calculate the extreme loss tail of the distribution. The default is 5% just as we used in single asset example earlier. Conversely, the horizon date specifies the time period over which the loss is expected to occur. The default horizon date is two weeks, which in this illustration is February 22, 2008.
 

EXHIBIT 13.4 Bloomberg Screen for Portfolio of Treasury Securities for VaR Illustration
 

© 2008 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 13.5 Bloomberg’s Portfolio Value-at-Risk Report
 

© 2008 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Exhibit 13.5 presents Bloomberg’s Portfolio Value-at-Risk Report. The VaR for the portfolio of Treasuries is $9,758 for the specified 5% probability of loss. Specifically, the portfolio has a 5% chance of losing more than $9,758 of its market value between February 8, 2008, and February 22, 2008 (i.e., the horizon date). This number is the diversified VaR since the calculation computes the standard deviation of the portfolio using both historical volatilities and correlations. The undiversified VaR is just the sum of the individual securities’ VaRs, which for this portfolio is $10,287.
 

 

Advantages and Disadvantages of the Variance/Covariance Method The primary advantages of the variance/covariance method are it is relatively easy to understand and implement.87 As a result, it is the most commonly used method. This simplicity comes at a price as there are a number disadvantages to this method. First, the assumption of normality is problematic for the return distributions of most asset classes. Actual return distributions are such that large market moves occur more frequently than the normal distribution suggests. These distributions are described as having “fat tails” or more formally significant kurtosis. Exhibit 13.6 presents a comparison between a normal distribution versus a “fat tails” distribution. “Fat tails” introduces errors in the calculation of VaRs at higher confidence intervals. Second, the variance-covariance method does not capture the nonlinear payoff patterns of derivative securities (e.g., options) or securities with embedded options (e.g., MBS). Lastly, the variance-covariance method does not account for any time dependency of delta—the price sensitivity to the risk factor, which for fixed income securities is a measure like duration.
 


Historical Simulation Method

 

The historical simulation method for calculating VaR is an alternative approach to calculating VaR and avoids some of the assumptions of the variance-covariance method. Specifically the three main assumptions (normally distributed returns, constant correlations, constant deltas) are not needed for this method. When the historical simulation model is employed, potential losses are estimated using actual historical returns in the risk factors. Thus, rather than imposing a normal distribution, we permit nonnormal distributions of risk factor returns. This means that rare events and crashes can be included in the results. As the risk factor returns used for revaluing the portfolio are actual past movements, the correlations in the calculation are also actual past correlations. They capture the dynamic nature of correlation as well as scenarios when the usual correlation relationships break down.
 

The historical approach to value-at-risk is a relatively simple calculation, and it is also easy to implement and explain. To implement it, the user requires a database record of its past returns for the total portfolio; the required confidence interval is then applied to this record, to obtain a cutoff of the worst-case scenario. For example, to calculate the VaR at a 95% confidence level, the fifth percentile is value for the historical data is taken, and this is the VaR number. For a 99% confidence level measure, the 1% percentile is taken.
 

The advantage of the historical method is that it uses the actual market data that a financial institution has recorded, and so produces a reasonably accurate figure. Its main strength is also its main weakness is that as it is reliant on actual historical data built up over a period of time; generally at least one year’s data is required to make the calculation meaningful. Therefore it is not suitable for portfolios whose asset weightings frequently change, as another set of data would be necessary before a VaR number could be calculated.
 


Monte Carlo Simulation Method

 

The third method for calculating VaR, Monte Carlo simulation, is more flexible than the previous two. As with historical simulation, Monte Carlo simulation allows the user to use actual historical distributions for risk factor returns rather than assuming normality. A large number of randomly generated simulations are run forward in time using volatility and correlation estimates chosen by the user. Each simulation will be different but in total the simulations will aggregate to the chosen statistical parameters (that is, historical distributions and volatility and correlation estimates). This method is more realistic than the previous two methods and therefore is more likely to estimate VaR more accurately. However its implementation requires powerful computers and there is also a trade-off in that the time required to perform calculations is longer.
 



 Issues in Implementing VaR

 

There are a number of decisions to be prior to calculating VaR and simplications that must be made to make calculating VaR tractable. Tanya Styblo Bender presents evidence that the choices that a user makes can have a drastic impact on the final result.88
 


Time Horizon

 

Earlier we defined VaR as the expected loss of a portfolio over a specified time period for a set level of probability. The “specified time period” is the time horizon for which the VaR is calculated. The choice of time horizon depends on the portfolio’s objectives as well as its liquidity.89 For most fixed income portfolios, the time horizon ranges from one day to two weeks. In principle, the time horizon for a portfolio’s VaR calculation should represent the period of time required to unwind the portfolio, that is, sell off the assets in the portfolio. A 10-day holding period is recommended but would be unnecessary for a highly liquid portfolio of government bonds.
 


Confidence Intervals

 

The level of confidence at which the VaR is calculated will depend on the nature of the portfolio and what the VaR number is being used for. For financial institutions, the Basle Capital Accord stipulates a 99% confidence interval and a 10-day holding period if the VaR measure is to be used to calculate the regulatory capital requirement. However certain financial institutions prefer to use other confidence levels and holding periods; the decision on which level to use is a function of asset types in the portfolio, quality of market data available and the accuracy of the model itself, which will have been tested over time by the user.
 

For example, a financial institution may view a 99% confidence interval as providing no useful information, as it implies that there should only be two or three breaches of the VaR measure over the course of one year; that would leave no opportunity to test the accuracy of the model until a relatively long period of time had elapsed, in the meantime the financial institution would be unaware if the model was generating inaccurate numbers. A 95% confidence level implies the VaR level being exceeded around one day each month, if a year is assumed to contain 250 days. In the same way, there maybe occasions when a financial will wish to calculate VaR over a different holding period to that recommended by the Basle Committee.
 


Mapping

 

The cornerstone of variance-covariance methodologies for calculating VaR is the requirement for data on volatilities and correlations for assets in the portfolio. The Bloomberg and RiskMetrics datasets does not contain volatilities for every fixed income security in the world and correlations between all possible pairs of security returns. This would result in an excessive amount of calculation. Instead, Bloomberg, for example, monitors several thousand primitive assets that represent specific sectors and maturities in the fixed income market. Any security can be thought of a portfolio of one of more primitive assets. Accordingly, Bloomberg maps each security position into an equivalent position of primitive assets. The volatilities and correlations of the primitive assets are then used in the VaR calculation. RiskMetrics uses a similar approach.
 


Stress Testing

 

As noted, the VaR calculation relies several inputs/decisions made by the user in addition to the basic assumptions underlying each calculation method. It is important to understand what will happen should some of the calculation method’s underlying assumptions break down. Stress testing is a process whereby a series of scenario analyses or simulations are carried out to investigate the effect of extreme market conditions on the VaR estimates calculated by a model. It is also an analysis of the effect of violating any of the basic assumptions behind VaR. If carried out efficiently stress testing will provide a clearer information on the potential exposures at risk due to significant market corrections.
 

One approach is to simulate extreme market moves over a range of different scenarios (e.g., Monte Carlo simulation). This method allows dealers to push the risk factors to greater limits; for example a 99% confidence interval captures events up to 2.33 standard deviations from the mean asset return level. A user can calculate the effect on the trading portfolio of a 10 standard deviation move. Similarly one may want to change the correlation assumptions under which they typically work. For instance if markets all move down together, something that happened in Asian markets from the end of 1997 and emerging markets generally from July 1998 after the Russian bond technical default, losses will be greater than if some markets are offset by other negatively correlated markets.
 

For effective stress testing, a portfolio manager has to consider non-standard situations. For financial institutions, the Basel policy group has recommended certain minimum standards in respect of specified market movements; the parameters chosen are considered large moves over a one-day time horizon, including:• Parallel yield curve shifts of 100 basis points up and down.

• Steepening and flattening of the yield curve (2-year to 10-year) by 25 basis points.

• Increase and decrease in 3-month yield volatilities by 20%.



 

These scenarios represent a starting point for a framework for routine stress testing.
 



 Credit Value at Risk

 

Up to this point in the chapter, the focus on the measurement of interest rate risk, We now turn our attention to credit risk. Credit risk is the chance of unpleasant surprise attributable to the willingness and capacity of a counterparty to meet its contractual obligations. It is inherently more difficult to measurer credit risk as opposed to interest rate risk. When measuring the influence of interest rate risk on bond portfolios, return distributions are generally assumed to be symmetric and can be approximated by a normal distribution. The impact of credit events on a risky bond portfolio is asymmetric. Specifically, a small probability of large losses produces distributions with heavy downside tails. Despite the difference in risk profiles, a credit VaR can be computed assuming a time horizon and loss distribution. Two widely-used methodologies for measuring credit VaR are CreditMetrics and CreditRisk+.
 





CONDITIONAL VALUE-AT-RISK

 

Despite its widespread use in practice, VaR does possess a number of drawbacks. First, when only a small number of observations are available, VaR is unstable because there are distribution discontinuities in the tails of the distribution. The tails of a distribution are the extreme values. Second, VaR misestimates risk when losses are not normally distributed, which empirical evidence suggests is often the case. Third, the VaR methodology does not tell us about how losses that are distributed beyond the VaR level. Put simply, VaR does not provide us any information about the extreme loss tail which is precisely the region in which we are most interested (i.e., potential catastrophic events). Finally, VaR does not satisfy the properties for what is referred to as a coherent risk measure.90 While a discussion of the properties of a coherent risk measure is beyond the scope of this chapter, what is important for this discussion is that VaR is not a coherent risk measure because it does not satisfy the subadditivity property. This means, for example, the VaR of a portfolio of two assets can exceed the sum of each individual VaR.91 As a result, VaR does not allow for diversification.
 

One measure that overcomes these deficiencies is conditional value-at-risk. CVaR, sometimes called expected shortfall risk or average value-at-risk , is a measure of the expected loss at a given confidence level conditional that a particular loss threshold (i.e., VaR) is breached. It can be shown that when loss distributions are normally distributed that CVaR and VaR yield the same results.92
 

Let’s illustrate CVaR by utilizing the Algorithmics Value-at-Risk function (VAR) on Bloomberg. Exhibit 13.6 presents the VAR function screen for a portfolio of five U.S. Treasury securities. In the last column on the right-hand side of the screen, the reported CVaR for the portfolio is $24.072 million. The VaR is $16.62 million, which is located in the fifth column. The VaR measure suggests there is a 5% chance of losing $16.62 million in market value over the next day. Given that the loss is greater than or equal to $16.62 million, the expected loss, as measured by CVaR, is $24.072 million. 
 

EXHIBIT 13.6 Bloomberg Conditional Value-at-Risk Screen
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Value-at-risk (VaR) 
Conditional value-at-risk (CVaR) 
Variance-covariance method 
Parametric method 
Historical simulation method 
Credit VaR 
Tails of the distribution 
Coherent risk measure 
Expected shortfall risk 
Average value-at-risk 
 





QUESTIONS

 

1. What does VaR measure?

2. Suppose on February 14, 2008, we want to calculate the daily VaR for $1,000,000 face value position in U.S. Treasury principal strip that matures on February 15, 2036. The market value of the position is $274,715.27. The daily standard deviation of these daily returns over this period is estimated to be 1.2737%. Suppose a 95% confidence level is required and mean daily return is zero. What is the daily VaR using the variance-covariance method?

3. Explain the difference between diversified and undiversified VaR.

4. What feature of the time series of returns is captured by using the exponential moving average?

5. What role does stress testing play in VaR analysis?

6. What is the purpose of mapping?

7. What are the advantages and disadvantages of the historical method of computing VaR?

8. The time horizon employed in a portfolio’s VaR is primarily by what portfolio objective?

9. What are the drawbacks of using VaR?

10. What is meant by the tails of a distribution?

11. What is conditional value-at-risk?

12. If the distribution of profit and loss is normally distributed, what is the relationship between VaR and CVaR?

13. Suppose that for a portfolio bonds the following information is computed at the 5% level:VaR = $27 million
 

CVaR = $33 million
 

a. Explain what VaR means for this portfolio.

b. Explain what CVaR means for this portfolio.




  




CHAPTER 14
 

Analysis of Inflation-Protected Bonds
 

Sovereign governments and corporations offer bonds whose interest rate is tied to the rate of inflation. These debt instruments, referred to as inflation-linked bonds or simply linkers, have been issued by sovereign governments since 1945. The earlier issuers of linkers were the governments of Argentina, Brazil, and Israel. The modern linker is attributed to the U.K. government’s index-linked gilt issued in 1981, followed by Australia, Canada, and Sweden. The United States introduced an inflation-linked security in January 1997, calling those securities Treasury Inflation Protected Securities (TIPS). These securities, which carry the full faith and credit of the U.S. government, comprised approximately 10% of the outstanding U.S. Treasury market as of mid-2009. Shortly after the introduction of TIPS in 1997, U.S. government-related entities such as the Federal Farm Credit, Federal Home Loan Bank, Fannie Mae, and the Tennessee Valley Authority began issuing linkers.
 

There are different designs that can be used for linkers. The reference rate that is a proxy for the inflation rate is changes in some consumer price index (CPI). In the United Kingdom, for example, the index used is the Retail Prices Index (All Items) or RPI. In France, there are two linkers with two different indexes: the French CPI (excluding tobacco) and the Eurozone’s Harmonised Index of Consumer Prices (HICP) (excluding tobacco). In the United States, it is the Consumer Price Index—Urban, Non-Seasonally Adjusted (denoted by CPI-U) as calculated by the U.S. Bureau of Labor Statistics.93
 

Given the reference rate, the design of a linker can be such that over time the principal and/or the coupon income are adjusted for inflation between the date of issuance and the payment date of a cash flow. The most commonly used design for a linker today—and the one used for TIPS—calls for adjusting both the principal and the coupon income. Before maturity, prices for trades in the secondary market are adjusted similarly. The inflation adjustment is usually done with a lag. For example, for TIPS there is 3-month lag in the CPI-U used.
 

TIPS are sold to investors at auction using the same procedures as nominal coupon Treasuries. Three maturities are currently issued for TIPS: five, 10, and 30 years. The 5-year TIPS are auctioned in May and reopens in October. The 10-year TIPS are auctioned in January and July with reopenings in April and October. The 30-year TIPS are auctioned in January and reopens in July. A reopened security differs only in issue date from the security issued earlier in the year and possesses the same coupon rate and payment date. In this chapter, we explain how TIPS work, their valuation, and what information can be gleaned from them.
 





 BREAKEVEN INFLATION RATE

 

The relationship between nominal interest rates, real interest rates, and expectations of future inflation is thought to be governed by the Fisher hypothesis . Specifically, the Fisher hypothesis states that the nominal yield is approximately equal to the real yield plus the market’s expectation of future inflation. This relationship is an approximation because it does not include the potential interaction term between inflation and the real economy. An implication of this relationship is that the differential maturity-matched yields on nominal Treasury securities and TIPS are often viewed as a proxy for the market’s inflationary expectations. Indeed, the yield differential between nominal Treasuries and TIPS is called the breakeven inflation rate or inflation compensation.
 

Federal Reserve policymakers often make mention of changes in TIPS yields since the last Federal Open Market Committee (FOMC) meeting. For example, following appeared in the minutes of the FOMC’s December 11, 2007 meeting: “TIPS yields fell less than their nominal counterparts implying modest declines in inflation compensation both at the 5-year and longer horizons.”94 Another example, “Although implied inflation compensation derived from Treasury Inflation Protected Securities (TIPS) increased over the period, this increase reported was largely attributable to improved trading conditions in the TIPS market rather than upward revisions to inflation expectations.”95 Empirical evidence suggests that the breakeven rates for TIPS respond in the direction one would expect to economic news and events.96
 

EXHIBIT 14.1 Bloomberg Security Description Screen for a 2028 TIPS Issue
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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 VALUATION OF TIPS

 

To understand the valuation of TIPS, let’s look at the outstanding TIPS issue that matures on January 15, 2028 that carries a 1.75% coupon rate. We refer to this issue as the 2028 TIPS hereafter. Exhibit 14.1 is a Bloomberg security description screen of this security. Suppose we want to value this security with a settlement date of April 13, 2009. Since CPI-U is reported with a 3-month lag, the inflation adjustment in month m uses the CPIs in months m − 3 and m − 2. Because we are valuing the security in April 2009, we need the CPI-Us in January (211.143) and February 2009 (212.193). The daily change in CPI for the month of April is computed by linearly interpolating the change from January to February. This is simply the difference in the CPI-Us divided by 30. The daily change was 0.035. Exhibit 14.2 presents the daily CPI-Us from April 1 through the settlement date. Note that coupon payments will not only vary from one period to the next but will accrue at different rates every month.
 

EXHIBIT 14.2 Reference CPIs for a TIPS
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The next step in the valuation process is to define the index ratio as follows:(14.1)
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 where “Reference CPI-U” is the adjusted CPI-U on a given date and “Base CPI-U” is the CPI-U on the issuance date of the TIPS being valued. The principal is adjusted daily by multiplying by the index ratio. Exhibit 14.3 shows the index ratios for the 2028 TIPS from April 1 through the settlement day.


Exhibit 14.4 presents a Bloomberg Yield Analysis screen for the 2028 TIPS. Our next task is show how the numbers are calculated in the “Payment Invoice” box in the lower right-hand corner of the screen. “Face” indicates the maturity value in thousands so the 1,000 reflects $1,000,000 face amount. “Flat” is computed as follows: EXHIBIT 14.3 Index Ratios for a TIPS
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EXHIBIT 14.4 Bloomberg Yield Analysis Screen for a 2028 TIPS
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Flat = Face × Flat index ratio × Price
 





 where(14.2)
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The two values in the “Flat Index Ratio” are located in the “Economic Factors” box in the upper right-hand portion of the screen in Exhibit 14.4. Substituting these values into equation (14.2) gives:[image: 386]
 




The final input is “Price,” which is located in the rectangular box in the upper left-hand portion of the screen. Inputting these values into the formula for the flat price:Flat = $1,000,000 × 1.02484 × 92 51/64 = $951,019.49
 




 



 

“Inflation Accrual” is the amount by which the value of the position changes from the last coupon date to the settlement date due to changes in the CPI-U. It is computed using the following formula:(14.3)
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“Accrued Ratio Growth” is the change in the index ratio from the last coupon date to the settlement and is computed as follows:(14.4)
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Taking these two values from the upper right-hand corner of the screen in Exhibit 14.4 and inputting them into the equation (14.4) givesAccrued ratio growth = 1.00986 − 1.02484 = −0.01498
 




 



 

Inserting this value along with the values for price and face into the inflation accrual equation given by (14.3) givesInflation accrual = −0.01498 × 92 51/64 × $1,000,000 = −$13,900.97
 




 



 

This value for the inflation accrual indicates that the market value of the position declined by $13,900.97 because of a decrease in the level of the CPI-U.
 

The “Gross Amount” simply adjusts the flat price for the inflation accrual and is computed using the following formula:(14.5)
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Inserting the values for the 2028 TIPS into the formula we getGross amount = $951,019.49 + (−$13,900.97) = $937,118.52
 




 



 

Accrued interest is the other necessary adjustment that needs to be made in order to value a TIPS on a settlement day. The accrued interest on a TIPS is given by(14.6)
 

[image: 390]
 




The real coupon is calculated in the same manner as discussed in Chapter 4 using the issue’s 1.75% fixed coupon rate. Using the values from the 2028 TIPS, the “real coupon accrued” is computed as follows (note from the screen in Exhibit 14.4 that there are 88 days from the last coupon date of January 15, 2009 up to but not including the settlement date of April 13, 2009 and 181 days in the full coupon period):Real coupon accrued = $1,000,000 × (0.0175/2) × (88/181) = $4,254.1437
 




 



 

Inserting this value and the Index Ratio into equation (14.6) gives:Accrued interest = $4,254.1437 × 1.00986 = $4,296.09
 




 



 

The “Net Amount” is the price the buyer of the TIPS pays the seller on the settlement day and is given by the following expression:(14.7)
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Inserting the values for the 2028 TIPS into equation (14.7) givesNet amount = $937,118.52 + $4,296.09 = $941,414.61
 




 



 

The last number on the screen in Exhibit 14.4 that deserves mention here is “Inflation Compensation,” which is located directly underneath the “Payment Invoice” box in the lower right-hand corner of the screen. “Inflation Compensation” is the cumulative change in the face value of TIPS from the issuance date to the settlement date and is given by the expression: (14.8)
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Substituting the values for the 2028 TIPS into equation (14.8) givesInflation compensation = $1,000,000 × (1.00986 − 1) = $9,860.00
 




 



 

Note that TIPS investors pay federal income tax on both coupon payments received and the growth in principal every year. This is true even though the bonds do not pay out the inflation adjustment to principal until maturity. This taxable income is often referred to as “phantom income.”
 





MEASURING INTEREST RATE RISK

 

In this section, we consider the price sensitivity of TIPS to changes in both nominal and real interest rates. The duration measure for TIPS when calculated in the usual fashion (see Chapter 12) is the approximate average percentage price response to a 100 basis point shift in the benchmark real yield curve. We call this measure real yield duration. The duration of a nominal Treasury measures the sensitivity to changes in nominal yields, meaning both expecations in both real interest rates and inflation. We call this measure the nominal yield duration. These real yield durations are generally not comparable to nominal yield bond durations because real and nominal yields do not have the same volatility. To see this, think of nominal yield as being equal to real yield plus expected inflation. Thus, nominal yield volatility will depend on the volatility of the real yield, the volatility of expected inflation, and the correlation between the two. Unless the volatility of expected inflation is zero or the correlation of expected inflation and the real yield are highly negatively correlated, the nominal yield volatility will be greater than the real yield volatility. Consequently, comparisons between real durations and nominal durations are rendered useless.
 

Suppose one has a portfolio with positions in both nominal bonds and TIPS. The portfolio’s duration is not readily interpretable. A duration target would be an ineffective tool for controlling interest rate risk. Phoa suggests one approach to ameliorate this problem is to track the relative weights and durations of both the nominal and real portions of the portfolio.97 He suggests reporting two durations for the portfolio. A portfolio real yield duration that measures the response of a portfolio to a change in real yields. Changes in real yields also affect nominal yields. Alternatively, one should compute a portfolio inflation duration for the nominal bond positions alone that measures the response to a change in inflationary expectations. Changes in inflationary expectations will affect nominal yields but not real yields.
 

We can also measure the duration for TIPS with respect to changes in nominal yields. In order to properly quantify how TIPS impact a portfolio’s interest rate risk, one needs to know the price responsiveness of TIPS to changes in nominal interest rates. This exercise would foster a relevant comparison. Unfortunately, this has yet to be done analytically but can be accomplished empirically. Instead, an empirical duration can be computed. We discussed empirical duration in Chapter 12. Empirical duration is the sensitivity of the price of a TIPS as estimated empirically from historical nominal Treasury prices and yields. The relationship is estimated with a linear regression. Put more precisely, the relationship estimated is the percentage change in the price of a particular TIPS to the change in the general level of Treasury yields. The following regression is calculated:Change in TIPS price = α + β(Change in the nominal Treasury yield)
 




 



 

The empirical duration is the estimated coefficient β.
 

As an illustration, consider the on-the-run 10-year TIPS that matures January 15, 2019, and carries a 2.125% coupon. We employ Bloomberg HRA (historical regrerssion) function to estimate the empirical duration. Exhibit 14.5 presents the regression results from the Bloomberg screen, The dependent variable in the regression is daily price changes of the 10-year TIPS and the independent variable is the daily changes in the 10-year Treasury yield. Using a sample period of January 15, 2009, to June 30, 2009, the estimated slope is −6.406, which can be interpreted as the empirical duration of 6.406 dropping the minus sign. Recall this represents the approximate average percentage price change in the 10-year TIPS for a 100 basis points change in the nominal rate. Conversely, the nominal yield duration of this 10-year TIPS is 8.55. The empirically-calculated duration is considerably shorter than the nominal yield duration.
 

To see why this is so, let’s repeat the same exercise on a nominal 10-year Treasury note that carries a 2.75% coupon and matures February 15, 2019. Exhibit 14.6 presents a Bloomberg screen of the regression results for the empirical duration. The estimated coefficient for the slope is −8.24 and so the empirical duration is 8.24. This is nearly identical to the nominal yield duration of 8.234 (not shown in the screen). So why does the empirical duration differ from the nominal yield duration for the TIPS and not for the nominal 10-year note? Nominal yields have two main sources of variability—variability in real rates and variability in inflationary expectations. TIPS prices should be essentially invariant to inflationary expectations and should only be responsive to the variability in real rates. Nominal bond prices respond to both sources of variability. Accordingly, the empirical duration for TIPS with respect to nominal yields should be different from and shorter than the nominal yield duration.
 

EXHIBIT 14.5 Estimating the Empirical Duration of a 10-Year TIPS
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 14.6 Estimating the Empirical Duration of a 10-Year Treasury Note
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Inflation-linked bonds (linkers) 
Treasury Inflation Protected Securities (TIPS) 
Fisher hypothesis 
Breakeven inflation rate 
Inflation compensation 
Index Ratio 
Real yield duration 
Nominal yield duration.
 





 QUESTIONS

 

1. What is the relationship between nominal interest rates, real interest rates, and expected inflation?

2. What is the breakeven inflation rate and what information does it convey?

3. Explain how TIPS are valued?

4. Explain why the coupon payment almost always accrues at a different rate every month?

5. a. What is meant by the nominal yield duration?

b. What is meant by the real yield duration?




6. Why is the nominal yield duration generally not comparable to the real yield duration?

7. Suppose one estimates a linear regression with changes in the 5-year TIPS price as the dependent variable and changes in the 5-year nominal Treasury yield as the independent variable. The estimated slope is -4. What does this number tell us?

  




CHAPTER 15
 

The Tools of Relative Value Analysis
 

There are two basic approaches to the valuation of fixed income products. The discounted cash flow method seeks to a value of a bond given assumptions about cash flows, reference yield curves, risk premiums, and so on. These methods are covered in Chapters 4 and 5. The other method, relative valuation, is less ambitious and hence more popular. Tools of relative value analysis, when properly interpreted, give the user some clues about how similar bonds are currently priced in the market on a relative basis. Simply put, these tools allow us to make conjectures such as “Bond X is cheaper than Bond Y.” Some of these tools we discussed in Chapter 5 on yield measures. Another method of measuring a risky bond’s relative value is to compute its yield spread relative to a designated benchmark. Discerning relative value is then simply a matter of comparing the yield spreads of two or more otherwise the same bonds. The bond with the largest yield spread is viewed as the cheapest and is considered the best relative value. In this chapter, we will introduce yield spread measures utilizing instruments from both cash and derivatives markets. We begin by discussing how portfolio managers add value when managing a fixed income portfolio. This section will place the quest for tools of relative value in context.
 





 HOW PORTFOLIO MANAGERS ADD VALUE

 

The performance of an actively managed fixed income portfolio is measured against a designated benchmark (e.g., an index or liability structure). Portfolio managers employ five basic strategies to add value relative to the benchmark. First, bond portfolio managers may seek to outperform by extending duration before a rally and shortening duration before a sell off. That is, they can take a directional view on interest rates. Unfortunately, portfolio managers who possess the skill need to successfully employ this strategy on a consistent basis are scarce. Consequently, investment guidelines for most managed funds impose fairly tight duration targets on portfolio managers.
 

A second strategy to outperform is to take views on the future slope of the yield curve as opposed to the future level of interest rates. Managers would put on steepening trades before the yield curve steepens and flattening trades before the yield curve flattens. Barbells and bullets are among the most commonly used vehicles. Specifically, a flattening yield curve tends to favor barbells while a steepening yield curve tends to favor bullets.98 Most portfolio managers have more latitude to express curve shaping views than directional views but they are still constrained.
 

The third strategy that can be employed is one when there is a mismatch between a manager’s view on expected volatility and the implied volatility of bonds with embedded options. This strategy involves buying convexity before realized volatility increases and selling convexity before realized volatility decreases. Butterfly trades can be utilized to express this view.99 Alternatively, when investing in bonds with embedded options, managers can compare their own subjective estimates of volatility to the implied volatility derived from a valuation. The rich/cheap decision assuming the veracity of subjective estimate depends on the direction of the market’s “error” and whether the bondholder is long/short the options.
 

Sector selection is the fourth strategy. The taxable fixed income markets are comprised of various sectors, which include the Treasuries, agencies, credit, agency residential mortgage-backed securities, commercial mortgage-backed securities, and foreign bonds. Since the returns across sectors are imperfectly correlated, managers can add value by overweighting sectors expected to outperform and underweighting expected to underperform.
 

The fifth strategy, and probably the most common one, portfolio managers attempt to outperform benchmarks through security selection. When pursuing a security selection strategy, managers attempt to overweight cheap issues and underweight rich issues to enhance total rate of return relative to their benchmark. For this to occur, one or more of the bond’s risks must be mispriced. Security selection to enhance performance has lead to the search for effective relative value tools in bond markets.
 





 YIELD SPREADS OVER SWAP AND TREASURY CURVES

 

As noted, yield spreads are a frequently used tool of relative value analysis. The computation is a simple one. A yield spread is the difference between a risky bond’s yield and a benchmark yield holding maturity constant. It is critical to note the yield spread does not have any predictive power on the bondholder’s realized return; the yield spread is merely a convenient way to express the price relative to the benchmark.
 

There are two commonly used benchmarks: the interest rate swap curve and the U.S. Treasury yield curve as discussed in Chapter 2. As explained in the next chapter, a swap is a contract used to transform cash flows from one form to another. In its most basic form, in an interest rate swap two counterparties agree to exchange cash flows at designated future dates for a specified length of time. The fixed rate payer makes payments that are determined by a fixed rate called a swap rate. Correspondingly, the floating rate payer makes payments based on a reference rate usually the London Interbank Offered Rate (LIBOR). LIBOR is the interest rate that prime banks in London are willing to pay other prime banks on certificates of deposit denominated in U.S. dollars.
 

Market participants quote swap rates for swaps across the maturity spectrum. The relationship between the swap rate and the swap’s maturity is called the swap curve. Since the reference rate for a swap’s floating rate payments is usually LIBOR, the swap curve is also referred to as the LIBOR curve.
 

Over time the swap curve has supplanted the Treasury yield curve as the benchmark of choice for computing yield spreads. Indeed, in some countries and currencies, the interest rate swap market is more liquid than the market for sovereign debt. It is important to keep in mind the swap curve does not represent a set of default-free interest rates. A swap rate is a rate that embodies two risks: (1) the default risk of the counterparty and (2) liquidity risk.
 

As noted, in many countries, the swap curve is the benchmark of choice over a country’s government securities yield curve. There are several reasons that augur use of the swap curve. First, in order to construct a government bond yield curve that is reflective of the term structure of interest rates, yields on government securities must be available across the entire maturity spectrum. In most government bond markets, however, a limited number of securities are available, For example, the U.S. Treasury issues only six securities with a maturity of two years or more (two, three, five, seven, 10, and 30 years). Conversely, in the swap market, swap rates are quoted on a wide swath of the maturity spectrum.
 

Second, technical factors introduce some noise into Treasury yields and preclude them from being clear signals of benchmark risk-free interest rates. Treasury securities differ on dimensions other than level of the coupon and maturity. Yields are affected when a note or bond is cheapest to deliver into the Treasury note or bond futures contracts. In addition, yields are also affected when the security is “on special” in the repo market, The tax treatment of bonds especially those trading at a premium or a discount can affect yields, Swap rates do not carry this excess baggage and are therefore more reflective of true albeit risky interest rates.
 

Lastly, because of the differences in sovereign credit risk, comparing government yields across countries is tenuous at best. The swap curve, by contrast, reflects roughly the same level of credit risk across countries. Cross country comparisons are more meaningful.
 

A spread over the benchmark swap curve is simply the difference between the yield measure in question and linearly interpolated swap rate at the same maturity. It should be a suitable yield measure such as yield to maturity, yield to call, or cash flow yield for structured products. Because the swap rate is interpolated, the spread over the benchmark swap curve is often referred to as the interpolated spread or the I-spread. Interpolated spreads circumvent the problem of maturity mismatch that affects the level of the spread. This is especially true if the yield curve is steeply sloped.
 

As an illustration of the I-spread, consider a 5.25% coupon bond issued by General Electric that matures on December 6, 2017. Exhibit 15.1 presents a Bloomberg YAS screen for a settlement date of January 27, 2009. The I-spread is 261.6 basis points and is located on the left-hand side of the screen labeled ISPRD. This spread can be interpreted as the compensation the market demands for the risk differential between the risky bond and the benchmark swap curve.
 

EXHIBIT 15.1 Bloomberg YAS screen for General Electric: January 27, 2009, Settlement Date
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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Let us use Exhibit 15.1 and find the yield spread to Treasuries for the GE bond. The yield spreads computed using active or on-the-run Treasuries are located in a box in the lower left-hand corner of the screen. Recall, on-the-run Treasuries are the most recently issued Treasury securities of a particular maturity. Since the yield curve is not flat, the yield spreads differ depending on the maturity of the on-the-run Treasury. Thus, even if the yield curve remains fixed, the yield spread will change as the bond rolls down the curve. Using the interpolated 8.9-year Treasury yield, the yield spread for the GE bond is 284 basis points.
 





ASSET SWAPS

 

An asset swap is a synthetic structure that transforms the nature of bond’s cash flow from one form into another. The structure is created through the combination of a bond position (fixed rate or floating rate) with one or more interest rate swaps. Asset swaps are used extensively by financial institutions for asset and liability management. Namely, asset swaps transform the cash flows of long-term fixed rate assets to floating rate cash flows, which are in a form more amendable to financial institutions’ funding opportunities.
 



 Asset Swap Mechanics

 

The mechanics of an asset swap are straightforward. An investor, who we shall refer to as the asset swap buyer, does the following: (1) takes a long position in a fixed rate coupon bond with a bullet maturity and (2) simultaneously enters into an off-market interest rate swap with a tenor equal to the bond’s remaining term to maturity. An off-market swap is one whose floating rates are determined with a nonzero spread added to the reference rate. Assume that the bond is trading at par. The asset swap buyer enters into an agreement to pay the semiannual coupon payments as the fixed rate leg in exchange for floating rate payments at LIBOR plus (or minus) a spread (called the asset swap spread). For simplicity, assume the frequency of the fixed rate and floating rate payments are the same. The spread over LIBOR that makes the net present value of the coupon payments (i.e., the fixed rate leg) and the projected floating rate payments equal to zero is the asset swap spread.100 This asset swap spread is used as a measure relative value regardless of whether the cash flows are actually swapped.
 


Determining the Asset Swap Spread for a Par Bond

 

To better understand how all the pieces fit together, let’s illustrate how an asset swap spread is calculated. Consider a corporate bond issued by General Electric that matures on December 6, 2017, and pays coupon interest semiannually at an annual rate of 5.25%. Assume a position with a par value of $1 million. Further assume that this bond sells for par for settlement on December 6, 2008. The asset swap spread calculation is presented in Exhibits 15.2 and 15.3 using two Bloomberg screens created using the function ASW. As can be seen on the right-hand side of the screen, the asset swap spread is 221.1 basis points. We chose to evaluate the asset swap on a coupon payment date to abstract from some of the details of swaps.
 

The asset swap spread is determined using the following procedure. First, assume that a $1 million par value position of the General Electric coupon bond is valued at a price of 100 for settlement on December 6, 2008. (It actually traded at a large premium at the time.) The price paid for the bond at settlement is the flat price of $1,000,000 plus no accrued interest such that the full price is $1,000,000 since it is a coupon payment date.
 

EXHIBIT 15.2 Bloomberg Screen for Asset Swap Calculation for General Electric: Screen 1
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 15.3 Bloomberg Screen for Asset Swap Calculation for General Electric: Screen 2
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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This information is located in the bottom panel of Exhibit 15.3. Second, assume that a long position in an interest rate swap is established with a notional principal of $1,000,000. This information is also located in the bottom panel of Exhibit 15.3. Third, determine the net cash difference at settlement. This amount is simply the difference between the bond’s full price and the swap’s principal amount plus accrued interest. By construction, this difference is zero in our illustration. Fourth, determine the spread over the reference rate (i.e., LIBOR) required to equate the present value of the swap’s floating rate payments and the present value of the fixed rate payments (i.e., the bond’s cash flows). In our illustration, a swap spread of 221.1 basis points, satisfies this condition.
 

Our illustration is a special case for a bond selling at par and the accrued interest on both the bond and the swap are equal to zero. The asset swap spread makes the present value of a par swap’s floating payments equal the bond’s payments to maturity. This is true because the net cash at settlement is equal to zero.
 


Par Versus Market Structures

 

Market participants use two types of fixed floating asset swap structures—par and market. The par structure is the most prevalent. When utilizing a par structure, the notional amount of the interest rate swap is equal to the bond’s maturity value. The price of the bond acquired by the asset swap buyer is par regardless of its market price.101 If the bond is trading at a discount, the asset swap seller receives more for the bond than it is worth and garners an upfront “profit.” Alternatively, if the bond is trading at a premium, the asset swap seller receives less for the bond than it is worth and suffers an upfront “loss.” At the initiation of the asset swap, the present value of the net cash flows of both parties is zero, so any upfront profit or lose is illusory because the spread adjusts. The asset swap seller “gives up” the premium over par at inception and in return pays a lower spread on the floating rate cash flows. For bonds trading at a discount, the asset swap seller pays a higher spread on the floating rate cash flows as recompense for capturing the discount at settlement.
 

An asset swap with a par structure is two separate transactions: (1) the asset swap buyer pays par to the asset swap seller for a bond and (2) an off-market swap. Accordingly, after the asset swap’s cash flows are established, the bond’s credit performance has no impact on the interest rate swap. If the bond were to default, the asset swap buyer no longer receives coupon payments or the maturity payment. The asset swap buyer’s obligations imposed by the swap continue until it matures or can be closed out at market value.
 

An alternative structure for an asset swap is called a market structure. This method differs from a par structure in four respects. First, the bond is purchased at its prevailing market price rather than at par. Second, the notional principal of the off-market swap floating rate payments is scaled by the bond’s full price. Third, at the end of the transaction’s life, the asset swap buyer pays par to the asset swap seller and receives the original full price of the bond. Last, note also the counterparty risk exposure is allocated differently in the two asset swap structures. If the bond in question trades at a premium, the asset swap seller bears more of the counterparty risk. Conversely, in a market structure for the same premium bond, the counterparty risk is tilted toward the asset swap buyer due to the net payment of the bond’s premium at the end of the transaction. Correspondingly, if the bond in question trades at a discount, the tilt of the counterparty risk exposure is reversed for both structures.
 


Determining the Asset Swap Spread in the General Case

 

Let’s introduce some real-world complications. First, we consider an asset swap with a settlement date that falls between two coupon payment dates. Once this circumstance is considered, both the coupon-paying bond and swap will have accrued interest. Suppose an asset swap with a par structure has a settlement day that falls between the semiannual coupon payments. By market convention, the asset swap buyer pays par for the bond and does not directly pay accrued interest. The asset swap buyer receives the full coupon payment at the next payment date and pays the full coupon payment as required on the fixed rate side of the swap. The floating rate swap payment from the asset swap seller is treated somewhat differently. Floating rate payments are usually more frequent than fixed rate payments (quarterly versus semiannually) and almost always use a different day count convention. The floating rate payment is adjusted accordingly.
 

As an illustration, consider a 4.125% coupon bond issued by Wal-Mart that matures on February 15, 2011. This bond delivers coupon payments semiannually. Suppose an asset swap buyer takes a long position in this bond that is trading at a flat price of 103.764. Exhibit 15.4 presents a Bloomberg screen of the ASW page and calculates an asset swap spread for a trade settlement date of June 23, 2008. The notional principal is set to the default of $1 million. The asset swap spread is 75.7 basis points and is located in lower right-hand corner of the screen. As a result, the floating rate swap payments will be calculated with a rate of 3-month LIBOR plus 75.7 basis points. Exhibit 15.5 shows a Bloomberg screen that displays the asset swap buyer’s swap payments, which is simply the semiannual coupon payments of $20,625 and $1,000,000 on the maturity date of February 15, 2011. Exhibit 15.5 also contains the asset swap seller’s floating rate swap payments. As noted, the first floating rate payment of $2,835.04 reflects the accrual from the settlement date on January 28, 2009, to the first payment date of February 15, 2009, using an actual/360 day count convention.102
 

EXHIBIT 15.4 Bloomberg Screen for Asset Swap Spread for Wal-Mart: Screen 1
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT15.5 Bloomberg Screen for Asset Swap Spread for Wal-Mart: Screen 2
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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 Uses of Asset Swaps

 

The primary reason for using an asset swap is to acquire some exposure to risks of a fixed rate while neutralizing the interest rate risk. For example, financial institutions typically fund on a floating rate basis and unless they have a view on interest rates, management wants to invest in floating rate assets. Financial institutions are active participants in the asset swap market by buying fixed rate bonds and transforming the cash flow from those bonds into floating payments, which provide a better match again their liability structure. An active asset swap market tends to eliminate pricing discrepancies between fixed rate and floating rate products.
 

Asset swap spreads are often used as an indicator of relative value. If a fixed income investor is considering five fixed rate bonds of similar maturity and risk for inclusion in a portfolio and wants to assess their relative value, the investor would simply find the highest asset swap spreads (S), which represent the best relative value.
 

In practice, however, asset swaps are typically employed as a relative value detector in the following manner. After choosing portfolio duration (and perhaps key rate durations to control shaping risk) and after choosing a credit mix (or perhaps an average credit rating), find the constrained portfolio that produces the highest asset swap spread. This portfolio presumably represents the best relative value for a given duration target and credit target—with or without distributional constraints on durations and credit ratings.
 



 A Miscellany of Asset Swaps

 

There are a handful of variations on the standard asset swap structure discussed to this point. A forward start asset swap involves taking a long position in a risky bond on a forward settlement date in combination with an interest rate swap whose asset swap spread is established today. This transaction allows an investor to gain an exposure to risky product in the future at a known price today. Investors bear no exposure to credit risk until the forward settlement date because the asset swap terminates if the bond defaults prior to this date.
 

A cross-currency asset swap is a combination of a long position in a risky bond whose cash flows are denominated in a different currency and an off-market interest rate swap. The swap transforms the fixed rate coupon payments into floating rate cash flows in the investor’s home currency. An exchange of principal occurs at the end of the swap’s life as is common with currency swaps. Moreover, the swap’s cash flows are converted using a predetermined exchange rate. This asset swap variation would allow say a U.S. investor to take an exposure to a yen-denominated corporate bond while simultaneously mitigating the interest rate and currency risks.
 

Investors often use asset swaps in convertible bond arbitrage as discussed in Chapter 10. Convertibles are ideal securities for “arbitrage” because the convertible itself, namely the underlying stock and the embedded derivatives, are traded along predictable ratios and any discrepancy or mispricing would give rise to arbitrage opportunities for hedge fund managers to exploit. The valuation of convertible bonds is driven by four primary factors: (1) interest rates; (2) credit spreads; (3) stock prices, and (4) volatility of stock prices. Convertible bond arbitrage involves taking a leveraged position (usually long) in the convertible bond to gain exposure to a mispriced factor while simultaneously hedging interest rates and small changes in stock prices.
 

Callable asset swaps are used to strip out equity and credit components with a structure that allows the investor to cancel the off-market swap on any call date. This ability to terminate the swap is accomplished through the purchase of Bermudan receiver swaptions.
 





 CREDIT DEFAULT SWAPS

 

Credit default swaps (CDS) are contracts that enable the transfer credit risk between the two counterparties to the trade. CDS resemble insurance policies. Taking long/short CDS positions are referred to as buying/selling “protection.” The protection buyer pays the protection seller a periodic payment (premium) for protection against a credit event experienced by a reference asset or entity. Simply put, sellers of protection are taking on credit risk for a fee while protection buyers are paying to reduce their credit risk exposure. A reference asset could refer to a single asset and this is termed a single-name credit default swap. Alternatively, if the reference asset is a group of assets, it is referred as a basket credit default swap. A reference entity could be a corporation or government entity (sovereign or municipal).
 

The payout of credit default swaps is contingent on the occurrence of a credit event. Definitions of credit events are published by the ISDA, the so-called “1999 Definitions.” The 1999 Definitions list eight different credit events, which include: (1) bankruptcy, (2) credit event upon merger, (3) cross acceleration, (4) cross default, (5) downgrade, (6) failure to pay, (7) repudiation /moratorium, and (8) restructuring. The most controversial credit event is a restructuring. A restructuring refers to an alteration of debt obligation’s original terms in an effort to make the obligation less onerous to the borrower. Among the terms that may be offered: (1) reduction in the stated rate of interest, (2) principal reduction, (3) principal payment rescheduling or interest payment postponement, or (4) a change in the seniority level of the obligation, The inclusion of restructuring as a trigger for a credit event is desired by protection buyers because they insist it is part of their essential credit protection. Protection sellers counter the restructuring provision is triggered by routine modifications to the debt. In April 2001, the ISDA issued the so-called “Supplement Definition” that indicates the conditions needed to qualify for a restructuring: (1) the reference obligation must have at least four bondholders and (2) at least two-thirds of the bondholders must consent to the restructuring.
 

The market for single-name credit default swaps is an over-the-counter interdealer market. For credit default swaps on corporate or sovereign debt, the contract specifications are largely standardized. For example, the tenor is usually five years. Certain dealers are also willing to create customized contracts better suited to the counterparty’s risk exposure. A protection buyer makes payments (typically quarterly) that are fixed by contract until a credit event is triggered or maturity, whichever is earlier. The formula for calculating the protection buyer’s quarterly is given by the following expression:Quarterly payment = CDS spread × Notional principal 
× (Days in period)/360
 




 



 

Exhibit 15.6(A) presents these payments. If a credit event does not occur during the tenor of the CDS, the protection buyer’s fixed payments are the only payments. At inception, there is no exchange of principal between the buyer and the seller. If a credit event is triggered, there is an exchange between the protection buyer and protection seller. The protection buyer makes accrued payments up until the credit event date and then stops making quarterly payments. What both parties must do when there is a credit event depends on the settlement terms of the CDS. The settlement terms can specify either physical settlement or cash settlement. If the credit default swap specifies physical delivery, the protection buyer delivers the reference obligation to the protection seller in return for the cash payment. Exhibit 15.6(B) illustrates this scenario. If the credit event is triggered, the seller’s payment may a prespecified amount or it may reflect the reference obligation’s value decline. When the payment is fixed, it is based on a notional principal amount. Conversely, when the payment is based on the reference obligation’s value decline, it is usually computed using pricing information obtained by polling several credit default swap dealers.
 

EXHIBIT 15.6 Payments/Exchanges for a CDS
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Usually there is more than one obligation of the reference entity from which the protection buyer can choose. The set of all obligations that are permitted for physical delivery are called the deliverable obligations. Any obligation meeting the stated criteria (coupon, maturity, etc.) is part of this basket. Naturally, the protection buyer will choose among the deliverable obligations the one that is cheapest to deliver and hence referred to as the cheapest-to-deliver obligation.
 

CDS are structured to replicate the experience of a default in the cash market. If a credit event occurs, the deliverable obligation should trade at a deep discount to par.
 

The seller’s net loss will be the difference between par and the deliverable obligation’s recovery value. Note that the CDS is a pure play in the deliverable obligation’s credit risk. A long position in the reference instrument exposes the investor to other risks.
 

As an illustration, consider a CDS with a reference asset being a Citigroup 6.5% coupon bond that matures on January 18, 2011. The notional principal for this contract is $10 million; the following information can be gleaned from Bloomberg.
 


 
	Reference Entity/Asset	Citigroup 6.5% 1/18/2011
	Tenor	5 years
	Effective date	7/3/08
	Maturity date	9/20/13
	Payment frequency	Quarterly
	Deal spread	143.5

 


 



 

The first coupon payment date is September 22, 2008. Presented in the following table are the first four quarterly payments that the protection buyer makes to the seller. 
 


 
	Date
	Cash Flow ($)

	9/22/08	$32,287.50
	12/22/08	$36,273.61
	3/20/09	$35,077.78
	6/22/09	$37,469.44

 


 



 

There are 81 actual days of accrual from the effective date of July 3, 2008, to the first coupon date of September 22, 2008, so inserting this number along with the notional principal of $10 million and a spread of 143.5 basis points (in decimal) gives us the first quarterly payment of$32,287.50 = 0.01435 × $10,000,000 × (81/360)
 




 



 

The remainder of the quarterly payments are computed in the same fashion. Note that while the CDS spread remains fixed, the payments will vary somewhat due to the varying number of days between coupon payment dates.
 



 Credit Default Swap Basis

 

A CDS is, under certain simplifying assumptions, equivalent to a long position in an asset-swapped fixed rate bond financed with a repurchase (repo) agreement. Accordingly, it is critical to address the linkage between asset swap spreads, CDS spreads and credit spreads. Practitioners access relative value by comparing CDS spreads and asset-swap spread levels. In fact, the difference between the CDS premium and the asset swap spread is referred to as the credit default swap basis (CDS basis). Practitioners also look at differences between CDS spreads and either the I-spread or the zero-volatility spread (Z-spread).103 A nonzero basis signals opportunities for investors. If the basis is negative (i.e., the CDS spread is less than the asset swap spread), this suggests that the investor buy the bond in the cash market and buy protection via a CDS. Conversely, if the basis is positive (i.e., the CDS spread is greater than the asset swap spread), this suggests that the investor sell the bond in the cash market and sell protection via a CDS.
 







 CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Discounted cash flow method 
Relative valuation 
Relative value analysis 
Swap rate 
Swap curve 
LIBOR curve 
Spread over the benchmark swap curve 
Interpolated spread (I-spread) 
Asset swap 
Asset swap buyer 
Off-market swap 
Asset swap spread 
Fixed floating asset swap structures 
Par structure 
Market structure 
Forward start asset swap 
Cross-currency asset swap 
Callable asset swaps 
Credit default swaps (CDS) 
Protection buyer 
Protection seller 
Basket credit default swap 
Credit event 
Deliverable obligations 
Cheapest-to-deliver obligation 
Credit default swap basis (CDS basis)
 





 QUESTIONS

 

1. What are the five basic strategies that active portfolio managers utilize to add value relative to their benchmark?

2. Consider a 5.25% coupon bond issued by General Electric that matures on December 6, 2017. The bond’s yield to maturity is 4.386%. Given the information below, compute the I-spread. The information is from May 14, 2010.


 
	Tenor (years)
	Swap Rate

	7	3.127%
	7.55	3.237%
	8	3.325 %

 


 



3. Describe the mechanics of an asset swap.

4. Explain the important differences between the par structure versus market structure using a diagram.

5. Explain how the asset swap spread is determined.

6. Explain how asset swap spreads are used as measures of relative value.

7. Describe in some detail how a credit default swap works. A diagram may prove useful.

8. Give some examples of a “credit event.”

9. If physical delivery of a credit default swap is required, what is meant by the “cheapest to deliver obligation.”

10. a. What is the linkage among asset swap spreads, CDS spreads, and credit spreads?

b. What is the credit default swap basis and how is it used as a measure of relative value?




  




CHAPTER 16
 

Analysis of Interest Rate Swaps
 

An interest rate swap contract provides a vehicle for market participants to transform the nature of cash flows and the interest rate exposure of a portfolio or balance sheet. In this chapter we explain how to analyze interest rate swaps. We will describe a generic interest rate swap, the parties to a swap, the risk and return of a swap, and the economic interpretation of a swap. Then we look at how to compute the floating rate payments and calculate the present value of these payments. Next we will see how to calculate the fixed rate payments given the swap rate. Before we look at how to calculate the value of a swap, we will see how to calculate the swap rate. Given the swap rate, we will then see how the value of swap is determined after the inception of a swap. Since an interest rate swap can be used to control the interest rate risk of a portfolio or a balance, we will explain how to estimate a swap’s dollar duration. Swap markets help investors assess the relative value of a complicated security in two basic ways. First, the cash flows of a floater can be converted into a synthetic fixed rate security using swaps. Once transformed into a fixed rate security, its yield can then be compared to the yields on other comparable fixed rate instruments. Second, the cash flows of a complicated security can be converted into a synthetic fixed rate security using a combination of swaps and options. We will see how this is done in Chapter 15 on relative value.
 





DESCRIPTION OF AN INTEREST RATE SWAP

 

In an interest rate swap, two parties (called counterparties) agree to exchange periodic interest payments. The dollar amount of the interest payments exchanged is based on some predetermined dollar principal, which is called the notional amount. The dollar amount each counterparty pays to the other is the agreed-upon periodic interest rate times the notional amount. The only dollars that are exchanged between the parties are the interest payments, not the notional amount. Accordingly, the notional principal serves only as a scale factor to translate an interest rate into a cash flow. In the most common type of swap, one party agrees to pay the other party fixed interest payments at designated dates for the life of the contract. This party is referred to as the fixed rate payer and the interest rate that this party agrees to pay is called the swap rate. The other party, who agrees to make interest rate payments that float with some reference rate, is referred to as the floating rate payer.
 

The reference rates used for the floating rate in an interest rate swap are various money market rates: the London interbank offered rate, Treasury bill rate, commercial paper rate, bankers acceptances rate, certificates of deposit rate, the federal funds rate, and the prime rate. The most common is the London interbank offered rate (LIBOR). LIBOR is the rate at which prime banks offer to pay on Eurodollar deposits available to other prime banks for a given maturity. There is not just one rate but a rate for different maturities. For example, there is a 1-month LIBOR, 3-month LIBOR, and 6-month LIBOR.
 

To illustrate an interest rate swap, suppose that for the next five years party X agrees to pay party Y 10% per year, while party Y agrees to pay party X 6-month LIBOR (the reference rate). Party X is a fixed rate payer/ floating rate receiver, while party Y is a floating rate payer/fixed rate receiver. Assume that the notional amount is $50 million, and that payments are exchanged every six months for the next five years. This means that every six months, party X (the fixed rate payer/floating rate receiver) will pay party Y $2.5 million (10% times $50 million divided by 2). The amount that party Y (the floating rate payer/fixed rate receiver) will pay party X will be 6-month LIBOR times $50 million divided by 2. If 6-month LIBOR is 7%, party Y will pay party X $1.75 million (7% times $50 million divided by 2). Note that we divide by two because one-half year’s interest is being paid.
 

Interest rate swaps are over-the-counter instruments. This means that they are not traded on an exchange. An institutional investor wishing to enter into a swap transaction can do so through either a securities firm or a commercial bank that transacts in swaps.104 These entities can do one of the following. First, they can arrange or broker a swap between two parties that want to enter into an interest rate swap. In this case, the securities firm or commercial bank is acting in a brokerage capacity.
 

The second way in which a securities firm or commercial bank can get an institutional investor into a swap position is by taking the other side of the swap. This means that the securities firm or the commercial bank is a dealer rather than a broker in the transaction. Acting as a dealer, the securities firm or the commercial bank must hedge its swap position in the same way that it hedges its position in other securities. Also it means that the swap dealer is the counterparty to the transaction.
 

The risks that the two parties take on when they enter into a swap is that the other party will fail to fulfill its obligations as set forth in the swap agreement. That is, each party faces default risk. The default risk in a swap agreement is called counterparty risk. In any agreement between two parties that must perform according to the terms of a contract, counterparty risk is the risk that the other party will default. With futures and exchange-traded options the counterparty risk is the risk that the clearinghouse establishes to guarantee performance of the contracts will default. Market participants view this risk as small. In contrast, counterparty risk in a swap can be significant.
 

Because of counterparty risk, not all securities firms and commercial banks can be swap dealers. Several securities firms have established subsidiaries that are separately capitalized so that they have a high credit rating, which permit them to enter into swap transactions as a dealer.
 

Thus, it is imperative to keep in mind that any party who enters into a swap is subject to counterparty risk.
 





 INTERPRETING A SWAP POSITION

 

There are two ways that a swap position can be interpreted: (1) a package of forward/futures contracts and (2) a package of cash flows from buying and selling cash market instruments.
 



 Package of Forward Contracts

 

Consider the hypothetical interest rate swap used earlier to illustrate a swap. Let’s look at party X’s position. Party X has agreed to pay 10% and receive 6-month LIBOR. More specifically, assuming a $50 million notional amount, X has agreed to buy a commodity called “6-month LIBOR” for $2.5 million. This is effectively a 6-month forward contract where X agrees to pay $2.5 million in exchange for delivery of 6-month LIBOR. The fixed rate payer is effectively long a 6-month forward contract on 6-month LIBOR. The floating rate payer is effectively short a 6-month forward contract on 6-month LIBOR. There is therefore an implicit forward contract corresponding to each exchange date.
 

Consequently, interest rate swaps can be viewed as a package of more basic interest rate derivative instruments—forwards. The pricing of an interest rate swap will then depend on the price of a package of forward contracts with the same settlement dates in which the underlying for the forward contract is the same reference rate.
 

While an interest rate swap may be nothing more than a package of forward contracts, it is not a redundant contract for several reasons. First, maturities for forward or futures contracts do not extend out as far as those of an interest rate swap; an interest rate swap with a term of 15 years or longer can be obtained. Second, an interest rate swap is a more transactionally efficient instrument. By this we mean that in one transaction an entity can effectively establish a payoff equivalent to a package of forward contracts. The forward contracts would each have to be negotiated separately. Third, the interest rate swap market has grown in liquidity since its establishment in 1981; interest rate swaps now provide more liquidity than forward contracts, particularly long-dated (i.e., long-term) forward contracts.
 



 Package of Cash Market Instruments

 

To understand why a swap can also be interpreted as a package of cash market instruments, consider an investor who enters into the transaction below:• buy $50 million par value of a 5-year floating rate bond that pays 6-month LIBOR every six months

• finance the purchase by borrowing $50 million for five years at a 10% annual interest rate paid every six months.



 

The cash flows for this transaction are set forth in Exhibit 16.1. The second column of the exhibit shows the cash flows from purchasing the 5-year floating rate bond. There is a $50 million cash outlay and then 10 cash inflows. The amount of the cash inflows is uncertain because they depend on future levels of 6-month LIBOR. The next column shows the cash flows from borrowing $50 million on a fixed rate basis. The last column shows the net cash flows from the entire transaction. As the last column indicates, there is no initial cash flow (no cash inflow or cash outlay). In all 10 6-month periods, the net position results in a cash inflow of LIBOR and a cash outlay of $2.5 million. This net position, however, is identical to the position of a fixed rate payer/floating rate receiver.
 

It can be seen from the net cash flow in Exhibit 16.1 that a fixed rate payer has a cash market position that is equivalent to a long position in a floating rate bond and a short position in a fixed rate bond—the short position being the equivalent of borrowing by issuing a fixed rate bond.
 

What about the position of a floating rate payer? It can be easily demonstrated that the position of a floating rate payer is equivalent to purchasing a fixed rate bond and financing that purchase at a floating rate, where the floating rate is the reference rate for the swap. That is, the position of a floating rate payer is equivalent to a long position in a fixed rate bond and a short position in a floating rate bond.
 

EXHIBIT 16.1 Cash Flows for the Purchase of a 5-Year Floating Rate Bond Financed by Borrowing on a Fixed Rate Basis
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TERMINOLOGY, CONVENTIONS, AND MARKET QUOTES

 

Here we review some of the terminology used in the swaps market and explain how swaps are quoted. The date that the counterparties commit to the swap is called the trade date. The date that the swap begins accruing interest is called the effective date, while the date that the swap stops accruing interest is called the maturity date. How often the floating rate is changed is called the reset frequency.
 

While our illustrations assume that the timing of the cash flows for both the fixed rate payer and floating rate payer will be the same, this is rarely the case in a swap. An agreement may call for the fixed rate payer to make payments annually but the floating rate payer to make payments more frequently (semiannually or quarterly). Also, the way in which interest accrues on each leg of the transaction differs, because there are several day count conventions in the fixed income markets as discussed in Chapter 3.
 

Normally, the fixed interest payments are paid on the basis of a 30/360 day count; floating rate payments are paid on the basis of an actual/360 day count. Accordingly, the fixed interest payments will differ slightly owing to the differences in the lengths of successive coupon periods. The floating payments will differ owing to day counts as well as movements in the reference rate.
 

EXHIBIT 16.2 Describing the Counterparties to a Swap
 

Source: Robert F. Kopprasch, John Macfarlane, Daniel R. Ross, and Janet Showers, “The Interest Rate Swap Market: Yield Mathematics, Terminology, and Conventions,” Chapter 58 in Frank J. Fabozzi and Irving M. Pollack (eds.), The Handbook of Fixed Income Securities (Homewood, IL: Dow Jones-Irwin, 1987).
 




 
	Fixed Rate Payer
	Floating Rate Payer

	•	pays fixed rate in the swap	•	pays floating rate in the swap swap
	•	receives floating in the swap	•	receives fixed in the swap
	•	is short the bond market	•	is long the bond market
	•	has bought a swap	•	has sold a swap
	•	is long a swap	•	is short a swap
	•	has established the price sensitivities of a longer-term liability and a floating rate asset	•	has established the price sensitivities of a longer-term asset and a floating rate liability

 


 
The terminology used to describe the position of a party in the swap markets combines cash market jargon and futures market jargon, given that a swap position can be interpreted as a position in a package of cash market instruments or a package of futures/forward positions. As we have said, the counterparty to an interest rate swap is either a fixed rate payer or floating rate payer. Exhibit 16.2 describes these positions in several ways.
 

The first two expressions in Exhibit 16.2 to describe the position of a fixed rate payer and floating rate payer are self-explanatory. To understand why the fixed rate payer is viewed as short the bond market, and the floating rate payer is viewed as long the bond market, consider what happens when interest rates change. Those who borrow on a fixed rate basis will benefit if interest rates rise because they have locked in a lower interest rate. But those who have a short bond position will also benefit if interest rates rise. Thus, a fixed rate payer can be said to be short the bond market. A floating rate payer benefits if interest rates fall. A long position in a bond also benefits if interest rates fall, so terminology describing a floating rate payer as long the bond market is not surprising. From our discussion of the interpretation of a swap as a package of cash market instruments, describing a swap in terms of the sensitivities of long and short cash positions follows naturally.
 

The convention that has evolved for quoting swaps levels is that a swap dealer sets the floating rate equal to the reference rate and then quotes the fixed rate that will apply. To illustrate this convention, consider the following 10-year swap terms available from a dealer: • Floating rate payer:
Pay floating rate of 3-month LIBOR quarterly. 
Receive fixed rate of 8.75% semiannually.
 




• Fixed rate payer:
Pay fixed rate of 8.85% semiannually 
Receive floating rate of 3-month LIBOR quarterly.
 






 

The offer price that the dealer would quote the fixed rate payer would be to pay 8.85% and receive LIBOR “flat.” (The word flat means with no spread.) The bid price that the dealer would quote the floating rate payer would be to pay LIBOR flat and receive 8.75%. The bid-offer spread is 10 basis points.
 

In order to solidify our intuition, it is useful to think of the swap market as a market where two counterparties trade the floating reference rate in a series of exchanges for a fixed price. In effect, the swap market is a market to buy and sell LIBOR. So, buying a swap (pay fixed/receive floating) can be thought of as buying LIBOR on each reset date for the fixed rate agreed to on the trade date. Conversely, selling a swap (receive fixed/pay floating) is effectively selling LIBOR on each reset date for a fixed rate agreed to on the trade date. In this framework, a dealer’s bid-offer spread can be easily interpreted. Using the numbers presented above, the bid price of 8.75% is the price the dealer will pay to the counterparty to receive 3-month LIBOR. In other words, buy LIBOR at the bid. Similarly, the offer price of 8.85% is the price the dealer receives from the counterparty in exchange for 3-month LIBOR. In other words, sell LIBOR at the offer.
 

The fixed rate is some spread above the Treasury yield curve with the same term to maturity as the swap. In our illustration, suppose that the 10-year Treasury yield is 8.35%. Then the offer price that the dealer would quote to the fixed rate payer is the 10-year Treasury rate plus 50 basis points versus receiving LIBOR flat. For the floating rate payer, the bid price quoted would be LIBOR flat versus the 10-year Treasury rate plus 40 basis points. The dealer would quote such a swap as 40-50, meaning that the dealer is willing to enter into a swap to receive LIBOR and pay a fixed rate equal to the 10-year Treasury rate plus 40 basis points; and it would be willing to enter into a swap to pay LIBOR and receive a fixed rate equal to the 10-year Treasury rate plus 50 basis points. The difference between the Treasury rate paid and received is the bid-offer spread.105
 





VALUING INTEREST RATE SWAPS

 

In an interest rate swap, the counterparties agree to exchange periodic interest payments. The dollar amount of the interest payments exchanged is based on the notional principal. In the most common type of swap, there is a fixed rate payer and a fixed rate receiver. The convention for quoting swap rates is that a swap dealer sets the floating rate equal to the reference rate and then quotes the fixed rate that will apply.
 



 Computing the Payments for a Swap

 

In the previous section we described in general terms the payments by the fixed rate payer and fixed rate receiver but we did not give any details. That is, we explained that if the swap rate is 6% and the notional amount is $100 million, then the fixed rate payment will be $6 million for the year and the payment is then adjusted based on the frequency of settlement. So, if settlement is semiannual, the payment is $3 million. If it is quarterly, it is $1.5 million. Similarly, the floating rate payment would be found by multiplying the reference rate by the notional amount and then scaled based on the frequency of settlement.
 

It was useful to show the basic features of an interest rate swap using quick calculations for the payments such as described above and then explaining how the parties to a swap either benefit or hurt when interest rates changes. However, we will show how to value a swap in this section. To value a swap it is necessary to determine the present value of the fixed rate payments and the present value of the floating rate payments. The difference between these two present values is the value of a swap. As will be explained below, whether the value is positive (i.e., an asset) or negative (i.e., a liability) will depend on the party.
 

At the inception of the swap, the terms of the swap will be such that the present value of the floating rate payments is equal to the present value of the fixed rate payments. That is, the value of the swap is equal to zero at its inception. This is the fundamental principle in determining the swap rate (i.e., the fixed rate that the fixed rate payer will make).
 

Here is a roadmap of the presentation. First we will look at how to compute the floating rate payments. We will see how the future values of the reference rate are determined to obtain the floating rate for the period. From the future values of the reference rate we will then see how to compute the floating rate payments taking into account the number of days in the payment period. Next we will see how to calculate the fixed rate payments given the swap rate. Before we look at how to calculate the value of a swap, we will see how to calculate the swap rate. This will require an explanation of how the present value of any cash flow in an interest rate swap is computed. Given the floating rate payments and the present value of the floating rate payments, the swap rate can be determined by using the principle that the swap rate is the fixed rate that will make the present value of the fixed rate payments equal to the present value of the floating rate payments. Finally, we will see how the value of swap is determined after the inception of a swap.
 



 Calculating the Floating Rate Payments

 

For the first floating rate payment, the amount is known. For all subsequent payments, the floating rate payment depends on the value of the reference rate when the floating rate is determined. To illustrate the issues associated with calculating the floating rate payment, we will assume that• a swap starts today, January 1 of year 1(swap settlement date)

• the floating rate payments are made quarterly based on “actual/360”

• the reference rate is 3-month LIBOR

• the notional amount of the swap is $100 million

• the term of the swap is three years



 

The quarterly floating rate payments are based on an “actual/360” day count convention. Recall that this convention means that 360 days are assumed in a year and that in computing the interest for the quarter the actual number of days in the quarter are used. The floating rate payment is set at the beginning of the quarter but paid at the end of the quarter—that is, the floating rate payments are made in arrears.
 

Suppose that today 3-month LIBOR is 4.05%. Let’s look at what the fixed rate payer will receive on March 31 of year 1—the date when the first quarterly swap payment is made. There is no uncertainty about what the floating rate payment will be. In general, the floating rate payment is determined as follows:[image: 402]
 




In our illustration, assuming a non-Leap year, the number of days from January 1 of year 1 to March 31 of year 1 (the first quarter) is 90. If 3-month LIBOR is 4.05%, then the fixed rate payer will receive a floating rate payment on March 31 of year 1 equal to:[image: 403]
 




Now the difficulty is in determining the floating rate payment after the first quarterly payment. That is, for the 3-year swap there will be 12 quarterly floating rate payments. So, while the first quarterly payment is known, the next 11 are not. However, there is a way to hedge the next 11 floating rate payments by using a futures contract. Specifically, the futures contract used to hedge the future floating rate payments in a swap whose reference rate is 3-month LIBOR is the Eurodollar futures contract. We will digress to discuss this contract.
 


The Eurodollar Futures Contract

 

As explained earlier in the chapter, a swap position can be interpreted as a package of forward/futures contracts or a package of cash flows from buying and selling cash market instruments. It is the former interpretation that will be used as the basis for valuing a swap. In the case of a LIBOR-based swap, the appropriate futures contract is the Eurodollar futures contract. For this reason, we will describe this important contract.
 

Eurodollar certificates of deposit (CDs) are denominated in dollars but represent the liabilities of banks outside the United States. The contracts are traded on both the International Monetary Market of the Chicago Mercantile Exchange and the London International Financial Futures Exchange. The rate paid on Eurodollar CDs is the London interbank offered rate (LIBOR).
 

The 3-month Eurodollar is the underlying instrument for the Eurodollar futures contract. The contract is for $1 million of face value and is traded on an index price basis. The index price basis in which the contract is quoted is equal to 100 minus the annualized LIBOR futures rate. For example, a Eurodollar futures price of 94.00 means a 3-month LIBOR futures rate of 6% (100 minus 6%).
 

The Eurodollar futures contract is a cash settlement contract. That is, the parties settle in cash for the value of a Eurodollar based on LIBOR at the settlement date. The 3-month Eurodollar futures contracts trade with delivery months of March, June, September, and December, up to 10 years in the future. In addition, the six nearest serial contract months are listed. For example, on November 4, 2009, the contract delivery months included November, December, January, February. March, April and contracts are available out to September 2019.
 

The Eurodollar futures contract allows the buyer of the contract to lock in the rate on 3-month LIBOR today for a future 3-month period. For example, suppose that on February 1 of some year an investor purchases a Eurodollar futures contract that settles in March of that year. Suppose that the LIBOR futures rate for this contract is 5%. This means that the investor has agreed to effectively invest in a 3-month Eurodollar that pays a rate of 5%. Specifically, the investor has locked in a rate for a 3-month investment of 5% beginning March of that year. If the investor on February 1 purchased a contract that settles in September of the next year and the LIBOR futures rate is 5.4%, the investor has locked in the rate on a 3-month investment beginning September of the second year.
 

From the perspective of the seller of a Eurodollar futures contract, the seller is agreeing to lend funds for three months at some future date at the LIBOR futures rate. For example, suppose on February 1 of some year a bank sells a Eurodollar futures contract that settles in March of that same year and the LIBOR futures rate is 5%. The bank locks in a borrowing rate of 5% for three months beginning in March of that year. If the settlement date is September of the next year and the LIBOR futures rate is 5.4%, the bank is locking in a borrowing rate of 5.4% for the 3-month period beginning September of the next year.
 

The key point here is that the Eurodollar futures contract allows a participant in the financial market to lock in a 3-month rate on an investment or a 3-month borrowing rate. The 3-month rate begins in the month that the contract settles.
 


Determining Future Floating Rate Payments

 

Now let’s return to our objective of determining the future floating rate payments. These payments can be locked in over the life of the swap using the Eurodollar futures contract. We will show how these floating rate payments are computed using this contract.
 

EXHIBIT 16.3 Floating Rate Payments Based on Initial LIBOR and Eurodollar Futures
 

[image: 404]

We will begin with the next quarterly payment—from April 1 of year 1 to June 30 of year 1. This quarter has 91 days. The floating rate payment will be determined by 3-month LIBOR on April 1 of year 1 and paid on June 30 of year 1. Where might the fixed rate payer look to today (January 1 of year 1) to project what 3-month LIBOR will be on April 1 of year 1? One possibility is the Eurodollar futures market. There is a 3-month Eurodollar futures contract for settlement on June 30 of year 1. That futures contract will have the market’s expectation of what 3-month LIBOR on April 1 of year 1 is. For example, if the futures price for the 3-month Eurodollar futures contract that settles on June 30 of year 1 is 95.85, then as explained above, the 3-month Eurodollar futures rate is 4.15%. We will refer to that rate for 3-month LIBOR as the “forward rate.” Therefore, if the fixed rate payer bought 100 of these 3-month Eurodollar futures contract on January 1 of year 1 (the inception of the swap) that settles on June 30 of year 1, then the payment that will be locked in for the quarter (April 1 to June 30 of year 1) is[image: 405]

 (Note that each futures contract is for $1 million and hence 100 contracts have a notional amount of $100 million.) Similarly, the Eurodollar futures contract can be used to lock in a floating rate payment for each of the next 10 quarters.106 Once again, it is important to emphasize that the reference rate at the beginning of period t determines the floating rate that will be paid for the period. However, the floating rate payment is not made until the end of period t.


Exhibit 16.3 shows this for the 3-year swap. Shown in Column (1) is when the quarter begins and in Column (2) when the quarter ends. The payment will be received at the end of the first quarter (March 31 of year 1) and is $1,012,500. That is the known floating rate payment as explained earlier. It is the only payment that is known. The information used to compute the first payment is in Column (4), which shows the current 3-month LIBOR (4.05%). The payment is shown in the last column, Column (8).
 

Notice that Column (7) numbers the quarters from 1 through 12. Look at the heading for Column (7). It identifies each quarter in terms of the end of the quarter. This is important because we will eventually be discounting the payments (cash flows). We must take care to understand when each payment is to be exchanged in order to properly discount. So, for the first payment of $1,012,500 it is going to be received at the end of quarter 1. When we refer to the time period for any payment, the reference is to the end of quarter. So, the fifth payment of $1,225,000 would be identified as the payment for period 5, where period 5 means that it will be exchanged at the end of the fifth quarter.
 



 Calculating the Fixed Rate Payments

 

The swap will specify the frequency of settlement for the fixed rate payments. The frequency need not be the same as the floating rate payments. For example, in the 3-year swap we have been using to illustrate the calculation of the floating rate payments, the frequency is quarterly. The frequency of the fixed rate payments could be semiannual rather than quarterly.
 

In our illustration, we will assume that the frequency of settlement is quarterly for the fixed rate payments, the same as with the floating rate payments. The day count convention is the same as for the floating rate payment, “actual/360”. The equation for determining the dollar amount of the fixed rate payment for the period is[image: 406]
 




It is the same equation as for determining the floating rate payment except that the swap rate is used instead of the reference rate (3-month LIBOR in our illustration).
 

For example, suppose that the swap rate is 4.98% and the quarter has 90 days. Then the fixed rate payment for the quarter is[image: 407]
 




If there are 92 days in a quarter, the fixed rate payment for the quarter is[image: 408]
 




Note that the rate is fixed for each quarter but the dollar amount of the payment depends on the number of days in the period.
 

EXHIBIT 16.4 Fixed Rate Payments for Several Assumed Swap Rates
 

[image: 409]

Exhibit 16.4 shows the fixed rate payments based on different assumed values for the swap rate. The first three columns of the exhibit show the same information as in Exhibit 16.3—the beginning and end of the quarter and the number of days in the quarter. Column (4) simply uses the notation for the period. That is, period 1 means the end of the first quarter, period 2 means the end of the second quarter, and so on. The other columns of the exhibit show the payments for each assumed swap rate.
 



Calculation of the Swap Rate

 

Now that we know how to calculate the payments for the fixed rate and floating rate sides of a swap where the reference rate is 3-month LIBOR given (1) the current value for 3-month LIBOR, (2) the expected 3-month LIBOR from the Eurodollar futures contract, and (3) the assumed swap rate, we can demonstrate how to compute the swap rate.
 

At the initiation of an interest rate swap, the counterparties are agreeing to exchange future payments and no upfront payments by either party are made. This means that the swap terms must be such that the present value of the payments to be made by the counterparties must be at least equal to the present value of the payments that will be received. In fact, to eliminate arbitrage opportunities, the present value of the payments made by a party will be equal to the present value of the payments received by that same party. The equivalence (or no arbitrage) of the present value of the payments is the key principle in calculating the swap rate.
 

Since we will have to calculate the present value of the payments, let’s show how this is done.
 



 Calculating the Present Value of the Floating Rate Payments

 

As explained earlier, we must be careful about how we compute the present value of payments. In particular, we must carefully specify (1) the timing of the payment and (2) the interest rates that should be used to discount the payments. We have already addressed the first issue. In constructing the exhibit for the payments, we indicated that the payments are at the end of the quarter. So, we denoted the time periods with respect to the end of the quarter.
 

Now let’s turn to the interest rates that should be used for discounting. In Chapter 4, we emphasized two things. First, every cash flow should be discounted at its own discount rate using a spot rate. So, if we discounted a cash flow of $1 using the spot rate for period t, the present value would be:[image: 410]
 




The second thing we emphasized is that forward rates are derived from spot rates so that if we discounted a cash flow using forward rates rather than a spot rate, we would come up with the same value. That is, the present value of $1 to be received in period t can be rewritten as:[image: 411]
 




We will refer to the present value of $1 to be received in period t as the forward discount factor. In our calculations involving swaps, we will compute the forward discount factor for a period using the forward rates. These are the same forward rates that are used to compute the floating rate payments—those obtained from the Eurodollar futures contract. We must make just one more adjustment. We must adjust the forward rates used in the formula for the number of days in the period (i.e., the quarter in our illustrations) in the same way that we made this adjustment to obtain the payments. Specifically, the forward rate for a period, which we will refer to as the period forward rate, is computed using the following equation:[image: 412]
 




For example, look at Exhibit 16.3. The annual forward rate for period 4 is 4.72%. The period forward rate for period 4 is:[image: 413]
 




Column (5) in Exhibit 16.5 shows the annual forward rate for all 12 periods (reproduced from Exhibit 16.3) and Column (6) shows the period forward rate for all 12 periods. Note that the period forward rate for period 1 is 4.05%, the known rate for 3-month LIBOR.
 

Also shown in Exhibit 16.5 is the forward discount factor for all 12 periods. These values are shown in the last column. Let’s show how the forward discount factor is computed for periods 1, 2, and 3. For period 1, the forward discount factor is:[image: 414]
 




For period 2,[image: 415]
 




EXHIBIT 16.5 Calculating the Forward Discount Factor
 

[image: 416]

EXHIBIT 16.6 Present Value of the Floating Rate Payments
 

[image: 417]

For period 3.[image: 418]
 




Given the floating rate payment for a period and the forward discount factor for the period, the present value of the payment can be computed. For example, from Exhibit 16.3 we see that the floating rate payment for period 4 is $1,206,222. From Exhibit 16.5, the forward discount factor for period 4 is 0.95689609. Therefore, the present value of the payment is:[image: 419]
 




Exhibit 16.6 shows the present value for each payment. The total present value of the 12 floating rate payments is $14,052,917. Thus, the present value of the payments that the fixed rate payer will receive is $14,052,917 and the present value of the payments that the fixed rate receiver will make is $14,052,917.
 



 Determination of the Swap Rate

 

The fixed rate payer will require that the present value of the fixed rate payments that must be made based on the swap rate not exceed the $14,052,917 payments to be received from the floating rate payments. The fixed rate receiver will require that the present value of the fixed rate payments to be received is at least as great as the $14,052,917 that must be paid. This means that both parties will require a present value for the fixed rate payments to be $14,052,917. If that is the case, the present value of the fixed rate payments is equal to the present value of the floating rate payments and therefore the value of the swap is zero for both parties at the inception of the swap. The interest rates that should be used to compute the present value of the fixed rate payments are the same interest rates as those used to discount the floating rate payments.
 

To show how to compute the swap rate, we begin with the basic relationship for no arbitrage to exist:PV of floating rate payments = PV of fixed rate payments
 




 



 

We know the value for the left-hand side of the equation.
 

If we letSR = swap rate
 





 andDayst = number of days in the payment period t
 





 then the fixed rate payment for period t is equal to:[image: 420]
 




The present value of the fixed rate payment for period t is found by multiplying the previous expression by the forward discount factor. If we let FDFt denote the forward discount factor for period t, then the present value of the fixed rate payment for period t is equal to:[image: 421]
 




We can now sum up the present value of the fixed rate payment for each period to get the present value of the floating rate payments. Using the Greek symbol sigma, Σ, to denote summation and letting N be the number of periods in the swap, then the present value of the fixed rate payments can be expressed as:[image: 422]
 




This can also be expressed as[image: 423]
 




The condition for no arbitrage is that the present value of the fixed rate payments as given by the expression above is equal to the present value of the floating rate payments. That is,[image: 424]
 




Solving for the swap rate[image: 425]
 




All of the values to compute the swap rate are known.
 

Let’s apply the formula to determine the swap rate for our 3-year swap. Exhibit 16.7 shows the calculation of the denominator of the formula. The forward discount factor for each period shown in Column (5) is obtained from Column (4) of Exhibit 16.6. The sum of the last column in Exhibit 16.7 shows that the denominator of the swap rate formula is $281,764,282. We know from Exhibit 16.6 that the present value of the floating rate payments is $14,052,917. Therefore, the swap rate is[image: 426]
 




Given the swap rate, the swap spread can be determined. For example, since this is a 3-year swap, the convention is to use the 3-year on-the-run Treasury rate as the benchmark. If the yield on that issue is 4.5875%, the swap spread is 40 basis points (4.9875% - 4.5875%).
 

The calculation of the swap rate for all swaps follows the same principle: equating the present value of the fixed rate payments to that of the floating rate payments.
 

EXHIBIT 16.7 Calculating the Denominator for the Swap Rate Formula
 

[image: 427]

As an example, consider the Bloomberg screen presented in Exhibit 16.8. The details are given for a 5-year swap effective November 6, 2009, that has a fixed rate of 2.767%. Fixed rate cash flows are exchanced semiannually while floating rate cash flows are swapped quarterly at 3-month LIBOR flat. Exhibit 16.9 presents Bloomberg’s swap manager cash flow screen from the perspective the floating rate payer. The forward discount factor is located in the fifth column. Present values of the net cash flows are located in the sixth column. Also note that the bottom of the sixth column the total net present value is zero.
 



 Valuing a Swap

 

Once the swap transaction is completed, changes in market interest rates will change the payments of the floating rate side of the swap. The value of an interest rate swap is the difference between the present value of the payments of the two sides of the swap. The 3-month LIBOR forward rates from the current Eurodollar futures contracts are used to (1) calculate the floating rate payments and (2) determine the discount factors at which to calculate the present value of the payments.
 

EXHIBIT 16.8 Bloomberg’s Swap Manager Description Screen
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 16.9 Bloomberg’s Swap Manager Cash Flow Screen
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 16.10 Rates and Floating Rate Payments One Year Later if Rates Increase
 

[image: 430]

To illustrate this, consider the 3-year swap used to demonstrate how to calculate the swap rate. Suppose that one year later, interest rates change as shown in Columns (4) and (6) in Exhibit 16.10. In Column (4) shows the current 3-month LIBOR. In Column (5) are the Eurodollar futures price for each period. These rates are used to compute the forward rates in Column (6). Note that the interest rates have increased one year later since the rates in Exhibit 16.8 are greater than those in Exhibit 16.3. As in Exhibit 16.3, the current 3-month LIBOR and the forward rates are used to compute the floating rate payments. These payments are shown in Column (8) of Exhibit 16.10.
 

In Exhibit 16.11, the forward discount factor is computed for each period. The calculation is the same as in Exhibit 16.5 to obtain the forward discount factor for each period. The forward discount factor for each period is shown in the last column of Exhibit 16.11.
 

In Exhibit 16.12 the forward discount factor (from Exhibit 16.11) and the floating rate payments (from Exhibit 16.10) are shown. The fixed rate payments need not be recomputed. They are the payments shown in Column (8) of Exhibit 16.4. This is the fixed rate payments for the swap rate of 4.9875% and is reproduced in Exhibit 16.12. Now the two payment streams must be discounted using the new forward discount factors. As shown at the bottom of Exhibit 16.12, the two present values are as follows:
 


 
	Present value of floating rate payments	$11,459,495
	Present value of fixed rate payments	$9,473,390

 


 

EXHIBIT 16.11 Period Forward Rates and Forward Discount Factors One Year Later if Rates Increase
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EXHIBIT 16.12 Valuing the Swap One Year Later if Rates Increase
 

[image: 432]
 The two present values are not equal and therefore for one party the value of the swap increased and for the other party the value of the swap decreased. Let’s look at which party gained and which party lost.


The fixed rate payer will receive the floating rate payments. And these payments have a present value of $11,459,495. The present value of the payments that must be made by the fixed rate payer is $9,473,390. Thus, the swap has a positive value for the fixed rate payer equal to the difference in the two present values of $1,986,105. This is the value of the swap to the fixed rate payer. Notice, consistent with what we said in the previous chapter, when interest rates increase (as they did in the illustration analyzed), the fixed rate payer benefits because the value of the swap increases.
 

In contrast, the fixed rate receiver must make payments with a present value of $11,459,495 but will only receive fixed rate payments with a present value equal to $9,473,390. Thus, the value of the swap for the fixed rate receiver is -$1,986,105. Again, as explained earlier, the fixed rate receiver is adversely affected by a rise in interest rates because it results in a decline in the value of a swap.
 

Consider the Bloomberg screen presented in Exhibit 16.13. This screen values swaps six months forward under three interest rate scenarios: (1) a downward parallel shift of 50 basis points; (2) the yield curve remains unchanged; and (3) an upward parallel shift of 50 basis points.
 

The same valuation principle applies to more complicated swaps. For example, there are swaps whose notional amount changes in a predetermined way over the life of the swap. These include amortizing swaps, accreting swaps, and roller coaster swaps. Once the payments are specified, the present value is calculated as described above by simply adjusting the payment amounts by the changing notional amounts—the methodology does not change.
 





PRIMARY DETERMINANTS OF SWAP SPREADS

 

As we have seen, interest rate swaps are valued using no-arbitrage relationships relative to instruments (funding or investment vehicles) that produce the same cash flows under the same circumstances. Earlier we provided two interpretations of a swap: (1) a package of futures/forward contracts and (2) a package of cash market instruments. The swap spread is defined as the difference between the swap’s fixed rate and the rate on a Treasury whose maturity matches the swap’s tenor.
 

Exhibit 16.14 displays interest rate swap rates (in percent) and swap spreads (in basis points) for various maturities out to 30 years on November 4, 2009. Recall, the bid price is the fixed rate that the broker/dealer is willing to pay in order to receive a floating rate. Conversely, the ask price is the fixed rate the broker/dealer wants to receive in order to pay a floating rate. Current swap rates and spreads for a number of countries can be obtained on Bloomberg with the function IRSB. Bloomberg collects the spread information throughout the trading day and an average is calculated using the spreads from three market makers. The actual swap rates can be obtained simply by adding the swap spreads to the on-the-run U.S. Treasury yield curve. Exhibit 16.15 is a time series plot obtained from Bloomberg for daily values of the 5-year swap spread (in basis points) for the period May 4, 2009 to November 4, 2009. This plot can be obtained using the function HS.
 

EXHIBIT 16.13 Swap Valuation in Three Interest Rate Scenarios
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 16.14 Swap Rates and Spreads for Various Maturities
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 16.15 Time Series Plot of the 5-Year Swap Spread
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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The swap spread is determined by the same factors that drive the spread over Treasuries on instruments that replicate a swap’s cash flows i.e., produce a similar return or funding profile. As discussed below, the swap spread’s key determinant for swaps with tenors (i.e., maturities) of five years or less is the cost of hedging in the Eurodollar futures market.107 Although listed contracts exist with delivery dates out to 10 years, the liquidity of the Eurodollar futures market diminishes considerably after about five years. For longer tenor swaps, the swap spread is largely driven by credit spreads in the corporate bond market.108 Specifically, longer-dated swaps are priced relative to rates paid by investment-grade credits in traditional fixed and floating rate markets.
 

Given that a swap is a package of futures/forward contracts, the shorter-term swap spreads respond directly to fluctuations in Eurodollar futures prices. As noted, there is a liquid market for Eurodollar futures contracts with maturities every three months for approximately five years. A market participant can create a synthetic fixed rate security or a fixed rate funding vehicle by taking a position in a bundle of Eurodollar futures contracts (i.e., a position in every 3-month Eurodollar futures contract up to the desired maturity date).
 

For example, consider a financial institution that has fixed rate assets and floating rate liabilities. Both the assets and liabilities have a maturity of three years. The interest rate on the liabilities resets every three months based on 3-month LIBOR. This financial institution can hedge this mismatched asset/liability position by buying a 3-year bundle of Eurodollar futures contracts. By doing so, the financial institution is receiving LIBOR over the 3-year period and paying a fixed dollar amount (i.e., the futures price). The financial institution is now hedged because the assets are fixed rate and the bundle of long Eurodollar futures synthetically creates a fixed rate funding arrangement. From the fixed dollar amount over the three years, an effective fixed rate that the financial institution pays can be computed. Alternatively, the financial institution can synthetically create a fixed rate funding arrangement by entering into a 3-year swap in which it pays fixed and receives 3-month LIBOR. Other things equal, the financial institution will use the vehicle that delivers the lowest cost of hedging the mismatched position. That is, the financial institution will compare the synthetic fixed rate (expressed as a percentage over U.S. Treasuries) to the 3-year swap spread. The difference between the synthetic spread and the swap spread should be within a few basis points under normal circumstances.
 

For swaps with tenors greater than five years, we cannot rely on the Eurodollar futures due to diminishing liquidity of such contracts. Instead, longer-dated swaps are priced using rates available for investment-grade corporate borrowers in fixed rate and floating rate debt markets. Since a swap can be interpreted as a package of long and short positions in a fixed rate bond and a floating rate bond, it is the credit spreads in those two market sectors that will be the primary determinant of the swap spread. Empirically, the swap curve lies above the U.S. Treasury yield curve and below the on-the-run yield curve for AA-rated banks.109 Swap fixed rates are lower than AA-rated bond yields because their lower credit due to netting and offsetting of swap positions.
 

In addition, there are a number of other technical factors that influence the level of swap spreads.110 While the impact of some these factors is ephemeral, their influence can be considerable in the short run. Included among these factors are: (1) the level and shape of the Treasury yield curve; (2) the relative supply of fixed and floating rate payers in the interest rate swap market; (3) the technical factors that affect swap dealers; and (4) the level of asset-based swap activity.
 

The level, slope, and curvature of the U.S. Treasury yield is an important influence of swap spreads at various maturities. The reason is that embedded in the yield curve are the market’s expectations of the direction of future interest rates. While these expectations are sometimes challenging to extract, the decision to borrow at a fixed rate or a floating rate will be based, in part, on these expectations. The relative supply of fixed and floating rate payers in the interest rate swap market should also be influenced by these expectations. For example, many corporate issuers—financial institutions and federal agencies in particular—swap their newly issued fixed rate debt into floating using the swap market. Consequently, swap spreads will be affected by the corporate debt issuance calendar. In addition, swap spreads, like credit spreads, also tend to increase with the swap’s tenor or maturity.
 

Swap spreads are also affected by the hedging costs faced by swap dealers. Dealers hedge the interest rate risk of long (short) swap positions by taking a long (short) position in a Treasury security with the same maturity as the swap’s tenor and borrowing funds (lending funds) in the repo market. As a result, the spread between LIBOR and the appropriate repo rate will be a critical determinant of the hedging costs.
 

Another influence on the level of swap spreads is the volume of asset-based swap transactions. An asset-based swap transaction involves the creation of a synthetic security via the purchase of an existing security and the simultaneous execution of a swap. For example, during the subprime mortgage crisis of 2007-2008, risk-averse investors sold corporate bonds and fled to the relative safety of U.S. Treasuries. Credit spreads widened considerably and liquidity diminished. A contrary-minded floating rate investor like a financial institution could have taken advantage of these circumstances by buying newly issued investment grade corporate bonds with relatively attractive coupon rates and simultaneously taking a long position in an interest rate swap (pay fixed/receive floating). Because of the higher credit spreads, the coupon rate that the financial institution receives is higher than the fixed rate paid in the swap. Accordingly, the financial institution ends up with a synthetic floating rate asset with a sizeable spread above LIBOR.
 

By similar reasoning, investors can use swaps to create a synthetic fixed rate security. For example, during the mid-1980s, many banks issued perpetual floating rate notes in the Eurobond market. A perpetual floating rate note is a security that delivers floating rate cash flows forever. The coupon is reset and paid usually every three months with a coupon formula equal to the reference rate (e.g., 3-month LIBOR) plus a spread. When the perpetual floating rate note market collapsed in late 1986, the contagion spread into other sectors of the floaters market.111 Many floaters cheapened considerably. As before, contrary-minded fixed rate investors could exploit this situation through the purchase of a relatively cheap (from the investor’s perspective) floater while simultaneously taking a short position in an interest rate swap (pay floating/receive fixed) thereby creating a synthetic fixed rate investment. The investor makes floating rate payments (say based on LIBOR) to their counterparty and receives fixed rate payments equal to the Treasury yield plus the swap spread. Accordingly, the fixed rate on this synthetic security is equal to the sum of the following: (1) the Treasury bond yield that matches the swap’s tenor; (2) the swap spread; and (3) the floater’s index spread.
 





DOLLAR DURATION OF A SWAP

 

Effectively, a position in an interest rate swap is a leveraged position. This agrees with both of our economic interpretations of an interest rate swap explained earlier this chapter. In the case of a package of futures/forward contracts, we know that futures/forwards are leveraged instruments. In the case of a package of cash instruments, it is a leveraged position involving either buying a fixed rate bond and financing it on a floating rate basis (i.e., fixed rate receiver position) or buying a floating rate bond on a fixed rate basis (i.e., fixed rate payer position). So, we would expect that the dollar duration of a swap is a multiple of the bond that effectively underlies the swap.
 

To see how to calculate the dollar duration, let’s work with the second economic interpretation of a swap explained earlier—a package of cash flows from buying and selling cash market instruments. From the perspective of the fixed rate receiver, the position can be viewed as follows:Long a fixed rate bond + Short a floating rate bond
 




 



 

The fixed rate bond is a bond with a coupon rate equal to the swap rate, a maturity equal to the term of the swap, and a par value equal to the notional amount of the swap.
 

This means that the dollar duration of an interest rate swap from the perspective of a fixed rate receiver is just the difference between the dollar duration of the two bond positions that comprise the swap. That is,Dollar duration of a swap for a fixed rate receiver 
= Dollar duration of a fixed rate bond - Dollar duration of a floating rate bond
 




 



 

Most of the interest rate sensitivity of a swap will result from the dollar duration of the fixed rate bond since, as explained in Chapter 12, the dollar duration of the floating rate bond will be small. The dollar duration of a floating rate bond is smaller the closer the swap is to its reset date. If the dollar duration of the floating rate bond is close to zero then:Dollar duration of a swap for a fixed rate receiver 
= Dollar duration of a fixed rate bond
 




 



 

Thus, adding an interest rate swap to a portfolio in which the manager pays a floating rate and receives a fixed rate increases the dollar duration of the portfolio by roughly the dollar duration of the underlying fixed rate bond. This is true because the swap position effectively involves buying a fixed rate bond on a leveraged basis.
 

We can use the cash market instrument economic interpretation to compute the dollar duration of a swap for the fixed rate payer. The dollar duration is:Dollar duration of a swap for a fixed rate payer 
= Dollar duration of a floating rate bond - Dollar duration of a fixed rate bond
 




 



 

Again, assuming that the dollar duration of the floater is small, we have Dollar duration of a swap for a fixed rate payer 
= -Dollar duration of a fixed rate bond
 




 



 

Consequently, a manager who adds a swap to a portfolio involving paying fixed and receiving floating decreases the dollar duration of the portfolio by an amount roughly equal to the dollar duration of the fixed rate bond.
 

The dollar duration of a portfolio that includes a swap is:Dollar duration of assets - Dollar duration of liabilities 
+ Dollar duration of a swap position
 




 



 







CONCEPTS PRESENTED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Interest rate swap 
Counterparties 
Notional amount 
Fixed rate payer 
Swap rate 
Floating rate payer 
Counterparty risk 
Trade date 
Effective date 
Maturity date 
Reset frequency 
Equivalence of the present value of the payments 
Forward discount factor 
Swap spread
 





 QUESTIONS

 

1. Explain why an “at market” interest rate swap can be described as buying and selling LIBOR.

2. What is meant by notional principal?

3. Why is the price quote of an interest rate swap in the form of a swap spread?

4. Give two interpretations of an interest rate swap and explain why an interest rate swap can be interpreted in each way.

5. Suppose that interest rates increase subsequent to the inception of an interest rate swap.a. What is the effect on the value of the swap from the perspective of the fixed rate payer?

b. What is the effect on the value of the swap from the perspective of the floating rate payer?




6. Explain why both sides of a swap contract are exposed to counterparty risk?

7. “The swap rate is the fixed rate that will make the present value of the fixed rate payments equal the present value of the floating rate payments.” Do you agree or disagree with this statement.

8. What are the primary drivers of the level of swap spreads?

9. What role do Eurodollar futures play in the valuation of a swap contract?

10. Using the information in the following table, construct an Excel spreadsheet to answer questions (a)-(d).[image: 436]


Assume the frequency of both sides of the swap is quarterly and both use an actual/360 day count convention.
 

a. What are projected future floating payments implied by the Eurodollar futures prices?

b. What are the forward discount factors?

c. What is the swap rate that will make the present value of the net cash flows equal to zero?

d. Suppose the 3-year Treasury is 1.375%, what is the swap spread?




11. Using the information in the following table, construct an Excel spreadsheet to answer questions (a) and (b).[image: 437]


Assume the frequency of both sides of the swap is quarterly and both use an actual/360 day count convention.
 

a. What are the projected floating rate payments?

b. What is the value of the swap?




  




CHAPTER 17
 

Estimating Yield Volatility
 

An important input required in a valuation model is the expected interest rate volatility. We have seen how in the binomial model this parameter is required to generate the binomial interest rate tree. In the Monte Carlo model, we have seen how this parameter is required to generate the interest rate paths. In statistical analysis, the standard deviation is a measure of the variation of a random variable around its mean or expected value. Consequently, market participants use the standard deviation as a measure of volatility. In this chapter we will look at how the standard deviation of interest rates is estimated and methods for forecasting interest rate volatility.
 





HISTORICAL VOLATILITY

 

Historical volatility is the variance of a random variable using historical data and is calculated using the following formula:(17.1)
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 and then[image: 439]
 whereXt = observation t on variable X

[image: 440] = the sample mean for variable X

T = the number of observations in the sample
 




 




Our focus is on yield volatility. More specifically, we are interested in the percentage change in daily yields. So, Xt will denote the percentage change in yield from day t and the prior day, t - 1. If we let yt denote the yield on day t and yt-1 denote the yield on day t - 1, then Xt which is the natural logarithm of percentage change in yield between two days, can be expressed asXt = 100[Ln(yt/yt-1)]
 




 



 

For example, on 10/8/09 the 2-year Constant Maturity Treasury (CMT) yield was 4.08% and on 10/9/09 it was 4.22%.112 Therefore, the natural logarithm of X for 10/9/09 wasX = 100[Ln(4.22/4.08)] = 3.29016
 




 



 

To illustrate how to calculate a daily standard deviation from historical data, consider the data in Exhibit 17.1, which show the yield on a 2-year CMT from 10/8/09 to 11/16/09 in the third column. From the 26 observations, 25 days of percentage yield changes are calculated in the fourth column. The fifth column shows the square of the deviations of the observations from the mean. The bottom of Exhibit 17.1 shows the calculation of the daily mean for the 25 observations, the variance, and the standard deviation. The daily standard deviation is 1.61%.
 

The selection of the number of observations can have a significant effect on the calculated daily standard deviation. This can be seen in Exhibit 17.2, which shows the daily standard deviation for a 30-year CMT yield, 10-year CMT yield, 2-year CMT yield, and 6-month CMT for 265 days, 60 days, 25 days, and 10 days ending 10/28/09.
 



 Annualizing the Standard Deviation

 

The daily standard deviation can be annualized by multiplying it by the square root of the number of days in a year.113 That is,[image: 441]
 




EXHIBIT 17.1 Calculation of the Daily Standard Deviation Based on 25 Daily Observations for the 2-Year Constant Maturity Treasury (October 8, 2009, to November 16, 2009)
 

Source for yields: Federal Reserve Statistical Release H.15.
 

[image: 442]

Market practice varies with respect to the number of days in the year that should be used in the annualizing formula above. Typically, either 250 days, 260 days, or 365 days are used.
 

Thus, in calculating an annual standard deviation, the investor must decide on:1. The number of daily observations to use.

2. The number of days in the year to use to annualize the daily standard deviation.



 

Exhibit 17.2 shows the difference in the annual standard deviation for the daily standard deviation based on the different number of observations and using 250 days, 260 days, and 365 days to annualize. Exhibit 17.3 compares the annual standard deviation for two different time periods for a 30-year CMT, 10-year CMT, 2-year CMT, and 6-month CMT yields.
 



Interpreting the Standard Deviation

 

What does it mean if the annual standard deviation for the 2-year CMT yield is 12%. It means that if the prevailing yield is 8%, then the annual standard deviation is 96 basis points (12% times 8%).
 

Assuming that the yield volatility is approximately normally distributed, we can use this probability distribution to construct an interval or range for what the future yield will be. For example, we know that for a normal distribution there is a 68.3% probability that the yield will be between one standard deviation below and above the expected value. The expected value is the prevailing yield. If the annual standard deviation is 96 basis points and prevailing yield is 8%, then there is a 68.3% probability that the yield next year will be between 7.04% (8% minus 96 basis points) and 8.96% (8% plus 96 basis points). For three standard deviations below and above the prevailing yield, there is a 99.7% probability that the yield next year will be in this interval. Using the numbers above, three standard deviations is 288 basis points (3 times 96 basis points). The interval is then 5.12% (8% minus 288 basis points) and 10.88% (8% plus 288 basis points).
 

The interval or range constructed is called a confidence interval. Our first interval of 7.04%-8.96% is a 68.3% confidence interval. Our second interval of 5.12%-10.88% is a 99.7% confidence interval. A confidence interval with any probability can be constructed using a normal probability distribution table.
 

EXHIBIT 17.2 Comparison of Daily and Annual Volatility for a Different Number of Observations (ending October 28, 2009) for Various Constant Maturity Treasuries
 

Source for yields: Federal Reserve Statistical Release H.15.
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 IMPLIED VOLATILITY

 

Market participants estimate yield volatility in one of two ways. The first way is by estimating historical yield volatility. This is the method that we have thus far described in this chapter and the resulting volatility is called historical volatility. The second way is to estimate yield volatility based on the observed prices of interest rate options or caps. Yield volatility calculated using this approach is called implied volatility.
 

EXHIBIT 17.3 Comparison of Daily Standard Deviations Calculated for Two 25-Day Periods
 

Source for yields: Federal Reserve Statistical Release H.15.
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The implied volatility is based on some option pricing model. If the observed price of an option is assumed to be the fair price and the option pricing model is assumed to be the model that would generate that fair price, then the implied yield volatility is the yield volatility that when used as an input into the option pricing model would produce the observed option price.
 

A market convention is to use the Black pricing model, also referred to as simple the Black model, for options on commodity futures.114 Although the Black model possesses many limitations and assumptions that inconsistent with the underlying product as will be explained later, it is the widely utilized method for translating the prices of interest rate options (e.g., caps, floor, and swaptions) into implied volatilities. Some analysts use the implied volatility of swaption contracts (i.e., options on swaps) as their estimate of interest rate volatility. In this section, we provide some background on how swaptions work and illustrate how their implied volatilities are calculated.
 

Swaptions are options to establish a position in an interest rate swap at some future date. The swaption contract specifies the swaption’s expiration date in addition to the fixed rate and tenor of the underlying swap. The swap’s fixed rate is called the swaption’s strike rate. There are two types of swaptions—pay fixed and receive fixed. A pay (receive) fixed swaption gives the buyer the right to establish a position in an interest rate swap where he or she will pay (receive) the fixed rate cash flows and receive(pay) the floating rate cash flows.
 

Let’s illustrate a hypothetical swaption with Bloomberg’s SWPM screen in Exhibit 17.4. The swaption presented is a 1-year swaption on a 5-year generic interest rate swap with a $10 million notional principal in which the buyer will receive fixed cash inflows and pay floating rate cash flows. This is a European-style option and is therefore can only be exercised at the expiration date. If the swaption is exercised on its expiration date (December 14, 2010), the 5-year swap begins on December 14, 2010 (the “effective date”), and ends on December 14, 2015 (“maturity”). The swap’s fixed rate is 3.35188% while the floating rate is 3-month LIBOR flat. In the lower left hand corner of the screen, we see that this swaption’s market value is $245,021.08.
 

In an idealized market setting, the implied volatility of a swaption on the same underlying asset should be invariant to both strike price and time to expiration. Looking at the three-dimensional graph on the Bloomberg screen (VCUB function) presented in Exhibit 17.5, this clearly is not the case. It is well known that implied volatility varies with the striking price. The relationship between implied volatility and striking price is called the implied volatility smile. This graph is located in the bottom right-hand corner of the screen. So which volatility is correct? The answer lies in how one accommodates the volatility smile. Standard market practice dictates the use of the implied volatility of the at-the-money or nearest-the-money swaption.
 

EXHIBIT 17.4 Bloomberg Swaption Screen
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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EXHIBIT 17.5 Bloomberg Implied Volatility Cube
 

© 2009 Bloomberg Finance L.P. All rights reserved. Used with permission.
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What is the meaning of an “implied yield volatility of 30%”? To interpret this number, one needs to be mindful that it is extracted from the observed option price based on the Black model. As a result, the meaning of this number not only depends on the assumption that the market correctly prices the option, but also the fact that the market prices the option in accordance with the Black model. Neither of these may reflect the underlying reality. Most likely, both assumptions are false. Given these assumptions, one may interpret that the option market expects a constant annualized yield volatility of 30% for the underlying instrument to the maturity date of the option.
 

Two major assumptions of the Black model are problematic. First, interest rates are assumed to be constant. Yet, the assumption is used to derive the pricing formula for the option, which derives its payoff precisely from the fact that future interest rates (forward rates) are stochastic. Second, volatilities of futures prices or forward interest rates are assumed to be constant over the life of the contract. This assumption runs counter to the empirical record as well as intuition. For example, a forward contract with one month to maturity is more sensitive to changes in the current term structure than a forward contract with one year to maturity. Accordingly, the volatility of the forward rate is inversely related to the time to maturity.
 





 FORECASTING YIELD VOLATILITY115

 

As can be seen, the yield volatility, as measured by the standard deviation, can vary based on the time period selected and the number of observations. Now we turn to the issue of forecasting yield volatility. There are several methods. Before describing these methods, let’s address the question of what mean should be used in the calculation of the forecasted standard deviation.
 

Suppose at the end of 10/26/09 an investor is interested in a forecast for volatility using the 10 most recent days of trading and updating that forecast at the end of each trading day. What mean value should be used?
 

The investor can calculate a 10-day moving average of the daily percentage yield change. Exhibit 17.1 shows the daily percentage change in yield for a 2-year CMT from 10/8/09 to 11/16/09. To calculate a moving average of the daily percentage yield change on 10/26/09, the trader would use the 10 trading days from 10/9/09 to 10/26/09. At the end of 10/27/09, the trader will calculate the 10-day average by using the percentage yield change on 10/13/09 and would exclude the percentage yield change on 10/9/09. That is, the trader will use the 10 trading days from 10/13/09 to 10/27/09.
 

Rather than using a moving average, it is more appropriate to use an expectation of the average. It has been argued that it would be more appropriate to use a mean value of zero.116 In that case, the variance as given by equation (1) simplifies to(17.2)
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Now let’s look at the various methods for forecasting daily volatility.
 



 Equally Weighted Average Method

 

The daily standard deviation given by equation (17.2) assigns an equal weight to all observations. So, if an investor is calculating volatility based on the most recent 10 days of trading, each day is given a weight of 10%. For example, suppose that an investor is interested in the daily volatility of a 2-year CMT yield and decides to use the 10 most recent trading days.
 



 Weighted Average Method

 

To give greater importance to more recent information, observations further in the past should be given less weight. This can be done by revising the variance as given by equation (17.2) as follows:[image: 448]

 where Wt is the weight assigned to observation t such that the sum of the weights is equal to 1 (i.e., ΣWt = 1) and the further the observation from today, the lower the weight. The method for calculating the variance is called the weighted average method.


The weights should be assigned so that the forecasted volatility reacts faster to a recent major market movement and declines gradually as we move away from any major market movement. One approach is to use an exponential moving average.117 The formula for the weight Wt in an exponential moving average isWt = (l - β)βt
 





 where β is a value between 0 and 1. The observations are arrayed so that the closest observation is t = 1, the second closest is t = 2, and so on.

 

For example, if β is 0.90, then the weight for the closest observation (t = 1) isW1 = (1 - 0.90)(0.90)1 = 0.09
 




 



 

For t = 5 and β equal to 0.90, the weight isW5 = (1 - 0.90)(0.90)5 = 0.05905
 




 



 

The parameter β is measuring how quickly the information contained in past observations is “decaying” and hence is referred to as the “decay factor.” The smaller the β, the faster the decay. What decay factor to use depends on how fast the mean value for the random variable X changes over time. A random variable whose mean value changes slowly over time will have a decay factor close to 1. A discussion of how the decay factor should be selected is beyond the scope of this book.118
 



 ARCH Method and Variants

 

A times series characteristic of financial assets suggests that a period of high volatility is followed by a period of high volatility. Furthermore, a period of relative stability in returns appears to be followed by a period that can be characterized in the same way. This suggests that volatility today may depend upon recent prior volatility. This can be modeled and used to forecast volatility.
 

The statistical model used to estimate this time series property of volatility is called an autoregressive conditional heteroscedasticity model or ARCH model.119 Here “conditional” means that the value of the variance depends on or is conditional on the value of the random variable. “Heteroscedasticity” means that the variance is not equal for all values of the random variable.
 

The simplest ARCH model is(17.4)
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 where[image: 450] = variance on day t

Xt-1 - [image: 451] = deviation from the mean on day t - 1
 





 and a and b are parameters.


The parameters a and b must be estimated statistically. The statistical technique of regression analysis is used to estimate the parameters.
 

Equation (17.4) states that the estimate of the variance on day t depends on how much the observation on day t - 1 deviates from the mean. Thus, the variance on day t is “conditional” on the deviation from day t - 1. The reason for squaring the deviation is that it is the magnitude, not the direction of the deviation, that is important for forecasting volatility.120 By using the deviation on day t - 1, recent information (as measured by the deviation) is being considered when forecasting volatility.
 

The ARCH model can be generalized in two ways. First, information for days prior to t - 1 can be included into the model by using the squared deviations for several prior days. For example, suppose that four prior days are used. Then equation (17.4) can be generalized to(17.5)
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 where a, b1, b2, b3, and b4 are parameters to be estimated statistically.


A second way to generalize the ARCH model is to include not only squared deviations from prior days as a random variable that the variance is conditional on but also the estimated variance for prior days. For example, the following equation generalizes equation (17.4) for the case where the variance at time t is conditional on the deviation squared at time t - 1 and the variance at time t - 1:[image: 454]

 where a, b, and c are parameters to be estimated statistically.


Suppose that the variance at time t is assumed to be conditional on four prior periods of squared deviations and three prior variances, then equation (17.4) can be generalized as follows:(17.7)
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 where the parameters to be estimated are a, the bi’s (i = 1, 2, 3, 4), and cj’s (j = 1, 2, 3).


Equations (17.5), (17.6), and (17.7) are examples of a generalized ARCH model or GARCH model. GARCH models are conventionally denoted as follows: GARCH(i,j) where i indicates the number of prior squared deviations included in the model and j the number of prior variances in the model. Equations (17.5), (17.6), and (17.7) would be denoted GARCH(4,0), GARCH(1,1), and GARCH(4,3), respectively.
 

There have been further extensions of ARCH models but these extensions are beyond the scope of this chapter.121
 







 CONCEPTS EXPLAINED IN THIS CHAPTER (IN ORDER OF PRESENTATION)

 

Historical volatility 
Confidence interval 
Implied volatility 
Black pricing model (Black model) 
Swaptions 
Swaption’s strike rate 
Implied volatility smile 
Weighted average method 
Exponential moving average 
Autoregressive conditional heteroscedasticity model (ARCH model) 
Generalized ARCH model (GARCH model)
 





QUESTIONS

 

1. a. What is implied volatility?

b. What are the problems associated with using implied volatility as a measure of yield volatility?




2. Explain why you agree or disagree with the following statement: Two portfolio managers with the same set of daily yields will compute the same historical annual yield volatility.

3. In forecasting yield volatility, why would an analyst not want to weight each daily yield change equally?

4. Using the data below, compute the daily standard deviation of the percentage change in yield using the daily yields for the 30-year Treasury CMT.


 
	2008-10-06	3.99
	2008-10-07	4.01
	2008-10-08	4.09
	2008-10-09	4.14
	2008-10-10	4.15
	2008-10-14	4.27
	2008-10-15	4.25
	2008-10-16	4.25
	2008-10-17	4.32
	2008-10-20	4.26
	2008-10-21	4.20
	2008-10-22	4.07
	2008-10-23	3.99
	2008-10-24	4.11
	2008-10-27	4.12
	2008-10-28	4.19
	2008-10-29	4.26
	2008-10-30	4.30
	2008-10-31	4.35
	2008-11-03	4.33
	2008-11-04	4.20
	2008-11-05	4.13
	2008-11-06	4.19
	2008-11-07	4.25
	2008-11-10	4.21
	2008-11-12	4.17

 


 






5. For the daily yield volatility computed in Question 5, what is the annual yield volatility assuming the following number of trading days in the year: 250, 260 and 365.

6. What assumptions of the Black model make the interpretation of implied volatility problematic?

7. Explain what is meant by the “implied volatility smile.”

8. What is the logic behind the ARCH method for forecasting yield volatility?

  




 Index
 



 

Above par, trading
 

Absolute prepayment speed (ABS)
 

Accrual bonds
 

Accrual tranche
 

Accrued interest (AI)
 

computation
 

information, requirement
 

equivalence
 

Accrued ratio growth
 

Actual/365, specification
 

Actual/360 (ACT/360)
 

basis
 

day count convention
 

usage
 

Actual/Actual (ACT/ACT)
 

day count, usage
 

30/360, contrast
 

usage
 

Actual/actual day count convention
 

Adjustable rate mortgages (ARMs)
 

coupon rate, annual reset
 

Adjusted simple margin
 

Adjusted total margin
 

Advantage, term (usage)
 

After-tax basis
 

After-tax semiannual coupon, equivalence
 

After-tax total return to maturity
 

calculation
 

After-tax yield to maturity
 

Agency CMOs
 

creation
 

Agency securities, nonagency securities (contrast)
 

Algorithmics, Value-at-Risk function
 

Amortization
 

schedule
 

Amortizing asset-backed securities
 

cash flow
 

Amortizing assets
 

cash flow projection
 

Amortizing securities
 

Annualized LIBOR futures rate
 

Annual-pay bonds
 

Annual prepayment rate
 

Annual standard deviation, calculation
 

Annual volatility, daily volatility (comparison)
 

Annuity. See Ordinary annuity
 

present value
 

usage
 

Arbitrage-free valuation
 

calculation
 

reconstitution, relationship
 

stripping
 

Arbitrage-free valuation approach
 

Treasury spot rates, usage
 

reasons
 

usage
 

Arbitrage-free value
 

determination
 

market price, equivalence
 

Arbitrage-free value, provision
 

Arbitrage principles
 

Arbitrage profits
 

example
 

origin
 

Ask yield/price
 

Asset-backed securities
 

Bloomberg Security Description Screen
 

cash flow
 

credit card receivables, backing
 

embedded short position
 

prepayment option
 

valuation
 

approaches
 

considerations
 

Assets, dollar duration
 

Asset-swapped fixed rate bond, financing
 

Asset swaps
 

alternative structure
 

buyer
 

mechanics
 

miscellany
 

synthetic structure
 

usage
 

Asset swap spread
 

determination
 

general case
 

Assumed swap rate
 

At-the-money swaption
 

Autoregressive conditional heteroskedasticity
 

(ARCH) model
 

generalization
 

Average life
 

PACs, prepayment rate reduction (impact)
 

tranche
 

Average present value, calculation
 

Average value-at-risk
 



 

Balloon mortgages
 

Bank discount basis
 

annualized yield
 

quote
 

yield
 

Barbells
 

Barclays Capital Aggregate Bond Index
 

Base case
 

Base case OAS
 

Basis point change, value (percentage change)
 

Basket CDS
 

Basle Capital Accord
 

Benchmark
 

curve
 

OAS, contrast
 

swap curve, spread
 

usage
 

yield curve
 

Benchmark interest rates
 

impact
 

usage
 

Benchmark spot rate curve
 

Benchmark zero-coupon rate curve
 

Beta (β) parameter, usage
 

Bid/ask rates, indication
 

Bid-offer spread
 

Bills
 

face value, assumption
 

maturity amount
 

Binomial interest rate tree
 

construction
 

example
 

growth
 

iterative process
 

notation
 

one-year rates
 

derivation
 

inclusion
 

on-the-run issue, usage
 

usage
 

Binomial lattice model (binomial model)
 

Binomial model, usage
 

Black pricing model (Black model)
 

assumptions
 

Bloomberg
 

Cash Flow Graphic Screen PSA
 

Conditional Value-at-Risk Screen, example
 

Convertible Bond Valuation (OVCV) Screen
 

example
 

datasets
 

DCX (Days Between Dates)
 

function
 

FMCS Screen
 

Historical Regression (HRA) Screen
 

Historical Return Histogram Screen, example
 

Implied Volatility Cube
 

OAS1 Screen
 

Par
 

Portfolio Value-at-Risk report
 

PX1 Screen, example
 

Security Description Screen (DES)
 

examples
 

FNMA bond
 

Security Display (DES)
 

screen, usage
 

Swap Manager Cash Flow Screen
 

Swap Manager Description Screen
 

Swaption screen
 

Total Return Analysis (TRA) Screen
 

examples
 

usage
 

Yield Analysis Screen, examples
 

Yield and Spread Analysis Screen, example
 

Yields to Call Screen, example
 

BondEdge Key Rate Duration screen
 

Bond equivalent basis
 

cash flow yield
 

total return, calculation
 

Bond-equivalent yield (BEY)
 

calculation
 

convention
 

Bond portfolios
 

interest rate risk, assessment
 

value, percentage change (calculation)
 

VaR calculation
 

Bond price
 

insertion
 

sensitivity
 

measure
 

volatility characteristics
 

Bonds
 

accrued interest, computation
 

Actual/Actual, usage
 

call options, inclusion
 

classes
 

convexity
 

yield change, log estimation
 

duration, estimation
 

embedded options, inclusion
 

expected volatility, implied volatility (contrast)
 

price volatility characteristics
 

index, scenario analysis (usage)
 

instantaneous percentage price change
 

maturity, movement
 

example
 

modified duration, determination (short-cut procedure)
 

node value
 

package
 

position
 

interest rate exposure, measurement
 

interest rate risk, assessment
 

post-shift value
 

prepay options, inclusion
 

purchase
 

settlement date, impact
 

time path
 

example
 

total after-tax return to maturity, calculation
 

total coupon income, reduction
 

total return, calculation
 

values
 

determination/computation
 

discounted margin/interest rate paths assumptions
 

VaR calculation
 

Bond valuation
 

binomial interest rate tree, usage
 

binomial method
 

complications
 

coupon payments, impact
 

discount rate, stability (assumption)
 

discount rate/coupon rate
 

equivalence
 

inequality
 

embedded options, usage
 

framework
 

full price, computation
 

models
 

settlement date, impact
 

Bootstrapping
 

Breakeven inflation rate
 

Break-even rates, forward rates (comparison)
 

Breakeven yield advantage
 

Bullets
 

Butterfly trade
 

body/center
 

total returns
 

usage
 

Buy-and-hold, rollover strategy dominance
 

Buy-and-hold strategy
 



 

Callable bonds
 

interest rate volatility assumption
 

negative convexity
 

positive convexity
 

price volatility characteristics
 

price/yield relationship
 

example
 

negative convexity region
 

transactions
 

valuation
 

volatility assumption
 

value
 

Callable convertible bond, issue
 

Call option value
 

determination
 

subtraction, reason
 

Calls
 

features
 

option
 

usage
 

protection
 

provisions
 

rules
 

Canadian government bonds, accrued interest (computation)
 

Caps
 

rate
 

Cash collateral, rebate
 

Cash flow. See Single cash flow
 

assumption
 

determination
 

discounting
 

process
 

discovery
 

estimation
 

generation, simulation (usage)
 

package, present value (unequal interest rates)
 

par value
 

prepayment conventions, relationship
 

present value
 

calculation
 

comparison
 

projection
 

protection
 

redistribution
 

servicing fee, relationship
 

simulation
 

sum
 

timing
 

uncertainty, prepayments (relationship)
 

valuation
 

yield
 

measure
 

PSA assumption
 

Cash inflows
 

generation
 

Cash instruments, package
 

Cash market instruments, package
 

Cash outflows, generation
 

Cash outlay
 

Certificate of deposit (CD) equivalent yield
 

Cheapest-to-deliver obligation
 

Chicago Mercantile Exchange
 

Clean price
 

computation
 

quotation, reason
 

Closed-form expression, absence
 

Coherent risk measure
 

Collar
 

Collateral
 

dollar price, increase
 

modeling defaults
 

money loss
 

premium, trading
 

prepayment
 

sensitivity
 

trade, PAC barbell (contrast)
 

value (increase), volatility (impact)
 

Z-spread
 

Collateralized mortgage obligations (CMOs)
 

creation
 

illustrations
 

PAC structures
 

simple structure
 

structure
 

valuation modeling
 

Common stock
 

conversion
 

market price
 

purchase
 

shorting
 

Compounding
 

continuous time
 

frequency
 

impact
 

Conditional, term (usage)
 

Conditional default rate (CDR)
 

Conditional prepayment rate (CPR)
 

Conditional value-at-Risk (CVaR)
 

Confidence (degree), extreme loss tail (relationship)
 

Confidence intervals
 

financial institution perspective
 

Constant Maturity Treasury (CMT)
 

rate
 

yield
 

Consumer Price Index for All Urban Consumers (CPI-U)
 

Consumer Price Index--Urban, Non-Seasonally Adjusted (CPI-U)
 

Contagion spread
 

Continuous time
 

Conversion-forcing-call
 

Conversion ratio
 

Conversion value
 

straight value, contrast
 

Convertible bonds
 

analysis
 

tools
 

arbitrage
 

asset swaps, usage
 

Bloomberg Security Description Screen
 

characteristics
 

conversion provision
 

downside protection
 

strategy
 

types
 

Convex curve
 

Convexity
 

adjustment
 

formula
 

impact
 

positive measure
 

Convexity measures
 

computation
 

doubling
 

scaling
 

Convex shape
 

Corporate bonds
 

credit spreads
 

purchase
 

Corporate debt issuance
 

Corporate spreads, change
 

Counterparties
 

description
 

risk
 

exposure
 

Coupon bond
 

maturity
 

valuation
 

key rate change, impact
 

spot rates, usage
 

value
 

Wal-Mart issuance
 

Coupon formula
 

Coupon income
 

taxes, impact
 

Coupon interest payments
 

reinvestment income
 

Coupon passthrough
 

Coupon-paying bonds, discounting
 

Coupon payments
 

calculation, example
 

dates
 

delivery
 

knowledge
 

percentage
 

present value, determination
 

reinvestment
 

Coupon rate
 

annual reset
 

relationships
 

restriction, cap (impact)
 

Coupon reset date
 

Coupon strips
 

Coupon structures
 

Credit card receivables, backing
 

Credit default swaps (CDSs)
 

basis
 

payments/exchanges
 

Credit event
 

1999 Definitions (ISDA)
 

restructuring inclusion , trigger
 

trigger
 

CreditMetrics
 

Credit quality, loans
 

Credit risk
 

CreditRisk+
 

Credit spreads
 

non-Treasury securities valuation, relationship
 

term structure
 

example
 

Credit value at Risk (credit VaR)
 

Cross-currency asset swap
 

C-STRIPS
 

Cumulative default rate
 

Current yield
 

drawbacks
 

Curtailment
 

CUSIP number
 



 

Daily standard deviation
 

calculation
 

comparison
 

Daily volatility, annual volatility (comparison)
 

Day count basis, notation (usage)
 

Day count conventions
 

Actual/360
 

types
 

usage
 

Days, number
 

computation
 

determination
 

examples
 

Days between Dates, examples
 

Days Between Dates (Bloomberg DCX)
 

function
 

Debt obligation, alteration
 

Decay factor
 

Default
 

measures
 

rates
 

risks
 

Default-free floater
 

Deleveraged floaters
 

Deliverable obligations
 

Delta
 

Delta neutral
 

Derivative instruments, valuation models
 

Differential risk annuity
 

impact
 

payment
 

present value, determination
 

valuation
 

Dirty price
 

Discount bond, time path
 

Discounted cash flow method
 

Discounted margin
 

Discount factor
 

decrease
 

Discounting
 

continuous time
 

Discount margins
 

calculation
 

quoted margin, equivalence
 

Discount rate
 

adjustment
 

change, impact
 

term, interchangeability
 

Distribution, tails
 

Dollar duration
 

weights, usage
 

Dollar price
 

change
 

pool factor, relationship
 

Dollar return
 

sources, consideration
 

Dollar value of an 01 (DV01)
 

Drift term
 

Dual-indexed floaters
 

Duration
 

calculation
 

estimate
 

example
 

interpretation
 

measures
 

price, estimation
 

usage
 

graphical depiction
 

Duration/convexity approach
 

Duration-dollar-weighted yield, calculation
 



 

Early redemption, features
 

Effective annual return
 

Effective annual yield
 

Effective call price
 

Effective convexity
 

binomial model, usage
 

Effective date
 

Effective duration
 

calculation
 

lattice model, usage
 

Monte Carlo model, usage
 

modified duration, contrast
 

Effective duration, binomial model (usage)
 

Effective margin
 

Embedded options
 

extension
 

risks
 

types
 

usage
 

Empirical duration, estimation
 

End-of-Month rule
 

Equally weighted average method
 

Equity-linked structured notes, Bloomberg screen
 

Escrow balance, administration
 

Euribor
 

Euro Constant Maturity
 

Eurodollar certificates of deposit (EuroCD)
 

Eurodollar futures, nonreliance
 

Eurodollar futures contract
 

expected three-month LIBOR
 

floating rate payments, computation
 

seller, perspective
 

Eurozone, Harmonised Index of Consumer Prices (HICP)
 

Exchangeable bond
 

Expected cash flows, discounting
 

Expected shortfall risk
 

Expected volatility, implied volatility (mismatch)
 

Exponential moving average
 

Extendible reset bonds
 

External credit enhancements
 

Extreme loss tail, confidence degree (relationship)
 

Extreme market moves, simulation
 



 

Face-value payment
 

Fat tails
 

Federal Farm Credit, linkers
 

Federal Home Loan Bank, linkers
 

Federal Home Loan Mortgage Corporation
 

(FHLMC)
 

CMO structure, complication
 

fixed rate CMO portfolio
 

medium-term note
 

Bloomberg Security Description Screen, example
 

Bloomberg Yield and Spread Analysis, example
 

multiclass mortgage participation certificates
 

OAS analysis
 

scenario analysis
 

structure analysis
 

total return
 

Federal National Mortgage Association (FNMA)
 

coupon bond, Bloomberg Security Description Screen
 

linkers
 

TBA passthrough
 

Federal National Mortgage Association (FNMA)
 

bond
 

Bloomberg Security Description Screen
 

Bloomberg Yields to Call Screen
 

Federal Open Market Committee (FOMC)
 

50 PSA
 

graphical depiction
 

52-week Treasury bill
 

Bloomberg Security Display
 

Bloomberg Yield Analysis Screen
 

yield
 

Financial institution, risk exposure
 

Financial instrument, cash flows
 

Fisher hypothesis
 

Fixed cash inflows
 

Fixed floating asset swap structures
 

Fixed income securities
 

cash flow estimation
 

coupon payment, delivery
 

features
 

Fixed income valuation modeling
 

Fixed interest payments
 

Fixed rate assets
 

Fixed rate bonds
 

coupon payments
 

definition
 

fixed income investor consideration
 

spread duration
 

Fixed rate level payment fully amortized mort-gages
 

 
 

cash flow
 

Fixed rate payer
 

floating rate payment receipt
 

Fixed rate payments, calculation
 

Flat index ratio
 

Floating rate bond, cash flows
 

Floating rate liabilities
 

Floating rate note
 

Floating rate payer
 

position
 

Floating rate payments
 

calculation
 

three-month LIBOR, usage
 

example
 

initial LIBOR/Eurodollar basis
 

present value
 

calculation
 

example
 

Floating rate securities (floaters)
 

analysis
 

cap rate
 

cash flow
 

creation
 

discount factors, increase/decrease
 

discount margin, calculation
 

discount/premium size, change
 

evaluation, margins (usage)
 

features
 

maximum coupon rate, restriction
 

par value
 

price
 

adjustment
 

calculation
 

principal, percentage
 

quoted margin, change
 

spread duration
 

valuation
 

embedded options, usage
 

Floating rate tranches
 

Floors
 

zero value
 

Ford Motor Credit Co. bond
 

Bloomberg Security Description
 

Bloomberg Yield Analysis Screen
 

Bloomberg Yield and Spread Analysis Screen
 

Foreclosure proceedings, initiation
 

Forward contracts, package
 

Forward curve
 

Forward discount factor
 

calculation
 

example
 

Forward rates
 

BEY
 

break-even rates, comparison
 

computation
 

derivation
 

discounting
 

examples
 

formula, derivation
 

future rates, market expectations
 

graphical depiction
 

interruption
 

representation
 

Forward start asset swap
 

French CPI
 

Full price
 

Full valuation approach
 

example
 

questions
 

Fully amortized mortgages
 

Funded investors
 

Funding cost
 

Future floating rate payments, determination
 

Future interest rates
 

dispersion
 

simulated paths
 

Future rates, market expectations
 

Futures contract, notional amount
 

Futures/forward contracts, swap package
 

Future value
 

calculation
 

computations
 

procedure
 

interest rate, changes
 

investment
 

level
 

rate, change
 



 

General Electric
 

asset swap calculation, Bloomberg screens
 

Bloomberg YAS screen
 

Geometric average
 

Government bond yield curve, construction
 

Gross amount, calculation
 

Gross weighted average coupon (GWAC)
 

Growing equity mortgages
 



 

Hard calls
 

Harmonised Index of Consumer Prices (HICP)
 

Highly convex bond
 

Historical simulation
 

method
 

Historical volatility
 

Historical volatility, computation method
 

Ho, Thomas
 

Holding-period return
 

numerator, examination
 

Horizon price
 

Horizon yield
 



 

Implied volatility
 

basis
 

smile
 

Implied yield volatility
 

Indexed amortizing notes
 

Index ratio
 

example
 

Inflation
 

compensation
 

Inflation accrual
 

Inflation adjustment, CPI (usage)
 

Inflation compensation
 

Inflation-linked bonds (linkers)
 

Inflation-protected bonds, analysis
 

Initial spot curve, graph
 

Instantaneous percentage price change
 

Interest
 

calculation
 

continuous compounding
 

equation
 

payment
 

postponement
 

principal, monthly split
 

Interest on interest
 

Interest only (IO) class strip
 

Interest-only mortgage strips
 

Interest rate derivative instruments
 

Interest rate paths
 

adjustment
 

conversion
 

generation
 

simulation, usage
 

number, impact
 

simulated cash flow
 

theoretical values
 

Interest rate risk
 

assessment
 

exposure
 

measurement
 

VaR, usage
 

neutralization
 

Interest rates
 

adverse movements
 

basis points, increase
 

changes, bond price sensitivity (measure)
 

decrease
 

denotation
 

determination
 

dispersion
 

doubling
 

history
 

increase
 

minimum
 

models
 

present value, relationship
 

random paths, generation
 

scenarios, swap valuation
 

shock
 

term, interchangeability
 

term structure
 

trees, representation
 

volatility
 

assumption
 

change, impact
 

Interest rate swaps
 

analysis
 

description
 

illustration
 

initiation
 

over-the-counter instruments
 

valuation
 

Intermediate maturity issue
 

Internal credit enhancements
 

Internal rate of return (yield)
 

mathematics
 

International Monetary Market
 

Interpolated spread (I-spread)
 

In-the-money convertible bond
 

Inverse floaters
 

cap rate
 

coupon formula
 

maximum coupon rate
 

zero floor
 

Investment horizon
 

anticipation
 

projected sale price, determination
 

spreads
 

Investment yield, computation
 

Involuntary prepayment
 

Involuntary prepayments
 

Issuance Info
 



 

Key rate durations
 

BondEdge screen
 

computation
 

usefulness
 

Key rate increases
 

Key rate shift
 

Kurtosis
 



 

Lattice model
 

illustration
 

usage
 

Lehman Aggregate Bond Index
 

current portfolio, total return (example)
 

portfolio holding, contrast
 

Less convex bond
 

Level payment fixed rate fully amortized mortgage
 

amortization schedule
 

formula
 

monthly mortgage payment design
 

Leveraged floaters
 

Liquidity reduction
 

Liquidity risks
 

Liquid Yield Option Notes (LYONs)
 

Loan-level analysis
 

Loan pools, loss curve
 

Lockout period
 

Log estimation
 

tangent line, usage
 

Lognormal random walk
 

London Interbank Offered Rate (LIBOR)
 

annualized LIBOR futures rate
 

curve
 

LIBOR-based funding costs
 

one-month LIBOR
 

positive value
 

purchase/sale
 

reference rate
 

relationship
 

six-month LIBOR
 

spread
 

three-month LIBOR
 

current value
 

forward rates
 

path
 

percentage
 

rate
 

values
 

usage
 

yield curve
 

London International Financial Futures Exchange
 

Long-dated forward contracts (long-term forward contracts)
 

Long maturity issue
 

candidates
 

total return
 

Long-term coupon bonds, yield-to-maturity
 

Long-term fixed rate assets, cash flows (transformation)
 

Long-term Treasuries, representation
 

Loss curve, projection
 

Loss measures
 

Lower PSA prepayment assumption
 



 

Macaulay, Frederick
 

Macaulay duration
 

Mandatory convertibles
 

feature
 

maturity, payoff
 

Mapping
 

Margin measures
 

Margins, usage
 

Market conversion price
 

Market dislocation liquidity, decrease
 

Market index
 

Market price
 

arbitrage-free value
 

arbitrage-free value, equivalence
 

Market quotes
 

Market structures, par structures (contrast)
 

Market-value-weighted yield
 

Market value weights, usage
 

Maturities, spreads
 

Maturity date
 

Maturity value, present value
 

increase
 

Mean reversion
 

Medium-term average life
 

Modeling risk
 

Modified convexity
 

Modified duration
 

determination, short-cut procedure
 

effective duration, contrast
 

Money, time value
 

Money market equivalent yield
 

Monte Carlo model
 

OAS, impact
 

usage
 

Monte Carlo model/OAS procedure, illustrations
 

Monte Carlo/OAS methodology, illustration
 

Monte Carlo simulation
 

method
 

usage
 

Monte Carlo simulation/OAS
 

analysis, usage
 

Monte Carlo valuation model
 

Monthly cash flow
 

construction, PSA assumption
 

examples
 

Monthly CPR
 

Monthly loss
 

Monthly mortgage payment
 

calculation
 

design
 

solution
 

Monthly-pay bonds
 

Monthly principal payment
 

Monthly spot rates, simulated paths
 

Monthly total return
 

Mortgage
 

balance
 

loan
 

passthrough securities
 

pool, assumptions
 

prepayment penalty, absence
 

refinancing rates, simulated paths
 

spread
 

strips
 

Mortgage-backed securities
 

cash flow
 

embedded short position
 

mortgage loans backing
 

total return
 

valuation
 

Mortgage balance
 

equations
 

Mortgage-related asset-backed securities
 

Moving average
 

Multiple scenarios, total return analysis (usage)
 



 

Nearest-the-money swaption
 

Negative convexity
 

example
 

Net amount, calculation
 

Net cash difference, determination
 

Net coupon
 

Net interest
 

Net monthly interest
 

No-arbitrage condition
 

No-arbitrage relationships, usage
 

Node value
 

calculation, example
 

determination
 

Nominal bonds, positions
 

Nominal spread
 

Z-Spread, divergence
 

Nominal Treasury note, coupon
 

Nominal yield duration
 

Nonagency CMO (creation), senior-subordinated structure (usage)
 

Nonagency MBS
 

cash flow projection
 

collateral, modeling defaults
 

Nonagency securities, agency securities (contrast)
 

Nonamortizing assets
 

Noninterest rate indexes
 

Nonsenior tranches
 

Non-Treasury bonds, market price
 

Non-Treasury issue
 

credit risk
 

liquidity risk
 

option risk
 

Z-Spread determination
 

Non-Treasury security
 

cash flow discounting
 

premium/yield spread, addition
 

valuation, credit spreads (relationship)
 

Z-spread representation
 

Notional amount
 

equations
 

Notional principal
 



 

Off-market swap
 

One-factor models, 173100% PSA (100 PSA)
 

calculation assumptions
 

graphical depiction
 

165 PSA (165 PSA)
 

On-the-run curve
 

On-the-run issue
 

liquidity, relationship
 

market price
 

valuation
 

On-the-run Treasuries
 

adjusted yields
 

location
 

usage
 

yield curve
 

swap spreads, addition
 

usage
 

On-the-run yield curve
 

shift
 

usage
 

On-the-Treasury issue, yield spread
 

Option-adjusted duration
 

Option-adjusted spread (OAS)
 

analysis
 

anomaly, benefit
 

approach
 

benchmark, contrast
 

compensation
 

constant spread
 

demonstration
 

development
 

duration
 

embedded option, adjustment
 

gain
 

impact
 

interpretation
 

process
 

OAS-total return
 

option cost, relationship
 

price dependence
 

sensitivity
 

Option cost
 

Option-free bonds
 

duration/convexity measures
 

graphical illustration
 

issuance
 

positive convexity
 

price/discount rate relationship
 

price volatility characteristics
 

price/yield relationship
 

example
 

log shape
 

putable bond, price/yield relationship
 

tangent line (inclusion), price/yield relationship (log)
 

valuation
 

binomial interest rate tree, usage
 

volatility, assumption
 

Option-free floater, value (partitioning)
 

Option risk
 

Ordinary annuity
 

future value
 

payment frequency
 

present value
 

payment frequency
 

Original principal
 

valuation
 

Over-the-counter (OTC) instruments
 



 

PaineWebber Mortgage Group
 

Parallel yield curve shift assumption
 

Parametric method
 

Par bond
 

asset swap spread, determination
 

time path
 

coupon payment dates, impact
 

example
 

total dollar return
 

Par curve
 

derivation
 

spot curve, contrast
 

Parity price
 

value, insertion
 

Par rates
 

Par structures, market structures (contrast)
 

Par value
 

discount
 

trading
 

Passthrough
 

monthly cash flow, examples
 

projected monthly cash flow
 

Passthrough coupon rate
 

Passthrough security, monthly cash flow construction (PSA assumption)
 

Path dependent, term (usage)
 

Path-dependent cash flows
 

Path present values, distribution
 

Paythrough security
 

Penalty period
 

Percentage price change
 

approximation, duration
 

application
 

usage
 

convexity, adjustment
 

Percent premium
 

computation
 

indicator
 

Performance measurement, bond index (scenario analysis usage)
 

Period forward rate
 

example
 

Periodic interest payments
 

usage
 

Periodic interest rate
 

Perpetual annuity, present value
 

Perpetual floater
 

Physical delivery, specification
 

Planned amortization class (PAC)
 

barbell
 

analysis
 

collateral trade, contrast
 

bond, protection
 

PAC/support tranche structure
 

trade
 

Planned amortization class (PAC) tranche
 

cash flow protection
 

PAC III tranche (level III PAC tranche)
 

PAC II tranche (level II PAC tranche)
 

PAC I tranche (level I PAC tranche)
 

Pool factor, dollar price (relationship)
 

Pool-level analysis
 

Portfolios
 

construction, goal
 

duration
 

contribution
 

selection
 

expected loss
 

holding, Lehman Aggregate Bond Index (contrast)
 

internal rate of return
 

approximation
 

revaluation
 

total return
 

example
 

VaR measure
 

yield calculation
 

yield measures
 

Positive convexity
 

example
 

Potential return, measurement
 

Premium, trading
 

Premium bond, time path
 

Premium points
 

Prepayment
 

cash flow uncertainty, relationship
 

change
 

conventions, cash flow (relationship)
 

impact
 

measures
 

model
 

example
 

option
 

embedded short position
 

penalty, absence
 

projection
 

provisions
 

rate
 

assumption
 

report
 

risk
 

exposure
 

speed
 

Prepay options, usage
 

Present value
 

computation/calculation
 

examples
 

expression
 

interest rate, relationship
 

payment equivalence
 

reduction
 

Price appreciation/depreciation
 

bond, maturation
 

usage
 

Price change, estimation
 

convexity adjustment
 

duration usage, graphical depiction
 

Price change, yield value
 

Price compression
 

Price/discount rate relationship
 

Price value of a basis point (PVBP)
 

Price volatility, yield level (impact)
 

Price volatility characteristics
 

understanding, importance
 

Price/yield relationship
 

convexity, impact
 

convex shape
 

curve, increase
 

log
 

shape
 

negative convexity region
 

Prime deals
 

Prime loan
 

Principal, interest (monthly split)
 

Principal balances, records (administration)
 

Principal floaters
 

Principal-only (PO) class strip
 

Principal pay down window
 

Principal payments
 

disbursement, payment rules
 

minimum
 

rescheduling
 

Principal repayment
 

features
 

Principal strip
 

Bloomberg Yield Analysis Screen, example
 

Probability distribution
 

Projected interest, scheduled principal, and prepayments (PIPP)
 

Projected interest net of servicing fee (PNI)
 

sum
 

Projected interest payments, reinvestment interest (earning)
 

Projected monthly cash flow
 

computation, formulas
 

Projected monthly interest rate, components
 

Projected monthly principal payment (PMP)
 

Projected monthly principal prepayment (PPR)
 

Projected monthly scheduled principal repayment (PSP)
 

sum
 

Projected mortgage balance (PMB)
 

Projected principal repayment
 

Projected sale price, determination
 

Prospectus prepayment curve (PPC)
 

PSA prepayment benchmark, contrast
 

Protection buyer/seller
 

P-STRIPS
 

Public Securities Association (PSA) prepayment
 

benchmark
 

amount
 

assumption
 

PPC, contrast
 

prepayment model
 

Pull to par value
 

impact
 

Putable bonds
 

option-free bond, price/yield relationship
 

sale, right
 

value
 

Puts
 

features
 

options
 

price
 

provision
 



 

Quarterly compounding, usage
 

Quarterly floating rate payments, actual/360 basis
 

Quoted margin
 

change
 

discount margin, equivalence
 



 

Random variable, variance
 

Range notes
 

Ratchet bonds
 

Rate duration
 

Rate shocks
 

duration estimates
 

impact
 

Real coupon accrued
 

Real estate-backed asset-backed securities
 

Real estate taxes, escrow balance (administration)
 

Real yield duration
 

Reconstitution
 

arbitrage-free valuation, relationship
 

Recovery rate
 

Recursive valuation formula, application
 

Reference CPIs
 

Reference rate
 

coupon formula, equivalence
 

Refinancing rates
 

simulated paths
 

Reinvestment income
 

assumption
 

coupon rate, impact
 

taxes, impact
 

usage
 

Reinvestment rate
 

assumption
 

Reinvestment risk
 

factors
 

Relative valuation
 

Relative value analysis, tools
 

Remaining pool balance
 

Representative path method
 

Representative paths
 

Repurchase agreement
 

market, security (on special status)
 

Repurchase rate, calculation
 

Required margin
 

Required yield, term (interchangeability)
 

Reset frequency
 

Reset margin, determination (issuer discretion)
 

Residential MBS market
 

Restructuring
 

Retail Prices Index (RPI)
 

Return, sources
 

importance
 

Reverse convertibles
 

Reverse floaters
 

Reverse mortgages
 

Risk assessment, scenario analysis (illustration)
 

Risk exposure
 

measurement, scenario analysis (usage)
 

Risk floaters, valuation
 

RiskMetrics datasets
 

Risk profiles, difference
 

Risky floaters
 

pricing expression
 

valuation
 

Rollover alternative
 

Rollover strategy
 



 

Scenario analysis
 

example
 

illustration
 

measurement usage
 

results
 

usage
 

Scenario interest rate path, present value (calculation)
 

Scenarios, total return analysis (usage)
 

Scheduled amortization
 

Scheduled bond (SCH bond)
 

Scheduled plus projected prepayments
 

Scheduled principal repayment
 

calculation
 

equation
 

example
 

Sector selection
 

Securities
 

arbitrage-free value, provision
 

cash flow
 

package
 

rate shocks
 

Securitized loans
 

Security Information, bond 30/360 day count
 

Semiannual cash flows, usage
 

Semiannual coupon
 

payment
 

percentage
 

Semiannual coupon-paying bond, valuation
 

Semiannual discount rate
 

Semiannual-pay bonds
 

Semiannual rate interest rate, usage
 

Semiannual total after-tax return to maturity
 

Semiannual total return, computation
 

Semiannual total return to maturity
 

Semiannual yield
 

annualization
 

doubling
 

Semiannual yield to maturity
 

Senior-subordinated structure, usage
 

Senior tranches
 

Separately traded, registered interest and principal
 

securities (STRIPS)
 

Actual/Actual, usage
 

Sequential pay tranches
 

Servicing fee, cash flow (relationship)
 

Servicing spread
 

Settlement date
 

impact
 

Shifting interest
 

mechanisms
 

percentage schedule
 

Short maturity issue
 

Short rate, Federal Reserve Board
 

Short-term forward rates
 

curve
 

spot rates, relationship
 

Simple margin
 

Simulated cash flow
 

Simulated paths
 

Simulation, usage
 

Single cash flow
 

future value
 

present value
 

employment
 

periodic interest rates, usage
 

seasoned months
 

Single-monthly mortality rate (SMM)
 

prepayments, expression
 

Single-name CDS
 

Six-month forward rates
 

derivation
 

formula
 

short-term forward rate curve
 

Soft calls
 

Sovereign credit risk, differences
 

Spot curve
 

bootstrapping
 

key rate shift
 

par curve, contrast
 

shift
 

Spot rates. See also Theoretical spot
 

rates
 

change, key rate change (impact)
 

curve
 

yield spread measures, relationship
 

example
 

short-term forward rates, comparison
 

solution
 

usage
 

Spread duration
 

change
 

usage
 

Spread for life
 

Spread measure
 

Standard deviation
 

annualization
 

interpretation
 

volatility, relationship
 

Static cash flow yield analysis
 

Static spread
 

Step-down note
 

Stepped spread floaters
 

Step-up note
 

Stock price
 

level
 

risk, hedging
 

volatility
 

Stress testing
 

Stripped MBS
 

Stripped securities
 

Structured notes
 

Subordinated tranches
 

Subordination interest
 

Subordination level
 

Subprime deals
 

Subprime loans
 

Support tranches
 

Swap position
 

institutional investor entry
 

interpretation
 

Swap rates
 

calculation
 

determination
 

example
 

fixed rate payments
 

formula, denominator (calculation)
 

Swaps
 

counterparties, description
 

dollar duration
 

economic interpretation
 

inception
 

investor usage
 

package
 

payments, computation
 

valuation
 

example
 

Swap spreads
 

determination
 

level, factors
 

primary determinants
 

time series plot
 

Swaptions
 

strike rate
 



 

Tangent line, estimation
 

Taxation, adverse effects
 

Tennessee Valley Authority, linkers
 

Ten-year Treasury note, Bloomberg Security Display
 

Theoretical spot rates
 

Theoretical value
 

determination
 

volatility, relationship
 

30/360
 

Actual/Actual, contrast
 

30/360 day count
 

assumption
 

convention
 

examples
 

increase
 

rule, usage
 

usage
 

Three-bond portfolio
 

cash flows, example
 

duration dollars, example
 

360-day year, importance
 

300 PSA
 

graphical depiction
 

Ticks, price change
 

Tiered payment mortgages
 

Time horizon
 

Total adjusted margin
 

Total after-tax coupon payments
 

Total after-tax income, calculation
 

Total after-tax return to maturity, calculation
 

Total cash payments, receipt
 

Total coupon payments
 

computation
 

Total dollar contribution, taxes (impact)
 

Total dollar return
 

partitioning
 

Total future dollars
 

generation
 

Total future dollars after taxes, reinvestment rate
 

Total monthly mortgage payment
 

Total monthly return
 

Total present value, computation
 

Total pretax coupon payments
 

Total principal payment
 

Total return
 

analysis, usage
 

assumption
 

calculation, graphical depiction
 

computation
 

example
 

pattern
 

Total return to maturity
 

Trade date
 

Trades (evaluation), scenario analysis (usage)
 

Traditional yield measures
 

Tranches
 

expected final maturity
 

monthly cash flow
 

OAS, sharing inequality
 

option cost, reduction
 

payment
 

principal pay down window
 

sequential pay structure
 

accrual bond class, inclusion
 

floater/inverse floater/accrual bond classes, inclusion
 

total interest payment
 

Treasury coupon security
 

Treasury Inflation Protected Securities (TIPS)
 

Bloomberg Security Description Screen, example
 

Bloomberg Yield Analysis Screen, example
 

duration, measurement
 

empirical duration, estimation
 

index ratios
 

inflation compensation derivation, increase
 

positions
 

price, change
 

valuation
 

Treasury on-the-run issues, benchmark usage
 

Treasury par curves, off-the-run (usage)
 

Treasury par yield curve, example
 

Treasury spot rates, usage
 

reasons
 

Treasury valuation, price
 

Treasury yield curve
 

shape
 

spread
 

Trinomial lattice models (trinomial models)
 



 

Undated floater
 

Undiversified VaR measure, usage
 

Upper PSA prepayment assumption
 

U.S. investor, cash payments receipt
 

U.S. Treasury bills
 

Bloomberg Security Display
 

yield annualization
 

yield measures
 

U.S. Treasury bonds
 

Bloomberg Yield Analysis Screen, example
 

portfolio, example
 

priced to yield
 

U.S. Treasury curves
 

U.S. Treasury notes
 

Actual/Actual (usage)
 

auction
 

Bloomberg Security Description Screen, example
 

Bloomberg Security Display
 

Bloomberg Total Return Analysis Screen, examples
 

Bloomberg Yield Analysis Screen, examples
 

empirical duration, estimation
 

maturity
 

strips portfolio valuation
 

U.S. Treasury principal strip
 

U.S. Treasury securities
 

cash flows
 

duration estimate
 

portfolio, Bloomberg screen (example)
 

valuation approaches, comparison
 

U.S. Treasury strips
 

curve
 

U.S. Treasury yield curve
 

U.S. Treasury yields
 

change, absence
 

level/slope/curvature
 

noise
 



 

Valuation
 

traditional approach
 

Valuation, principles
 

Value, portfolio manager addition
 

Value-at-risk (VaR)
 

calculation method
 

extensions
 

graphical depiction
 

implementation, issues
 

measure
 

Variance, equation
 

Variance/covariance
 

method, advantages/disadvantages
 

Volatility
 

assumption
 

increase, impact
 

measurement
 

reduction
 

standard deviation, relationship
 

term structure
 

theoretical value, relationship
 

VOL function, Bloomberg screen
 

Voluntary prepayments
 



 

Wal-Mart, asset swap spread (Bloomberg screens)
 

Weighted average coupon (WAC)
 

percentage
 

rate
 

Weighted average life
 

Weighted average maturity (WAM)
 

duration
 

Weighted average method
 

When-issued bills (WIB)
 

When-issued notes
 



 

Yield curve
 

analysis
 

dynamics
 

environments, increase
 

flattening
 

maturity sector, cheapness (perception)
 

parallel shift
 

scenario
 

flattening
 

probabilities
 

shape
 

changes
 

shifts
 

combination
 

portfolio exposure
 

slope, change
 

strategy
 

Yield hog
 

Yield (internal rate of return)
 

annualization
 

computation
 

Yield (internal rate of return) calculation
 

cash flow, presence
 

semiannual cash flows, usage
 

usage, 24025
 

Yield on a bank discount basis
 

Yields
 

beta
 

buyers
 

change
 

magnitude, impact
 

decline
 

increase
 

level, impact
 

measures
 

traditional yield measures
 

spreads
 

difference
 

value
 

Yield spread measures, spot rate curve (relationship)
 

Yield to call
 

Yield-to-call
 

Yield to maturity
 

measures
 

limitations
 

relationships
 

Yield-to-maturity
 

Yield to next call
 

Yield to put
 

Yield to refunding
 

Yield to worst
 

Yield volatility
 

assumption
 

estimation
 

forecasting
 

importance
 

increase/decrease
 



 

Z bond
 

Zero-coupon bonds
 

holding-period return
 

portfolio
 

valuation
 

Zero-coupon instruments
 

bond package
 

Zero-coupon securities (Treasury strips)
 

sale
 

Zero-coupon Treasuries
 

Zero-coupon Treasury bonds, purchase
 

Zero-coupon Treasury securities
 

Zero-volatility spread (Z-spread)
 

approach
 

benchmark, relationship
 

determination
 

interest rate volatility assumption
 

nominal spread, divergence
 

representation
 

search algorithm
 

values
 
  


1
The interest rates used to determine present values are often called “discount rates.”
 




2
We see in Chapter 13 that the payments must be adjusted by the number of days in the payment period.
 




3
The discount factor is
 

1
 

(1 + Required semiannual rate)Periods from now
 




4
Compounding interest continuously is an example of the more general process of exponential growth, which can apply to a number of phenomena (e.g., population growth).
 




5
The exponential function is transcendental so our value for e (2.71828) is only an approximation. In fact, e has an infinite number of decimal places that do not repeat.
 




6
When the interest rate is 100% and compounded hourly on an original principal of $1, the future value is $2.71813 while continuous compounding gives the same number out to three decimal places.
 




7
Moreover, as explained in later chapters a complex security is a package of zero-coupon bonds with at least one option attached.
 




8
The Treasury also issues Treasury inflation-protected securities (TIPS), which are discussed in Chapter 14.
 




9
The reason for this adjustment is that the observed price and yield may reflect cheap repo financing available from an issue if it is “on special.”
 




10
To analyze the profit/loss potential of these transactions, see, for example, Bloomberg’s Strip/Reconstruction Analysis function (SPRC <Govt>).
 




11
If we had not been working with a par yield curve, the equation would have been set to the market price for the 1.5-year issue rather than par value.
 




12
See Antti Illmanen, “Market’s Rate Expectations and Forward Rates,” Part 2, Understanding the Yield Curve (New York: Salomon Brothers, 1995).
 




13
Antti Illmanen, “Market’s Rate Expectations and Forward Rate,” Part 2 in Understanding the Yield Curve (New York: Salomon Brothers, 1995).
 




14
See, for example, John Y. Campbell, Andrew W. Lo and Craig MacKinlay, The Econometrics of Financial Markets (Princeton, NJ: Princeton University Press, 1997).
 




15
Michele A. Kreisler and Richard B. Worley, “Value Measures for Managing Interest-Rate Risk,” Chapter 3 in Managing Fixed-Income Portfolios, edited by Frank J. Fabozzi (New Hope, PA: Frank J. Fabozzi Associates, 1997).
 




16
See Jan Mayle, Standard Securities Calculation Methods, Volume 2 (New York; Securities Industry Association, 1994).
 




17
Bloomberg identifies 38 different day count conventions. For a more detailed discussion see Dragomir Krigin, Global Fixed Income Calculations (New Hope, PA: Frank J. Fabozzi Associates, 2001).
 




18
This is particularly easy to accomplish using software that can convert a Gregorian date (MM/DD/YY) into a Julian date (the number of days since some base date).
 




19
See, Mayle, Standard Securities Calculation Methods, Volume 2.
 




20
This is the standard convention for bonds in the U.S. and it states that if a bond’s maturity date falls on the last day of the month so do the bond’s coupon payments.
 




21
Recall, there are 29 days in February because 2008 is a leap year.
 




22
While the probability of default of the U.S. government is not zero, it is close enough to that threshold to be safely ignored. Besides, if the U.S. government ever does default, we will have other things to worry about than valuing bonds.
 




23
We are ignoring the differential tax treatment of interest and capital gains/losses.
 




24
We are ignoring the differential tax effects once again.
 




25
We are assuming the bond is valued on its coupon anniversary dates. We will relax this assumption shortly and consider what happens to a par bond between coupon payment dates.
 




26
The “Treasury method” treats coupon interest over the fractional period as simple interest.
 




27
All 10-year notes and 30-year bonds issued on or after February 15, 1985, can be stripped. All notes of less than 10 years to maturity issued on or after September 30, 1997, can be stripped.
 




28
We are ignoring transaction costs. However, strictly speaking, the arbitrage profits will be bid down to the amount of transaction costs.
 




29
The U.S. Treasury permitted reconstitution beginning in May 1987.
 




30
CUSIP is an acronym for Committee on Uniform Security Identification Procedures.
 




31
A good example is Bloomberg’s fair market curves (function FMC).
 




32
This interest rate was not chosen arbitrarily; the 5-year note’s yield to maturity 
(discussed shortly) is 3.579%.
 




33
This will be explained later in the chapter.
 




34
We will see this when we discuss cash flow yield later in this chapter.
 




35
This assumes that the bond in question pays semiannual cash flows. If the bond pays annual cash flows, the cash flows must be reinvested at the annual yield to maturity.
 




36
The discount rate used to compute the present value of each cash flow in the third column is found by adding the assumed spread to the spot rate and then dividing by 2.
 




37
We discuss swaps and swap rates in Chapter 16.
 




38
Many issues state that the maximum rate is 25% due to New York State’s usury law but holders of $2.5 million or more of an issue are exempt from this.
 




39
See Jess Yawitz, Howard Kaufold, Thomas Macirowski, and Michael Smirlock, “The Pricing and Duration of Floating-Rate Bonds,” Journal of Portfolio Management 13 (Summer 1987): 49-56.
 




40
We will relax this assumption shortly.
 




41
The implied LIBOR forward rates can also be determined using Eurodollar futures contracts as described in Chapter 16.
 




42
The formulas presented below are adapted from Chapter 6 of Ravi E. Dattatreya, Raj E.S. Venkatesh, and Vijaya E. Venkatesh, Interest Rate & Currency Swaps (Chicago: Probus Publishing, 1994).
 




43
See Steven I. Dym, “A Generalized Approach to Price and Duration of Non-Par Floating-Rate Notes,” Journal of Portfolio Management 24 (Summer 1998): 102- 107.
 




44
Raymond J. Iwanowski, “An Investor’s Guide to Floating-Rate Notes: Conventions, Mathematics, and Relative Valuation,” Chapter 9 in Fixed Income Solutions, edited by Thomas S.Y. Ho (Chicago: Irwin Professional Publishing, 1996).
 




45
See Chapter 4 in Frank J. Fabozzi and Steven V. Mann, Floating-Rate Securities (Hoboken, NJ: John Wiley & Sons, 2000).
 




46
When the floater’s adjusted price is greater than 100, the additional increment is negative and represents the interest forgone.
 




47
For simplicity, we assume the coupon periods are of equal length.
 




48
For further discussion, see Iwanowski, “An Investor’s Guide to Floating-Rate Notes: Conventions, Mathematics, and Relative Valuation.”
 




49
The model described in this section was presented in Andrew J. Kalotay, George O. 
Williams, and Frank J. Fabozzi, “A Model for the Valuation of Bonds and Embedded 
Options,” Financial Analysts Journal 49 (May-June 1993): 35-46.
 




50
Note that NHL is equivalent to NLH in the second year and that in the third year NHHL

is equivalent to NHLH and NLHH and that NHLL is equivalent to NLLH . We have simply 
selected one label for a node rather than clutter up the exhibit.
 




51
This can be seen by noting that e2σ ≈ 1 + 2σ. Then the standard deviation of the 1-year rate is[image: 190]
 







52
The reason why the SMM is not found by simply dividing the CPR by 12 is that there are scheduled principal repayments that are occurring.
 




53
For an explanation of the motivation, see Frank J. Fabozzi and Chuck Ramsey, Collateralized Mortgage Obligations, 3rd ed. (Hoboken, NJ: John Wiley & Sons, 1999).
 




54
The convention is to refer to subprime MBS deals as part of the asset-backed securities market rather than the MBS market. They are referred to as mortgage-related asset-backed securities.
 




55
Performance analysis of the collateral is undertaken by the trustee for determining whether or not to override the base schedule. The performance analysis is in terms of tests and if the collateral fails any of the tests, this will trigger an override of the base schedule.
 




56
There may be prepayments at the structure level due to the payoff of a deal as a result of a rapid amortization trigger.
 




57
Portions of the material in this section and the one to follow are adapted from Frank J. Fabozzi, Scott F. Richard, and David S. Horowitz, “Valuation of CMOs,” Chapter 6 in Advances in the Valuation and Management of Mortgage-Backed Securities , edited by Frank J. Fabozzi (Hoboken, NJ: John Wiley & Sons, 1998).
 




58
This is the same equation in Chapter 2 when we examined the relationship between long-term spot rates and short-term forward rates.
 




59
This is equivalent to saying that the OAS produced by the model is zero.
 




60
For an explanation of how this is done, see Lakhbir S. Hayre and Kenneth Lauterbach, “Stochastic Valuation of Debt Securities,” in Managing Institutional Assets, edited by Frank J. Fabozzi (New York: Harper & Row, 1990), pp. 321-364.
 




61
Variance-reduction methods are described in Chapter 4 of Dessislava A. Pachamanova and Frank J. Fabozzi, Simulation and Optimization Modeling in Finance (Hoboken, NJ: John Wiley & Sons 2010).
 




62
The table is reported in the November 16, 1999 issue of Paine Webber’s Mortgage Strategist, p. 10. The values reported were computed on Bloomberg.
 




63
These illustrations are from Fabozzi, Richard, and Horowitz, “Valuation of CMOs.”
 




64
We explain how to compute effective duration in Chapter 12.
 




65
The total return is also referred to as the horizon return.
 




66
An investor can choose multiple reinvestment rates for cash flows from the bond over the investment horizon.
 




67
Bloomberg allows the user to input any reinvestment rate of their choosing to calculate the reinvestment income.
 




68
In this illustration we will use the cash flow yield methodology to determine the price at the horizon date.
 




69
Global Relative Value, Lehman Brothers, Fixed Income Research, April 6, 1998, GOV-1 and GOV-2.
 




70
For the yield curve shift scenarios there was a 25 basis point shift in the curve with one end held constant and yield shifts interpolated by duration. For example, the Bull Flat scenario would be the short-end (i.e., 3-month) remaining constant with the 30-year rallying 25 basis points. The yields in-between are interpolated via duration (not maturity).
 




71
For more information about the performance of yield curve strategies when the yield curve changes shape, see Steven V. Mann and Pradipkumar Ramanlal, “The Relative Performance of Yield Curve Strategies,” Journal of Portfolio Management, 23 (Summer 1997): 64-70.
 




72
The reasons for this anomaly are explained in “PAC Barbells: The Way to Go,” Paine Webber Mortgage Strategist, December 15, 1998, pp. 9-12.
 




73
In Chapter 12, we introduce a measure of interest rate exposure called duration. We discovered in that chapter that by just looking at the duration measure, a manager would have been misled about the potential performance of the PAC barbell and the collateral because the duration of the PAC barbell was less than that of the collateral (4.53 versus 4.10). Based solely on duration, this would suggest that the collateral would outperform the PAC barbell if rates decline. As can be seen in the bottom panel of Exhibit 11.9, this is not the case.
 




74
This illustration was provided by Jeffrey Foley using Wall Street Analytics, Inc.’s Portfolio Management Workstation.
 




75
The procedure used is principal component analysis.
 




76
For readers who are already familiar with option theory, this characteristic can be restated as follows: When the coupon rate for the issue is below the market yield, the embedded call option is said to be “out-of-the-money.” When the coupon rate for the issue is above the market yield, the embedded call option is said to be “in-the-the money.”
 




77
Mathematicians refer to this shape as being “concave.”
 




78
Note that our calculations match the Bloomberg calculations in Exhibits 12.1, 12.3, and 12.4.
 




79
More specifically, this is the formula for the modified duration of a bond on a coupon anniversary date.
 




80
Frederick Macaulay, Some Theoretical Problems Suggested by the Movement of Interest Rates, Bond Yields, and Stock Prices in the U.S. Since 1856 (New York: National Bureau of Economic Research, 1938).
 




81
For a discussion, see Steven V. Mann and Pradipkumar Ramanlal, “Duration and Convexity Measures When the Yield Curve Changes Shape,” Journal of Financial Engineering 7 (March 1998): 35-58.
 




82
Thomas S. Y. Ho, “Key Rate Durations: Measures of Interest Rate Risk,” The Journal of Fixed Income 2 (September 1992): 29-44.
 




83
The spot rates are annual rates and are reported as bond-equivalent yields. When present values are computed, we use the appropriate semiannual rates, which are taken to be one half the annual rate.
 




84
The reason it is only approximate is because modified duration assumes a flat yield curve whereas key rate duration takes the spot curve as given.
 




85
BondEdge is fixed income analytic software developed by Interactive Data.
 




86
Bloomberg’s “Risk” measure is simply the PVBP × 100. For bonds that are trading close to par, Risk should be close to modified duration.
 




87
Michael Minnich, “A Primer on Value at Risk,” Chapter 3 in Perspectives on Interest Rate Risk Management for Money Managers and Traders, edited by Frank J. Fabozzi (New York: John Wiley & Sons, 1998): 39-50.
 




88
See Tanya Styblo Beder, “VAR: Seductive but Dangerous,” Financial Analysts Journal 51 (September-October 1995): 12-24.
 




89
See Minnich, “A Primer on Value at Risk.”
 




90
Philippe Artzner, Freddy Delbaen, Jean-Marc Eber, and David Heath “Coherent Measures of Risk,” Mathematical Finance 9 no. 3 (1999): 203-228.
 




91
See Tyrrell Rockafellar. and Stanislav P Uryasev, “Conditional Value-at-Risk for General Loss Distributions,” Journal of Banking and Finance 26 (July 2002): 1443- 1471.
 




92
Rockafellar and Uryasev “Conditional Value-at-Risk for General Loss Distributions.”
 




93
The CPI-U is the most widely followed and perhaps the most understood inflation index among alternative choices such as the Gross Domestic Product (GDP) deflator and the Personal Consumption Expenditure (PCE) deflator. Changes in the CPI-U represent the average change in prices facing urban consumers for a fixed basket of goods and services. This group of urban consumers represents about 87% of the total U.S. population. The Treasury reserves the right to substitute an alternative price index under the following circumstances: (1) the CPI-U is discontinued; (2) the CPI-U is altered materially to the detriment of the investor and/or the security; (3) the CPI-U is altered by legislation or executive order in a manner harmful to the investor and/or the security.
 




94
Minutes of the Federal Open Market Committee, December 11, 2007.
 




95
Minutes of the Federal Open Market Committee, January 27-28, 2009.
 




96
See Stefania D’Amico, Don H. Kim, and Min Weim, “Tips from TIPS: The Informational Content of Treasury Inflation-Protected Security Prices,” Division of Monetary Affairs, Federal Reserve Board, 2008.
 




97
See Wesley Phoa, “Quantitative Approaches to Inflation-Indexed Bonds,” in Chapter 8, Handbook of Inflation Indexed Bonds, edited by John Brynjolfesson and Frank J. Fabozzi (Hoboken, NJ: John Wiley & Sons, 1999).
 




98
See, for example, Steven V. Mann and Pradipkumar Ramanlal, “The Relative Performance of Yield Curve Strategies” Journal of Portfolio Management 23 (Winter 1997): 64-70.
 




99
As explained in Chapter 10, a “butterfly” is a combination of a bullet and barbell portfolio.
 




100
For simplicity, we are ignoring any nonzero net payments at the beginning and end of the swap’s life. These elements will be introduced shortly.
 




101
When nonpar bonds are purchased as part of an asset swap structure, tax and accounting rules create incentives to buy and sell premium/discount bonds at par through an asset swap structure.
 




102
See Chapter 3 for day count conventions.
 




103
The Z-spread is discussed in Chapter 5.
 




104
Don’t get confused here about the role of commercial banks. A bank can use a swap in its asset/liability management. Or, a bank can transact (buy and sell) swaps to clients to generate fee income. It is in the latter sense that we are discussing the role of a commercial bank in the swap market here.
 




105
A question that commonly arises is why is the fixed rate of a swap quoted as a fixed spread above a Treasury rate when Treasury rates are not used directly in swap valuation? Because of the timing difference between the quote and settlement, quoting the fixed rate side as a spread above a Treasury rate allows the swap dealer to hedge against changing interest rates.
 




106
The Chicago Mercantile Exchange offers pre-packaged series of Eurodollar futures contracts that expire on consecutive dates called bundles. Specifically, a bundle is the simultaneous sale or purchase of one of each of a consecutive series of Eurodollar futures contracts. So, rather than construct the same positions with individual contracts, a series of contracts can be sold or purchased in a single transaction.
 




107
Naturally, this presupposes the reference rate used for the floating rate cash flows is LIBOR. Furthermore, part of swap spread is attributable simply to the fact that LIBOR for a given maturity is higher than the rate on a comparable-maturity U.S. Treasury.
 




108
The default risk component of a swap spread will be smaller than for a comparable bond credit spread. The reasons are straightforward. First, since only net interest payments are exchanged rather than both principal and coupon interest payments, the total cash flow at risk is lower. Second, the probability of default depends jointly on the probability of the counterparty defaulting and whether or not the swap has a positive value. See John C. Hull, Introduction to Futures and Options Markets, Third Edition (Upper Saddle River, NJ: Prentice Hall, 1998).
 




109
For a discussion of this point, see Andrew R. Young, A Morgan Stanley Guide to Fixed Income Analysis (New York: Morgan Stanley, 1997).
 




110
See Ellen L. Evans and Gioia Parente Bales, “What Drives Interest Rate Swap Spreads,” Chapter 13 in Carl R. Beidleman (ed.), Interest Rate Swaps (Burr Ridge, IL: Irwin Professional Publishing, 1991).
 




111
Suresh E. Krishman, “Asset-Based Interest Rate Swaps,” Chapter 8 in Interest Rate Swaps.
 




112
At the end of each trading day, primary U.S. Treasury securities dealers report closing prices of the most actively traded bills, notes and bonds to the Federal Reserve Bank of New York. CMT indexes are computed from yields on these securities. For example, the 1-year CMT yield is the average yield of the actively traded securities with a constant maturity of one year. The Federal Reserve publishes this index in its weekly statistical release H.15.
 




113
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Noe: The cash flow for a tranche in cach month is the sum of the principal and
interest.
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Period  Years  Cash Flow (S) _ Discount Rate (%) _Present Value (5)

[ 05 3 7 $2.8986
2 10 3 7 28001
3 15 3 7 27058
4 20 3 7 26143
s 25 3 7 25259
6 30 3 7 2.4405
7 35 3 7 23580
8 4.0 3 7 22782
9 a5 3 7 22012
10 5.0 3 7 21268
1 5.5 3 7 20548
12 60 3 7 19854
13 65 3 7 19182
14 7.0 3 7 1.8533
15 7.5 3 7 17907
16 80 3 7 17301
17 85 3 7 16716
18 9.0 3 7 16151
19 9.5 3 7 15605
20 100 103 7 517643

Total $92.8938






images/00126.jpg
Period Years  Sell for () Buy for (5) _ Arbitrage Profit (5)
T S35 838632 500193
2 37649 37312 00337
3 3.6494 3.6036 0.0458
4 35361 34804 00557
s 3.4263 33614 0.6486
6 33141 3.2465 0.0676
7 33107 3355 00752
8 31090 3.0283 0.0807
9 30113 29247 0.0866
10 29079 28247 00832
1 28151 27282 00867
12 27203 26349 0.0854
13 26178 2.5448 00730
1 25082 24578 0.0504
15 24242 23738 0.0504
16 80 23410 22926 0.0484
17 85 22583 22102 0.0441
18 90 21666 21385 0.0281
19 9.5 20711 20654 00057
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Period  Years  Cash Flow (5] Spot Rate (%) _Present Value (5)

T 05 54 605 538826
2 10 4 615 3.7649
3 s 4 621 3.6494
4 20 4 626 3.5361
5 25 4 629 3.4263
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10 50 4 648 29079
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12 60 4 653 27203
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19 9.5 4 7.05 20m
20 100 104 7.20 51,2670

Total $107.0018
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Tranche Par Amount (5) Coupon Rate (%)

A 194,500,000 7.50

B 36,000,000 7.50

FL 72,375,000 month LIBOR + 0.50

IFL 24,125,000 28.50 -3 (1-month LIBOR)
Z (Acerual) 73,000,000 7.50

Toral 400,000,000

Fayment rules:

1. For payment of monthly coupon interest: Disburse monthly coupon interest to
tranches A, B, FL, and IFL on the basis of the amount of principal outstanding
at the beginning of the month. For tranche Z, accrue the interest based on the
principal plus accrued interest i the previous month. The interest for tranche Z is
o be paid to the carler tranches as a principal paydown. The maximum coupon
rate for FL is 10%; the minimum coupon rate for IFL is 0%

2. For disbursement of principal payments: Disburse principal payments to tranche
A unil it is completely paid off. After tranche A is completely paid off, disburse
principal payments to tranche B unil i is completely paid off. After tranche B is
completely paid off, disburse principal payments to tranches FL. and IFL unil they
are completely paid off. The principal payments berween tranches FL and IFL should
be made in the following way: 75% to tranche FL and 25% to tranche IFL. After
tranches FL and IF] are compltely paid off, disburse principal payments to tranche
Z uniilthe original principal balance plus acerucd interest are completely paid off.
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Period  Years  Cash Flow (S)  Discount Rate (%) Present Value (5)

1 05 54 7.08 $3.8632
2 10 4 7.08 37312
3 L5 4 7.08 3.6036
4 20 4 7.08 34804
s 25 4 7.08 33614
6 30 4 7.08 3.2465
7 35 4 7.08 31355
8 40 4 7.08 3.0283
9 as 4 7.08 29247
10 50 4 7.08 28247
1 5.5 4 7.08 27282
12 60 4 7.08 26349
13 65 4 7.08 25448
14 7.0 4 7.08 24578
15 7. 4 7.08 23738
16 80 4 7.08 22926
17 85 4 7.08 22142
18 9.0 4 7.08 21385
19 9.5 4 7.08 20654
2 100 104 7.08 518645

Toral $106.5141
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Period  Years  Cash Flow (5) _ Spor Rate (%) Present Value (5)

1 05 53 605 529119
2 10 3 615 28237
3 15 3 621 27370
4 20 3 626 26520
s 25 3 629 2.5697
6 30 3 637 24855
7 3 3 638 24080
8 40 3 640 23318
9 45 3 641 22585
10 50 3 648 21809
1 55 3 649 21114
12 60 3 653 20403
13 65 3 663 19633
14 7.0 3 678 18811
15 7.5 3 679 18181
16 80 3 681 17557
17 85 3 684 16937
18 9.0 3 693 16249
19 9.5 3 7.05 15533
20 100 103 7.20 507741

Total $92.5751
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“Since the WAM is 357 months, the underlying mortgage pool is scasoned an average.
of three months, and thercfore based on 100 PSA, the CPR is 0.8% in month 1 and.
the pool scasons at 6% in month 27.
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Spot Rate Cash Flow. Present Value

Years  Period _(in percent) (in dollars) (in dollars)
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Toral $106.48
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“Since the WAM is 357 months, the underlying mortgage pool is seasoned an average
of thrce months; and, thercfore, based on 165 PSA, the CPR is 0.8% x 1.65 in

month 1 and the pool seasons at 6% x 1.65 in month 27.
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Spot Rate Cash Flow Present Value

Years  Period _(in percent) (in dollars) (in dollars)
05 1 3.00% 3 $2.96
10 2 329 3 290
15 3 358 3 284
20 4 387 3 278
25 5 416 3 27
30 6 430 3 264
35 7 435 3 258
4.0 i 440 3 252
45 9 440 3 247
50 10 440 103 5286

Total $107.25
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Transaction:
« Burchase for $50 million a 5-year floating rate bond:
floating rate = LIBOR, semiannual pay
« Borrow $50 million for five years:
fixed rate = 10%, semiannual payments

Six Month ‘Cash Flow (In Millions of Dollars) From:
Period _Floating Rate Bond Net
0 S50 50
1 +(LIBOR/) x50 + (LIBOR,/2) x 50-2.5
2+ (LIBOR/2) x50 +(LIBOR/2) x 50~ 2.5
3+ (LIBOR/2) x50 + (LIBOR/2) x 50~ 2.5
4 +(LIBOR) x50 + (LIBOR/2) x 50~ 2.5
S +(LIBORJ2) x50 + (LIBORJ2) x 50-2.5
6+ (LIBOR/2) x50 +(LIBOR/2) x 50~ 2.5
7+ (LIBORJ2) x50 +(LIBOR/2) x 50~ 2.5
8+ (LIBOR/2) x50 +(LIBOR/2) x 50~ 2.5
9+ (LIBOR/2) x50 +(LIBOR/2) x 50-2.5
10+ (LIBOR,/2) 50+ 50 + (LIBOR, /2) x 50 2.5
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A. Premium Payments for a CDS.

Quarterly Fi

Buyer

change ifthe Credit Event Occurs

Deliverable
Obligation

Protection Proection
Seller | N

Notional Amount

Premium Payments Stop






